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ABSTRACT  

 

PURPOSE:  

This study uses the Data Envelopment Analysis (DEA) CCR model as a value asset 

selection criterion to construct ten portfolios and investigate their relative performance.   

METHODOLOGY: 

The Fama French (2015) factor model is used to decompose the systematic risk into 

five components.  The CCR DEA is then applied to the risk factors and asset returns with the 

goal of selecting superior investment options from a large US sample. Some of the empirical 

complications with implementing the CAPM model are also addressed through the 

implementation of Quantile Regression. 

FINDINGS AND VALUE ADDED: 

This paper provides the groundwork for future DEA research in the context of risk 

and return of financial assets. Moreover, significant alphas are generated while optimizing 

the cross-section of factors and returns indicate towards the existence of an anomaly among 

the formed portfolios at daily frequency.  
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1 INTRODUCTION 

 

Asset pricing in Financial Economics is mainly concerned with identifying market 

inefficiencies and the drivers of return. This paper aims to analyze specific cases; that is 

undervalued stocks with strong fundamentals and overvalued stocks with weak fundamentals. 

“Value Investing” was first suggested by Ben Graham and David Dodd in the 1930s and it 

generally involves buying securities that are underpriced as determined by some form of 

fundamental analysis. The term “value” was never mentioned by Graham himself and his idea 

is still subject to miss-interpretation, the most common being that he is simply suggesting cheap 

or low priced stocks. 

  One thing that should be widely understood is that security prices tend to diverge from 

their fundamental value quite often. Investors have traditionally gotten over-excited about 

stocks which provide high returns, often ignoring fundamentals and further bidding prices of 

already overvalued companies. Conversely, wide-spread pessimism about a stock could 

potentially drive the price so low that it overstates the company’s risks and understates the 

prospects of positive future returns. This crowd behavior of investors can lead to exploitable 

conditions in these so called “value stocks” and this is a view defined as “Contrarian Investing”. 

This involves purchasing distressed stocks with good fundamentals irrespective of the market’s 

opinion and selling them once they converge with their intrinsic value.  

The introduction of the Capital Asset Pricing Model (CAPM) (Sharpe, 1964; Lintner, 

1965; Mossin, 1966; Black, 1972) sparked a stream of empirical research surrounding the idea 

that there is a positive linear relationship between stock returns and the CAPM beta. Soon after 

it came to light that there are other risks associated with holding securities with certain 

fundamental characteristics. It was found that the CAPM beta became insignificant in explaining 

returns of portfolios sorted on size and the ratio of book value to market value (B/M) of firms. 

Fama and French (1993) formalized this idea into a three factor model and concluded that 

adding the combination of size, and B/M performs better in explaining the variation in the cross 

section. Recently it was found that the aforementioned three factors cannot explain returns of 
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portfolios ranked on profitability and investment and the model has been extended to a total 

number of five risk factors. Their empirical research shows how the five Fama-French model 

incorporates most of the information contained in accounting ratios traditionally used in 

fundamental analysis. (Fama and French, 2015). 

Frazzini (2014) adds to this factor literature by suggesting that investors are willing to 

pay a premium for what he defines as being high quality stocks. According to his definition these 

stocks are safe, profitable, growing and well managed. The Fama French (2015) value factor 

(B/M) is a good proxy for identifying what we would traditionally call value investment 

opportunities however there is a very clear distinction between the two: Frazzini sorts stocks 

on certain quality characteristics, irrespective of its price, while Fama and French value factor 

sorts stocks on price irrespective of quality. It seems natural that both of the ideas above should 

be combined and this will be the focus of this paper. This concept is not new: 

 

“Investment must always consider the price as well as the quality of the security.”  

