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Abstract

The three-dimensional pair-copulas model is used during this research. Different
from other research is the bivariate skewed t-copula, which is attempted to use in the
pair-copula construction. First the residuals are computed with the use of an AR-
GJR-GARCH model followed by Kolmogorov-Smirnov goodness of fit tests. After
that the copula construction is explained, the bootstrap version of the Anderson-
Darling test is used as goodness of fit test for the copula models. The limitations of
the skew t-copula in a pair-copula model are described. All constructed models did
not describe the data correctly, according to the bootstrap version of the Anderson-
Darling test. Besides, the value at risk outcomes were not always in favour of the
comparison model (the multivariate Student’s t-copula).
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1 Introduction

Modelling the dependence structure among variables is essential in financial markets. In-
vestors and portfolio managers try to analyse their potential returns with the best proven
methods. Explaining the dependence of several variables is an important aspect to com-
pute reliable risk measures.

Some authors argue that the lineair correlation coefficient is the most used measure to
test dependence (Aas (2004)). However, a pitfall of this measure is that it captures only
lineair dependence of the variables. One of the ways to address this problem is by the use
of copula functions. Copulas were first introduced by Sklar (1959) and are specifically
designed to model non-lineair dependence structures. This is done by taking marginal
distributions as arguments in the multivariate joint density function. One of the great
advantages of the copulas is that the marginal distributions can be tested separately by
performing different goodness-of-fit tests, helping us to find a better joint-density func-
tion. There are many different copula models that differ with regard to the distribution
functions used. For example, the Gaussian copula is a standard market copula, which
uses the normal distribution for all variables (Li (2000)).

The pair-copula model is a specific kind of copula, based on several bivariate copulas
(Aas et al. (2009)). This kind of modelling helps us to built multivariate copula mod-
els. The number of variables involved is dependent on the complexity of the pair-copula
model. As the pair-copula model uses different distributions, joint extreme events have
more chance of occurring. This has the added advantage that joint-extreme events can
be explained more easily. One of the leading scholars Aas et al. (2009) uses four bivariate
copulas, namely: the Gaussian, Student, Clayton and Gumbell copulas. These differ
with regard to dependence structures. Previous research shows that the three dimen-
sional pair-copula model, consisting of three bivariate Student’s t-copula’s, is the best
fitted model (Grevelink et al. (2014)). However, as such fit is dependent on the data, the
question rises whether this pair-copula model also shows a significant fit with other data.

This research focuses on the fit of this Student’s t-copula in other settings. More specifi-
cally, this research tests the Student’s t-copula together with the Gaussian copula using
other data (AEX index, AMX index and Netherlands benchmark 10 year bond index).
We go one step further by introducing a different kind of Student’s t-copula, namely: ex-
tended skewed t-copula(EST) Arellano-Valle and Genton (2010). This special Student’s
t-copula has a skewness- and a shape parameter, in contrast to the ‘normal’ Student’s
t-copula. In order to be able to determine whether the model shows a better fit, we
need a point of reference. We compare the pair-copula model with is the multivariate
Student’s t-copula. The main reason to choose the multivariate Student’s t-copula is
because research shows that market returns are often better described using fatter tailed
distributions (Alexander (2008)).

This research starts from two different hypotheses. The first hypothesis is that the
pair-copula model using the EST copula has a better fit than the multivariate Student’s
t-copula. This is tested with a bootstrap version of the Anderson-Darling(AD) goodness-
of-fit test (Anderson and Darling (1954); Genest et al. (2009)). The second hypothesis
focuses on the value at risk(VaR). It states that the pair-copula model using the bivariate
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EST copula, has better outcomes of the VaR than the multivariate Student’s t-copula
model.

It is impossible for us to compare the bivariate EST copula with the other copulas,
as no results are generated. We suspect this is due to increased calculation time, as a
result of the numerical methods that were used to compute the inverse of the EST distri-
bution. We found results for the other models we tested. Although the bootstrap of the
AD test shows that none of the models has a significant fit. However, there are minor
indications of a better fit for both the pair-copula model with three bivariate Student’s
t-copulas and the multivariate Student’s t-copula model than the other tested models.
This is not the case when comparing the VaR outcomes. The pair-copula model with
three bivariate Gaussian copulas performs best for the 95%-VaR.

The outline of this paper is as follows. The next section describes the data. Then
the methods used are discussed. We specifically will elaborate on the extended skewed
t-copula. Furthermore, goodness-of-fit tests are performed to search for both significantly
fitted AR-GJR-GARCH models and copula models. The method section is followed by
the results, conclusion and discussion of the results.

2 Data

During this research there are three assets chosen to describe the underlying dependence.
Because of the focus on the Dutch market, the following assets are selected: the AEX
index, AMX index and Netherlands benchmark 10-year bond index. The dataset is based
on 6198 daily observations in the period of 1 May 1989 until 1 May 2014. Figure 1 shows
the price indices of the chosen assets.

AEX index

06/1990 03/1993 12/1995 09/1998 052001 02/2004 11/2006 08/2009 0512012 06/1990 03/1993 121995 09/1998 052001 02/2004 11/2006 08/2009 0512012 06/1990 03/1993 1211995 09/1998 052001 02/2004 11/2006 08/2009 0512012
Date

Figure 1: The price indices of AEX, AMX and 10-year bond Benchmark in the portfolio during
the period 01/05/1989 - 01/05/2014.

One of the properties that is required during this research, is the stationarity of the
time-series. This is a requirement of the AR-GJR-GARCH model which is described in
Section 3.1. The log-price indices are tested for a unit root with the Augmented Dickey
Fuller test, see Table 1. The null hypotheses, of a unit root, are not rejected. Therefore, we
conclude that the log-price indices are non-stationary, which is suspected from Figure 1.
To solve this problem the log-returns are used in the AR-GJR-GARCH model where the
unit-root is excluded. Equation (1) shows the construction of the log-returns of Figure 2.

i = 100 - (log(ps¢) — log(pie—1)) (1)
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Figure 2: The log-returns of the portfolio during the period 01/05/1989 - 01/05/2014.

log(price index; ;) Test statistic P-value

AEX 1.042 0.922
AMX -0.879 0.330
Benchmark -0.968 0.298

Table 1: Augmented Dickey Fuller test statistics of the log-price indices.

Table 2 presents the statistical properties of the first difference log-returns. The Jacque-
Bera statistics indicate that all the assets are non-normally distributed. The statistics
are way larger than 5.98, which is the critical value. In Figure 4 it can be seen that the
assets are non-normal distributed. There is much more weight in the peaks and also in
the tails compared to a normal distribution. A Student’s t-distribution is possibly more
useful because of the higher kurtosis. The negative skewness indicates for more negative
log-returns than positive log-returns, which can supports the choice for the AR-GJR-
GARCH model (Section 3.1).

AEX AMX Benchmark

Mean 0.008 0.010 0.004
Median 0.026  0.040 0.008
Maximum 4.355  3.462 0.913
Minimum -4.165 -4.335 -0.786
Std. dev. 0.592  0.523 0.141
Skewness -0.163 -0.582 -0.229
Kurtosis 9.502 8.226 5.097
Jarque-Bera 10946 7402 1190
P-value 0.001 0.001 0.001

Table 2: Descriptive statistics of the log-returns with sample size: 6197

Another property is that the assets should be independent over time. Therefore, the log-
returns are checked for autocorrelation. Figure 3 shows the autocorrelation of the first
difference log-returns. The autocorrelation is not frequently outside the boundaries of the
95% confidence intervals, which is an indication for almost no autocorrelation. Different
tests for autocorrelation are explained further in the next section.

The correlations between the different assets, based on Spearman’s rank, are shown in
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Figure 3: Autocorrelation of log-returns and squared log-returns for the period 01/05/1989 -
01/05/2014.

Figure 5. It can be seen that the AEX and the AMX are highly correlated. When there
is a negative event in one of the cases, it is likely that the other is also negative and
vice-versa. Joint-extreme events can be modelled extremely well using copula functions.
However, the other two dependencies are unremarkable. In these cases it is not clear
which copula is useful to choose.

AEX index AMX index

4 soof

o]
s

Figure 4: Histograms of the log-returns for the period 01/05/1989 - 01/05/2014.

3 Methodology

This research continues on Grevelink et al. (2014). There are some changes, like the
used bivariate copulas and change of comparison model. The AR-GJR-GARCH model
is explained in the next section. After that the pair-copula with the used bivariate
copulas are introduced. Then the multivariate Student’s t copula is described just like
the parameter estimations. The Anderson-Darling test is used to find the significantly
fitted models and also value at risk is used to some of the constructed models.

3.1 AR-GJR-GARCH

An assumption of the pair-copula model is that the observations of the returns are in-
dependent over time. This is the case if there is no serial correlation in the conditional
mean and conditional variance. Therefore, the AR-GJR-GARCH model is constructed
(Equation (2)).

Tip = Qoi + Q1" Tip—1 + €y (2)

2 _ 2 2 2
Ojp = Wi + Bi - Ojp1 T QG €y g+ i €y q- I (3)
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Figure 5: Correlations based on Spearman’s rank between the different assets in the period
01/05/1989 - 01/05/2014.

€t = O3t MNit Mig ~ N(07 1) (4)
- 1 if €1 < 0
I= { 0 if €it—1 Z 0 (5)

In Grevelink et al. (2014) is found that a pair-copula with bivariate Student’s t-copulas
was significantly fitted in all cases. It is therefore likely that models with Student’s t-
distributed errors fits better than the models with normal distributed errors. Therefore,
the models are tested with normal- and Student’s t-distributed errors in this research.
The models that fit best, according to the goodness of fit tests (Section 3.7) are used
during the remainder of this research.

The assumption of the pair-copula model implies that there is no autocorrelation in
the standardized residuals and also not in the squared standardized residuals of the used
model. This is checked with the Q-statistic Ljung and Box (1979) and the ARCH La-
grange Multiplier(LM) test Engle (1982). The Q-statistic tests whether the standardized
residuals contain significant autocorrelations. The null hypothesis of the ARCH LM-test
states that the standardized residuals are homoscedastic. If there is still autocorrelation,
a lag will be added. This is done until there is no autocorrelation left. The standardized
residuals of the AR(k)-GJR-GARCH(m,1) model are used in the further research, where
k is chosen first to be the best fitting AR model. Than m are the amount of lags that
are used to take away the autocorrelation.

After the correct AR-GJR-GARCH models are found, the errors are used in the cop-
ula construction. The marginal distributions of the variables should be used in a copula
model. However, if they are unknown, as in this case, the data can be transformed
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without any influence on the dependence, see Genest and Favre (2007). The normalized
ranks of the standardized residuals are used to estimate the parameters of the pair-copula
models, see (6).

where R, are the ranks of the standardized residuals of asset i.

3.2 Pair-copula decomposition

The pair-copula model is described in Aas et al. (2009). It uses several bivariate copulas
to describe the dependence structure among multiple variables. One of the possible joint
density functions f for the pair-copula decomposition, with three variables, is:

f(iﬁl, T2, 933) = f1($1) : f2($2) : f3(1173) : 012{F1(5U1), F2(332)} : 023{F2(932), F3($3)}
ccwzpl F(71]22), F3]72) }

It seems obvious that there are another two possible pair-copula decompositions, because
of the last conditional copula. There are three bivariate copulas cj2, co3 and ci32 used
in this model. To construct the last conditional copula, there is also a conditional dis-
tribution needed. This is the major difference of the pair-copula model in comparison
with other copula models. The conditional distribution is in this research denoted as the
h-function (Equation (8)). The h-function is one of the characteristics of the pair-copula
model and is not needed in every copula model. The conditioning with the h-function is
also one of the difficulties of this model and is therefore explained a bit further.

acxl,a:z (371 y L2, @)
0t (8)

T1T2 Tol3
T
C12 C23
$11U3|$2
T
2 C13)2

Figure 6: Graphical model with dependent variable zo. Tree T7 shows the unconditional vari-
ables and tree Ty shows the conditional variables.

(7)

h('rlvaa @) = F<$1|$2) =

In Figure 6, the choice of the dependent variables is shown graphically. x5 is the variable
that has the strongest dependence with the other two assets. Therefore, that is the
variable to condition on. To select the dependent variables x5, the Spearman’s rho and
Kendall’s tau are computed, as can be seen in Equation (9) and (11). The variable that
has the strongest dependence according these measurements is chosen to be the dependent
variable. These two measurements are based on the normalized ranked residuals, which
are computed earlier. Spearman’s rho:

o

1

R)(S; — 5)

€[-1,1] (9)

Pn = ,j =
e~ R 55— 52
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where

_ 1 n—+1 1 _
R=-% Ri=— —EZSZ-—S (10)

i=1 =1

(R;, S;) is a ranked pair of (X7, X3), which are two of the three assets we use.

Kendall’s tau:

P, —Q, 4
T, = @n _ P, —1 (11)

(;‘) n(n—1)

with P, and (),, the number of concordant and discordant pairs, respectively. A concor-

dant pair (X;,Y;), (Xj,Y;) means that if X; < X; than also Y¥; < Yj or vice versa. A

discordant pair means that if X; < X; than Y; > Y; and also vice versa.

Spearman’s rho is defined as the Pearson correlation with ranked variables. Therefore,
it is not only for lineair dependence structures. Kendall’s tau is a measure for difference
in probability between concordant and discordant pairs. The two measures are different,
but lead in most cases to corresponding conclusions.

3.3 Bivariate copulas

To construct a pair-copula model there are bivariate copulas that have to be chosen.
In Grevelink et al. (2014) the Gaussian, Student’s t-, Clayton and Clayton survival cop-
ulas were used, just like in Aas et al. (2009). It was clear that the best choice was the
bivariate Student’s t-copula. Therefore, the Student’s t- and also a skewed t-copula will
be used in this research. The skewed t-copula is based on a skewed t-distribution. The
skewness factor is a major difference of the skewed t-copula compared to the Student’s
t-copula. The Gaussian copula is the third bivariate copula that will be used.

Tail dependence is a measure for joint extreme co-movements, which differs per cop-
ula. The Gaussian copula is used when there is no tail dependence between the variables.
The Student’s t-copula covers both lower- and upper-tail dependence. Because of the
non-normal distributed variables, this is probably a better choice. The skewed t-copula
is a variant of the Student’s t-copula, but has also a skewness parameter. This results
in a Student’s t-copula, which is not totally symmetric. Figure 7 shows some skewed
t-copulas. When A = 0 the Student’s t- and the skewed t-copula are the same. In the
case of a positive A the negative events occur in less extreme cases. The peak shifts more
to the middle and is flattend compared to the Student’s t-copula. The same occurs with
the positive events and a negative A\. The skewed t-copula is discussed below, while the
other used bivariate copulas are described in Appendix A.

3.3.1 Skewed t-copula

In Grevelink et al. (2014) the pair-copula with bivariate Student’s t-copulas, performed
best. Therefore, a variant of this Student’s t-copula is probably even better. Multiple
authors describe skewed t-distributions, but none of them was suitable for the pair-copula
model (Hansen (1994), Azzalini and Capitanio (2003)). The pair-copula model requires
that the distribution that will be implemented has a conditional distribution. This was
one of the pitfalls during this research.



3 METHODOLOGY 8

Studentt, p=0.5, v = 20 Skewed t, p = 0.5, v = 20, tau = 0, lambda = 0 Skewed t, p = 0.5, v = 20, tau = 0, lambda = -10

Density
Density
Density

u2 oo ul

Studentt,p=0.8,v=3

Density

Figure 7: Simulation with the density functions of the bivariate Student’s t- and the bivariate
extended skewed t-copula(EST) with different chosen parameters.

As mentioned before, the extended skewed t-distribution of Arellano-Valle and Genton
(2010) is used during this research. All the other skewed t-distributions are not closed
under conditioning. Although the extended skewed t-distribution is suitable to use, this
skewed t-distribution has not previously been used in the pair-copula model. Both the
h-function and the h-inverse function should be formulated. Also the copula function of
this distribution should first be constructed.

In Arellano-Valle and Genton (2010) there are described some properties of the extended
skewed t-distribution(EST). This is a Student’s t-distribution with two extra parame-
ters, of which one is the skewness parameter. Below are the properties described that are
needed for the construction of the pair-copula model.

The extended skewed t-distribution Before the EST copula is used, the distribution
has to be implemented. For the bivariate copula the standardized univariate functions are
used. Therefore, all the formulas in this section are described in the standard univariate
case. The more general multivariate EST functions are stated in Appendix B.

Y ~ ESTi(A\,v,7) and y € RP if the density function is:

L UV T —V+1’V
e e URER (RN Ay 12

v+1

I'((v+1)/2) v\
Ly v) = ——— | 1 + = 13
1(y7 ) \/EF(I//Z) + v ( )
which denotes the standard univariate density function of the Student’s t-distribution.
A € R? is the skewness parameter and 7 € R is the extension parameter. T} (y;v) denotes
the univariate standard Student’s t cumulative distribution function with v > 0 degrees
of freedom.

with
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The density function above gives a better understanding of the distribution. However,
the cumulative distribution function of the EST distribution is of greater importance to
construct the pair-copula model. This CDF is given as follows.

<0 =g ((7): (5 7)) “4)

- T _ A
WhereT—mandé—m.

Ty (z; 2, v) denotes the multivariate 2-dimensional centred Student’s t-cumulative distri-
bution function, with 2 x 2 positive definite dispersion matrix {2 and v degrees of freedom.

Besides the cumulative distribution function, also the inverse function is needed for the
copula construction of this distribution. We are unaware of the exact representation of
the inverse of this function. This inverse is not found in the literature and therefore we
approximate it numerically. All parameters (A, v and p) and input vector a should be
known in this case.
min {a — EST\(x; \,v,7) =0} (15)
zeR
where a is the known input vector with probabilities and z the vector (with the inverse
values) that should be found. This function is minimized with respect to x, which we find
the corresponding z-values and denote the values of the inverse of the EST distribution.
One of the drawbacks of this method is that computation can be slow. However, this is
a method that is often used in this kind of problems.

Extended skewed t-copula There are different methods to construct the copula den-
sity function out of a distribution. The EST copula density is computed by dividing
the bivariate EST probability density function by its univariate density functions. This
method is described in Demarta and McNeil (2005) and results in the bivariate EST
copula (Equation (16)).

62
C(U1,U2;,012,)\12,V12,7'12) = C(U17U2;012,)\127V12,7'12) =

" QuiOuy
_ ESTy(EST; '(w), EST '(u2))
~ ESTy(EST Y (uy))ESTy(EST Yuy))

(T1(m12/+/1 4 Ny; 112))? )
= 5 3 CStudent<x17 T2; P12, V12)
Ti(T12/\/1 + p1aAdy + A2, 110)

T, ((/\12$1 + AoTo + T)(M)lﬂ; Vg + 2>

(16)

' r12+Q(2)
T (()\12131 + 712)(%)1/2; Vig + 1) T (()\12;1:2 + T)(%)lﬂ; V12 + 1>

where Csiudent (71, To; p,v) is stated in Equation (36) and Q(z) = ' R™'x with R the
2 x 2 correlation matrix of z; and zy. With z1 = EST ! (uy; p1o, V12, Ti2, A12) and o =
EST " (ug; p12, V12, T2, A12)-

h-function EST The h-function is used to construct conditional copulas. This is one
of the main differences of the pair-copula model in comparison with other copula models.
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To construct this h-function, we used some properties of the EST distribution (Arellano-
Valle and Genton (2010)). These properties are mentioned at the end of this section.

h(ubuz,pm, >\12,V12,712) =

EST {ESTfl(Ul; P12, M2, V12, Ti2) — [)12EST1_1(U2; P12, M2, V12, T12)
1
\/<V12+(EST11(u2;p12,)\12,V127712)>2)(1—p%2)

vi2+1

. *
i P12, A12, V12 + 1, 71.2}

(17)

with EST (z; v, T, \) is the standard univariate cumulative extended skewed t-distribution
distribution function with v degrees of freedom, 7 the extension parameter and A the
skewness parameter. Below is the h-inverse function given, which is used to simulate
with the copulas.

1
h™" (u1, ug, p12, A2, V12, T12) =

— 2
(1/12 + (BSTy H(ug; pr2, M2, vi2, T12)) ) (1—piy)
vig+1

ESTI{ESTfl(ul; A2, 12 +1,75) -

+ ,012EST1_1(U2; P12, A2, V12, 7'12); P12, A2, V12, 7'12}
(18)

The derivation of the following properties can be seen in Appendix B. These are the
results that are used to construct both the h-function and h-inverse function of the EST
distribution.

E(Xl‘XQ == .TQ) = P12T2 (19)
Vig + 73 2

O iy = 2207207 20
X1|Xo=x2 Uiy + 1 ( 1012) ( )
VX1 |Xo=z, = V12 + 1 (21)

. v+a2) 2
TX1 | Xp=z0 = T = { = 12} “((M2p12 + M2)ze + T12) (22)
Ao = (1= pip)"? - Aia (23)

3.4 Multivariate Student’s t-copula

Because of the outcomes in Grevelink et al. (2014) it is relevant to compare the pair-
copula models with the multivariate Student’s t-copula (Equation (24)), see Aas (2004).
It can be seen that in this case in contrast to the pair-copula construction, all the variables
have the same degrees of freedom.

W)t ) e
Co(ug, ... ,uy; X)) = / / K| D] Y2 (1+1/_1x’2_1x) dzy ...dz,
0 0
(24)

Where |3 is the determinant of the correlation matrix and

k=T (g)_l r (” ; ”) (vm) /2 (25)
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To estimate the parameters of this copula there is a method described in Aas (2004) where
first R is computed with Kendall’s tau, where after © is estimated, see Equation (27).

A

T
Ri; = sin(5r) (26)

U = argmax,, {Z log(e(Uy, v, f{))} (27)

i=1
The multivariate Student’s t copula density can be written as:

D(r(g)it (14 <R )"2
of) = (28)
RIVDCETL, O+ )

The statistical properties of the assets in Section 2 rejected normality. Market returns are
often better described using a fatter tailed distribution, according to Alexander (2008)).
Possibly a significantly fitted model is much easier to find with this multivariate Student’s
t-copula.

3.5 Parameter estimation of the pair-copula model

After the bivariate copulas are chosen, the parameters have to be estimated. This is
done with the maximum pseudo-likelihood method, because of the unknown marginal
distributions. With the normalized ranks, as constructed in (6), the parameters of the
copula are estimated. The following log-likelihood has to be maximized.

- S (15

The three-dimensional case can be seen in Equation (30) as stated in Aas et al. (2009).
Here the x;; are the normalized ranks of the i-th asset. The third copula in (30) is de-
pendent on the other parameters. The algorithm of the construction of this log-likelihood
function is shown in Aas et al. (2009).

T
L= Z (log 1214, T, O11) + 10g C23(2, T3, O12) +10g Crzja(v1,e, Vayr, 921)) (30)

t=1

with U1t = h(ffl,t, Lot @11) and Vot = h($3,t7 T2ty @12)

In this research there are three-bivariate copulas that can be used. Therefore there are
3% = 27 possibilities for the pair-copula model. The choice of the used copula influences
the amount of parameters that have to be estimated. Every bivariate Gaussian copula
adds one parameter to the pair-copula model. For the bivariate Student’s t-copula these
are two parameters and in the case of the bivariate EST copula these are three param-
eters. First we assume that the extension parameter 7 = 0 is fixed (Arellano-Valle and
Genton (2010)). This simplifies the maximum likelihood procedure, after which we can
try to find a higher log-likelihood by changing this value of .
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3.6 Simulation

After constructing a pair-copula model, there will be done tests for the correctness of this
model. To perform a goodness of fit test (Section 3.7) and also for the calculation of value
at risk (Section 3.8) there are simulations needed of the bivariate copulas. First uy, us
and ug are generated from an independent uniform random distribution. These variables
are transformed with the bivariate copula that is used for that particular pair. This
transformation uses both the h-function and the h-inverse function to compute variables
with a dependence described by a specific pair-copula model. The algorithm for this
simulation is extensively described in Aas et al. (2009)).

3.7 Goodness-of-fit

For the AR-GJR-GARCH models there are two tests performed. The first one is the
Kolmogorov-Smirnov test (Massey Jr (1951)). This test is based on the difference be-
tween the distributions. Under the null hypothesis the cumulative distribution of the
sample is the same as the tested one (= Fy). The observed cumulative distribution
(= Sy(z) = k/N where k is the total amount of observations smaller or equal to x)
is compared with the Fj, with the Kolmogorov test statistic d = sup, |Fo(x) — Sy (z)].
In the case of the Student’s t-distributed errors, Fy will be chosen to be a Student’s t
cumulative distribution function with estimated parameters.

Anderson and Darling (1954) describes the Anderson-Darling(AD) goodness-of-fit test.
This test is also applied to the AR-GJR-GARCH models. In that case the compari-
son model is again the same as above described. Using the probability integral trans-
form(PIT) method, as introduced in Rosenblatt (1952), this test is applied to find sig-
nificantly fitted pair-copula models. PIT is used to construct i.i.d. U(0,1) variables of
the data. The variables are made independent, which can be seen as the opposite of the
method used for simulations.

Let Uy, Uy and Us denote the normalized ranks of the standardized residuals with marginal
distributions F'(u;) and conditional distributions F'(u;|u,...,u;—1) for i = 1,2,3. The
PIT of Uy, Uy and Us are defined by R(U;), R(Us)and R(Us), respectively. Moreover,
R(U;) is given by:

R(Uy)=F(u1)
R(Us)=F (uz|u1)
R(Us3)=F (us|uy, us)

With this transformed data, the AD test can be performed. The null hypothesis of this
test is that if the variables R(U;) are independent uniformly distributed, then the pair-
copula model is correctly chosen. When S = Y7 {¢~'(R(U;)}? is computed, under the
null S should come from a chi-square distribution with 3 degrees of freedom. S'is a vector
of T values, which is the number of observations.

T

AD = ~T — 2 37(2) — 1)+ [(F(S) + In(1 ~ Fo(Sr;11)) (31)

j=1

where 7 = 1,...,T and S; < --- < Sp. Fj is the cumulative distribution function of a
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y2-distributed variable.

The AD statistic will be computed for every used model. However, the critical val-
ues that are computed are incorrect, during the different transformations that are made
before using the data. To solve this issue, a bootstrap version is applied. Dobri¢ and
Schmid (2007) and Genest et al. (2009) describe this procedure of goodness of fit testing.
In the last paper is mentioned that this bootstrap version gives accurate outcomes.

1. Estimate the parameters 6 of the copula function from the pseudo-sample: Uy, Us,,
Us.

2. Generate X7, X35, Xj from the copula function with the estimated parameter as
described in Section 3.5. And compute their normalized rank vectors U;, U;, U

3. Estimate the parameters 0* from Uy, U;, U; as above.

4. Compute the S* with the normalized rank vectors U, Uy, U3y and estimated pa-
rameters 6*. For this construction of S* the PIT method of above is used.

5. Compute the AD* statistic of S*.

6. Repeat steps (2), (3), (4) and (5) K times, with W the number of bootstrap repe-
titions.

There are W AD* test statistics computed in this way. The critical value is determined as
the (0.95)-quantile of the W AD* test statistics. In Grevelink et al. (2014) this method is
also used. There it became clear that is can take much calculation time to compute this
test. Therefore it is important to choose models that seem to be the most interesting,
e.g. comparing three bivariate Student’s t-copulas with three bivariate skewed t-copulas.

3.8 Value at risk

The value at risk is measured for a portfolio of equally weighted assets. The general
formula is given in Equation (32). In this case the VaR is calculated by VaR(1 —¢,1) =
u + 1y + 54 - 0441, Where s, is the g-th quantile of the simulated portfolio return. For
a period of the last 500 days of the dataset there will be made one-day ahead forecasts
with a few models that seem to be interesting. In the previous research Grevelink et al.
(2014) it is shown that it takes lengthy calculations to get the VaR estimates. Therefore,
the amount of estimates is not further increased.

VaR,(X) =inf{z € R: Fx(z) > o} (32)

The forecasts are based on an expanding window for the AR-GJR-GARCH model. Simu-
lation of the n’s is used to get the predicted standardized residuals, which will be used to
get the one-day ahead forecasted log-returns. After calculating the value at risk values,
we compare those with the actual returns. In this way the correct conditional coverage
is computed, which is an evaluation of the VaR estimates.
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4 Results

In this section the results are described of the applied methodology to the data from
Section 2. There are some choices made which will be briefly explained, but are discussed
more extensively later. First the models that are used to get the standardized residuals
will be shown. Second, the dependent variable is chosen. The estimation of the parame-
ters is the most complicated part and will get some more attention. Finally, the value at
risk estimates are shown.

4.1 Residuals

As mentioned in Section 3.1, there should be no autocorrelation left in the residuals to
use the pair-copula model. The models that do not contain any autocorrelation are stated
in Table 3. The best fitted AR model at the AMX was an AR(4) model, which also was
needed to reduce the autocorrelation. The autocorrelation of the first five lags of the
models from Table 3 are shown in Table 10, which can be seen in appendix C. It can
be seen that those lags are, according to the Q-statistic, insignificant. This implies that
there is no autocorrelation left in the residuals. Therefore, the residuals can be used in
the pair-copula model.

Sample Model
AEX AR(1)-GJR-GARCH(2,1)
AMX AR(4)-GJR-GARCH(1,1)

Benchmark  AR(1)-GJR-GARH(1,1)

Table 3: Used model for the period 01/05/1989 - 01/05/2014.

Goodness of fit The models above are used with Student’s t- and normal distributed
errors. Subsequently those errors are tested to be Student’s t and normal distributed
respectively. This is done with the use of the Anderson-Darling(AD) and the Kolmogorov-
Smirnov(KS) tests. In Table 4 the KS statistics of the Student’s t-distributed errors are
significantly fitted at a 5% significance level. The models with normal distributed errors
are incorrect. The AD-test confirms these outcomes, except for the AMX. Nevertheless
the model is used for the AMX in this research.

With the outcomes of the goodness of fit tests it is made clear that the models with
Student’s t-distributed errors are correctly chosen. This can also be seen in a QQ-plot
where the quantiles of the residuals are plotted against a Student’s t-distribution with
estimated parameters, just like the model under the null hypothesis (Figure 8). They
differ, but not enough to reject the null.

4.2 Dependent variable

Before the errors are used it is needed to find the dependent variable. In Figure 5 are the
Spearman’s rho correlations shown for the period 01/05/1989 - 01/05/2014. It can be
seen that the dependence between the AEX and the other variables is the largest. The
AEX is therefore the first variable to condition on.
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Asset Chosen error distribution AD statistic P-Value AD KS statistic P-value KS

AEX Normal 97.5245 0.0005 0.1789 0.0000

Student’s t 1.6463 0.1451 0.0111 0.4234

AMX Normal 87.3006 0.0005 0.1975 0.0000

Student’s t 3.5998 0.0137 0.0146 0.1386

Benchmark Normal 23.0368 0.0005 0.3693 0.0000

Student’s t 1.2604 0.2456 0.0097 0.6030

Table 4: Goodness of fit outcomes of the Anderson-Darling test and the Kolmogorov-Smirnov

test for the specified models.

QQ plot of AEX AR(1)-GJR-GARCH(2,1) model

QQ plot of AMX AR(4)-GJR-GARCH(1,1) model
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Figure 8: QQ plot: the residuals of the chosen AR-GJR-GARCH models with Student’s t-
distributed errors against a Student’s t distribution.

AEX AMX Benchmark
AEX 1 0.7510 -0.1052
AMX 0.7510 1 -0.1020
Benchmark -0.1052 -0.1020 1

Table 5: Spearman’s rho correlation of the residuals for the period 01/05/1989 - 01/05/2014.

AEX AMX Benchmark
AEX 1 0.5705 -0.0711
AMX 0.5705 1 -0.0685
Benchmark -0.0711 -0.0685 1

Table 6: Kendall’s tau correlation of the residuals for the period 01/05/1989 - 01/05/2014.

We notice that the two measurements result to similar outcomes. Spearman’s rho has
more extreme outcomes as Kendall’s tau. So there is a difference in calculation, but they
lead to the same conclusions in this case.
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4.3 Pair-copula model compared with the multivariate Student’s
t-copula

The pair-copula is constructed from multiple bivariate copulas. The choice of these
bivariate copulas is very important for the outcomes of this pair-copula model. The
scatter plots from Figure 9 gives an indication for the used bivariate copulas. The first
scatterplot of the AEX against the AMX seems to have more events in the tails. Therefore,
a Student’s t-copula and possibly the skewed t-copula can perform well in this case.
However, the other two scatter plots are not so obvious to link to a certain copula.

Figure 9: Scatterplot of the standardized residuals for the period 01/05/1989 - 01/05/2014.

In Table 7 are the results of the parameter estimations and also the goodness of fit test.
Student’s t stands for the multivariate Student’s t copula model. S-S-S is the three-
dimensional pair-copula model where for all pairs a bivariate Student’s t-copula is chosen
and the G means a bivariate Gaussian copula. 1 is the AEX, 2 the AMX and 3 is the
Benchmark.

No model shows a significant fit according to the bootstrap version of the Anderson-
Darling goodness of fit test. Because of those insignificant models, we could not give a
clear interpretation to the estimated parameters. However, we try to give an explanation
for the differences in estimated parameters. The parameters between the AEX and the
AMX seem to be very similar in all different models. The p of about 0.76 means that
the dependence between those assets is very large, what is obvious because they act in
the same market. Between the AEX and the Benchmark this dependence is smaller in all
cases, just like the dependence between the AMX and the Benchmark. We noticed that
the dependence between the AEX and the Benchmark seemed to be better-described
using thinner tailed copulas compared to the dependence between the AMX and the
Benchmark. This is unexpected, because of the scatterplots in Figure 9 seem pretty
similar. The Spearman’s rho and Kendall’s tau of those pairs did not differ so much,
which could cause the difference in parameter estimations when conditioning on the
AEX. Again, it must be said, that the models are not significantly fitted, so there is no
clear interpretation.

4.4 Extended skewed t-copula

As can be seen in Table 7, the EST copula is not used. This is caused by some difficulties
of the estimations for the pair-copula. An important disadvantage of this EST copula is
that we are unaware of the inverse of this distribution. Therefore, it is tried to obtain the
inverse by a numerical search, which is much slower than an exact formulation. This topic
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Model Parameter Estimates Log-likelihood AD statistic Critical Value P-value
G-G-G P12 0.756 2635.877 23.873 0.838 0.000
P13 -0.032
,023‘1 -0.051
S-S-S P12 0.761 2787.841 2.998 0.760 0.000
P13 -0.050
,023‘1 -0.047
V19 8.686
V13 5.445
V3|1 26.458
G-G-S P12 0.788 3081.756 25.370 0.8788 0.000
P13 -0.151
P23)1 -0.023
V3|1 45.1596
Student’s t P12 0.758 2764.804 2.618 0.816 0.000
P13 -0.044
P23 -0.065
v 8.361

Table 7: Estimated parameters, test statistics and p-values of the Anderson Darling goodness-of-
fit test statistic for the three-dimensional pair-copula decomposition for the period 01/05/1989
- 01/05/2014.

is extensively discussed in Section 5. In Table 8 we can see the difference in computation
times of Figure 7 in Section 3.3.1. It is obvious that the computation of the EST copula
takes extraordinarily more time. This could also happen in the case of the estimations.

Model Computation time (in seconds)
Student’s t-copula, p = 0.8, v = 3 3.2
Student’s t-copula, p = 0.5, v = 20 2.8
Skewed t-copula, p=0.5, v =20, 7=0, A =0 359.5
Skewed t-copula, p = 0.5, v =20, 7=0, A = —10 370.5
Skewed t-copula, p =08, v=3,7=0, A=3 386.0
Skewed t-copula, p =08, v=3,7=0, A =10 388.5

Table 8: Computation times of simulations in Figure 7

Besides the numerical method that is used, also the amount of parameters is a big dis-
advantage of the EST copula. In the case of three bivariate EST copulas there are nine
parameters that have to be estimated, what takes much longer time then six parame-
ters of the three-dimensional S-S-S pair-copula. The pair-copula with bivariate skewed
t-copulas is therefore even slower. However, we tried to get estimates using the method
described in Section 3.5. Unfortunately, this method, with a fixed 7 = 0 did not solve
the problem. In the case of only one bivariate EST copula with two bivariate Gaussian
copulas, there are only five parameters that have to be estimated. Nevertheless is the
computation time much too high.
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The maximum likelihood estimates were not found, what could be caused by different
problems. In Appendix A it can be seen that the formulas of the bivariate Gaussian-
and Student’s t-copula are a lot simpler than that of the bivariate EST copula. Not only
the number of parameters, but also the efficiency of programming just like the difficulty
of the formulas can cause for longer computation times. However, it is obvious that the
construction of a new bivariate copula is not an easy problem. It is therefore clear that
the pair-copula model is not so easy to use and can get very long computation times,
especially in the absence of an exact formulation of the distribution and also in cases of
multiple parameters. For this reason it is of great importance to use the most efficient
programming code but definitely also to use sufficiently fast computers.

4.5 Value at risk

Value at risk estimates are computed using the S-S-S and G-G-G pair-copula models.
Those are compared with the VaR estimates of the multivariate Student’s t-copula. Every
next day is forecasted in the period 11/05/12 until 01/05/14 using the n’s from the copula
models. These 7’s are simulated 500 times. Thereafter the conditional variances are
computed using Equation (3). The portfolio return is the mean of those assets. The
value at risk is the (1 — ¢)-th quatile of the portfolio returns. Figure 10 shows the VaR
outcomes for ¢ = 0.10, ¢ = 0.05 and g = 0.01, respectively.

alue-at-Risk: 90% Value-at-Risk: 95% Value-at-Risk: 99%
1 1

——ss8 ——ss8 ——ss8
GGG GG GGG

Ml
i W il

aria

iMWWWWMWW

E@EWWWWWWW(

ﬂ"

Figure 10: Value at risk of the S-S-S, G-G-G and the multivariate Student’s t-copula for the
period 11/05/12 until 01,/05/14.

There can not be seen major difference in the figures above. However, the conditional
coverage test of Table 9 can be interpreted more easily. If the p-values are below the -
values, the null hypothesis is rejected. There are two measures that are rejected, namely
both the 95% VaR of the S-S-S and the multivariate Student’s t-copula models. It is
obvious that the G-G-G pair-copula model performs better, especially because of our
hypotheses that were focused on better performing Student’s t-copulas.

5 Discussions

This research started with two hypotheses. In the first hypothesis we state that the
pair-copula model using the bivariate EST copula has a better fit according to the boot-
strap version of the AD test compared to the multivariate Student’s t-copula model. The
second hypothesis focuses on the idea that the pair-copula model using the bivariate
EST copula generates better outcomes of the value at risk compared to the multivariate
Student’s t-copula model. The main problem in this research is that although we were
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q Model Likelihood Ratio.. P-value
0.01 S-S-S 4.814 0.090
G-G-G 4.814 0.090
Student’s t 2.353 0.308
0.05 S-S-S 6.018 0.049
G-G-G 4.8843 0.087
Student’s t 8.7373 0.013
0.10 S-S-S 2.121 0.346
G-G-G 1.087 0.581
Student’s t 1.308 0.520

Table 9: Correct Conditional Coverage test for the VaR-breaks.

able to implement the bivariate EST copula into the pair-copula model, we did not find
estimates for this pair-copula model.

There can be three different reasons for this problem. The first possibility is that there
could be an error in the programming of this EST copula. The second reason for this
problem could be caused by the numerical method used to compute the inverse of the
EST distribution. In this case, numerical methods are much slower than exact formu-
lations, as they are an approximation of an exact formulation. Explicit availability of
the h-functions and their inverse is very important for the efficiency of the estimation
procedures (Aas et al. (2009)). The third, and final possibility is that the computational
power of the computer used is not sufficient for such a complex model. We suspect that
the second possibility is the most likely as the function ‘fzero’ of Matlab is known that
in some cases can be slow to use. This could be attributed to the fact that the function
‘fzero’, which we use to compute the maximum likelihood estimates, is not capable of
calculating with matrices as it computes each scalar separately. If this is the case, there
are two possible solutions: the first one is to find a faster function to calculate the inverse
numerically. Secondly there is the option that we try to find another method to compute
the inverse. Ideally, the exact formulation for the inverse of the EST distribution is found.

The research shows some interesting findings with respect to the AR-GJR-GARCH model.
The model with Student’s t-distributed errors gives a better fit for the assets than the
model with normal distributed errors. This is of major importance for the calculation
of reliable results from the copula models. Especially when computing the value at risk
the fit of the AR-GJR-GARCH model is important. This verifies the claim that market
returns are often better described by fatter tailed distributions (Alexander (2008)).

Another point we want to emphasize is related to the practical applicability of the boot-
strap version of the AD test. We already know that the computation time of this test
is significantly longer compared to the maximum likelihood estimation (Grevelink et al.
(2014)). Therefore it is likely that even if we had found a result from this EST copula, we
would not have been able to compute this bootstrap due to time limitations. For exam-
ple, it takes about nine minutes to estimate the pair-copula model with three bivariate
Student’s t-copulas. This results in a calculation time of almost 20 hours to calculate
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the critical value of the AD test. Due to time constraints we did only a 1000 simula-
tions of this bootstrap. However, increasing the number of simulations would improve
the accuracy of the critical value. The most obvious response to this is to increase the
number of simulations. Yet it might be more valuable to focus on finding different good-
ness of fit tests for pair-copula models as the problem of the long calculation time remains.

If we look more closely to the results we find no significantly fitted model. This implies
that the pair-copula with three bivariate Student’s t-copulas is not always the best-fitted
model. For further research we suggest to use data with more joint extreme events. This
increases the possibility that a Student’s t-copula will fit the data, as this copula captures
more of this dependence. In line with this reasoning we also expect that the EST-copula
to better fit this kind of data. This increases the accuracy of a comparison between both
copulas.

The final point we want to make is related to the topic of value at risk. We tested
the copula models for value at risk, although the AD test turned out non significant, we
compared the different models. The results of the comparison show that the Student’s
t-copulas did not perform best in all three cases. In the case of 95%-VaR the pair-copula
with three bivariate Gaussian copulas was the only correct model to use, according to the
conditional coverage test. Furthermore, while estimating the value at risk we encountered
the same problems with the calculation time as in the bootstrap. The lengthy calculation
time is caused by the fact the parameters have to be calculated for each forecasted day
individually. Regarding the number of days forecasted the same reasoning as in the boot-
strap could be applied, as an increase in the number of days that are forecasted improves
the reliability of the value at risk outcomes.

6 Conclusions

This research started from the question whether the EST copula is a better model com-
pared to the Student’s t-copula. We started with a discussion of the AR-GJR-GARCH
model. This model is used to compute the standardized residuals. It appears that this
model gives a better fit for the assets when the errors are Student’s t-distributed in com-
parison to normal distributed errors. We were not able to test the hypotheses with regard
to a better fit according to the AD test of the pair-copula model using the bivariate EST
copula compared to the multivariate Student’s t-copula. Furthermore, we could not test
whether a pair-copula model using the bivariate EST copula has better outcomes for
value at risk than a multivariate Student’s t-copula. However, there were some other in-
teresting results. First it appears that none of the models has a significant fit. From this
we conclude that in order to be able to make a better comparison between the Student’s
t-copulas, more attention should be paid to the selection of data. The second point is
related to the applicability of the EST copula, as it appears that the calculation time is
very long as a result of the numerical method used. Therefore, it is important to keep in
mind the resources available when you choose between different copulas. The last point is
about the outcomes of the VaR estimates. In the case of the 95%-VaR are both Student’s
t-copula models rejected in contrast to the G-G-G pair-copula model, while we expected
that the Student’s t-copula models would perform best, according to our hypotheses. The
reliability of those outcomes can be increased using more days to forecast.
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A Copulas

A.0.1 Gaussian copula

The bivariate copula density of the Gaussian copula is (Aas et al. (2009)):

1 P%2($% + :c%) — 2p1271 %2 }
c(uy, ug) = ——-exp {—

The h-function, in Equation (34), represents the conditional distribution function, which
is used by estimating the parameters. This is discussed in Section 3.5.

h(uy, uz, pr2) = @ (q)_ <u\1/)1_—p7;2§2_ (U2>> (34)

(33)

hig (U1, ug, pra) = @ {‘1’_1(“1)\/ 1—p}+ P12¢_1(u2)} (35)

A.0.2 Student’s t-copula

The density of this copula is:

c(ug, ug) =
vio+1
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which denotes the density function of the usual p-dimensional Student’s t-distribution.
z=wly—§), Qz) = 2TQ7'2, A € RP is the shape parameter and 7 € R is the
extension parameter and £ € RP is the location parameter. Then there are the positive
definite p x p dispersion matrix €2, p X p scale matrix w = diag(Q)l/ 2 and p x p correlation
matrix R = Q = w™1Qw™!. Degrees of freedom v > 0 and Tj(x; ) denotes the univariate
standard Student’s t cumulative distribution function with v > 0 degrees of freedom.
The cumulative distribution function is as follows:

P <o = gt ((2):( S 7)) (a1

where 7 = (1 + ATQN) "2 . 7 and § = \/% and T,(z;Q,v) is the multivariate r-
+

dimensional centered Student’s t cumulative distribution function, with r x r positive
definite dispersion matrix €2, v degrees of freedom, ,

Before the skewed t-distribution can be used in a pair-copula construction, the h-function
has to be made. This is done with the use of the conditional distribution. Below is the
conditional distribution described. This is used to construct the h-function.

(X1|X2 = 132) ~ EST),, (fl-?uQQlel-Qu A2, V1-277'1*-2) (42)
where dim(X1) = p1, &12 = & + Q0 (22 — &), ag, = (¥ + Qa(22))/(v + p2),
Q2(22) = 280520, 20 = wy (@2 — &), Qo = Q1 — Qa0 Qo1, Ao = wiawy Ay,
Wiz = diag(Qllcdot2)1/2, Wi = diag(Qn)l/Q, Vig = V4 P2, Ty = Oé;gi/27'1-27 T2 =

(/\CIFQ12(22_21 + Ag)ZQ —+ 7.
In Aas et al. (2009) the standard univariate distributions were used to construct the
h-functions. The standard conditional extended skewed t-distribution has the following

properties:
Q:(£2PF> (43)

Here are some derivations of the conditional properties that are used to construct the
h-function.

E(X | Xy =a29) =&a=& + 91292_21 (X9 — &) = 91292_21$2 = P12T2 (44)
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V1 1y ( 11 128299 21)

v+ 250y .
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VX1|X2::L‘2 = V19 =V —f—pg =v+ 1 (46)

These three conditional properties are exactly the same as that of a conditional Student’s
t-distribution. The h-functions will therefore be similar, except for the extra parameters.
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9(Q11.2) (diag($41)'7) 1 (48)

= diag(Qu — 91292_21921)1/2 . diag(Qn)_lﬂ . >\1
= (1-p})"%- N
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C Autocorrelation

Below are the outcomes of the autocorrelations of the used AR-GJR-GARCH models.

Standardized residuals Squared standardized residuals
Asset AC PAC Q-Stat P-value AC PAC Q-Stat P-value

0.009 0.009  0.557 0.455 0.002 0.002  0.030 0.862
0.005 0.005 0.721 0.697 0.006 0.006  0.238 0.888

AEX -0.015 -0.016  2.197 0.532 0.007 0.007  0.571 0.903
0.026 0.027  6.520 0.164 -0.006 -0.006 0.773 0.942

-0.007 -0.008  6.854 0.232 -0.012 -0.012 1.655 0.894

0.005 0.005 0.1833  0.669 -0.004 -0.004 0.079 0.779

0.02 0.02 25994 0.273 0.01 0.01  0.6559  0.720

AMX 0.004 0.004 2.7136  0.438 -0.013 -0.013 1.6967  0.638
0.011  0.01 3.4493  0.486 -0.009 -0.009  2.187 0.701

-0.004 -0.004 3.5519 0.616 -0.004 -0.004 2.2729  0.810

0.013 0.013 1.0749  0.300 0.015 0.015 1.346 0.246

0.006 0.006 1.330 0.514 0.022 0.021  4.238 0.120

Benchmark -0.005 -0.005 1.478 0.687 0.005 0.005 4.401 0.221
0.026 0.026  5.630 0.229 0.005 0.004  4.547 0.337
-0.012 -0.012 6.478 0.262 -0.005 -0.006 4.722 0.451

Table 10: The Ljung and Box statistic for the period 01/05/1989 - 01/05/2014 of the specified
models with Student’s t-distributed errors.
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