                                                                                Benjamin Graham, Security Analysis: Principles and Technique 

 

 

Traditional forms of Fundamental analysis involve ratio analysis such as debt – to – 

equity, price – to – earnings, current ratio, dividends and discounted cash flow analysis. This is 

however one of the most time consuming forms of analysis and in the fast paced trading style 

of the 21st century obtaining accurate key information at a rapid pace is highly important. There 

is a growing need for the implementation of methods which can help a value investor select 

fundamentally superior stocks. At the time this paper was written there were 3181 companies 

listed on the National Association of Securities Dealers Automated Quotations (NASDAQ), 3216 

on the New York City Stock Exchange (NYSE) and 373 on the American Stock Exchange (AMEX). 

Governments, Funds, Investment Managers and other parties involved in the financial markets 

could benefit from quantitative methods which could screen and analyze fundamental 

characteristics in this ever increasing number of stocks. 
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“An investment operation is one that can be justified on both qualitative and quantitative grounds.” 

                                                                                               Benjamin Graham, Security Analysis: Principles and Technique 

 

This paper is related to a variety of methodologies. It applies a Data Envelopment 

Analysis as a cross-sectional benchmarking tool on the Fama French factor model to measure 

and rank the Fundamental “Quality” in stocks. This paper is not concerned with the 

technicalities involved in construction those factors, instead we measure the fundamental 

strength of a firm via proxies provided by the Fama-French factor portfolios. I complement the 

literature by showing that investors pay a premium for stocks or baskets of stocks which are 

characterized by large and positive Fama-French factor coefficients i.e. have strong 

fundamentals. Thus a new source of alpha is identified in the market. Following high negative 

return days long investors take advantage of the oversold conditions found in stocks with 

strong fundamentals and open positions. Similarly, investors which are holding short positions 

in the same securities will take advantage of the high negative return days and cover their short 

by buying the amount they shorted. Thus a combination of short covering and speculation from 

the long side after days of large negative returns contributes to a constant Alpha on the second 

day. The opposite effect would have been expected about fundamentally weak stocks after days 

of high positive returns. In this case however I find that the strategy continues to be biased to 

the long side and also generates a positive alpha. I suggest that a “short squeeze” effect might 

be taking place. It makes sense that large short positions could be open on what this paper 

identifies as being fundamentally weak stocks. Thus after a day of high positive returns, margin 

calls and short covering for safety might be taking place. 

To summarize, the Fama - French five factor model will be used to measure the 

fundamental strength of stocks and in order to get a most accurate estimate of those risk 

coefficients this paper uses a quantile regression approach. The factors are then used as inputs 

into the Charnes (1978) DEA CCR Model. This is a data oriented approach used to evaluate the 

performance of DMUs (Decision Making Units) which convert multiple data inputs into multiple 

data outputs. This study assumes that stocks are DMUs which convert inputs (the extended 

CAPM factor coefficients) into outputs (returns). I will later show in the methodology the 

usefulness of DEA at benchmarking fundamentally strong stocks versus their weaker peers. 

Specifically, the purpose of this study is to analyze returns on contrarian portfolios: 
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 Baskets of stocks characterized by large/positive Fama French risk coefficients 

(strong fundamentals) after days of large negative returns. 

 Baskets of stocks characterized by small/negative Fama French risk coefficients 

(weak fundamentals) after days of large positive returns.  

 

The remainder of this paper is structured as follows: Section 2 will provide an overview 

of the theoretical background which underpins the three quantitative models used in this 

paper, specifically the extended CAPM, the CCR Data Envelopment Analysis model and Quantile 

Regression. Section 3 summarizes the data and methodology. Section 4 presents the results, 

proofs and Section 5 concludes the paper and suggest some topics for further study 
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1. All investors: 1) Are maximizers of economic utility; 2) Are rational and risk averse; 3) Diversify across a broad range of 

investments; 4) Are price takers and can’t influence prices; 5) Can lend and borrow any amounts at the risk free rate; 6) Incur 

no transaction costs; 7) Invest in securities which are infinitely divisible; 8) Have homogenous expectations; 9) Benefit from 

information symmetry.  Glen, A. (2005) 

2 THEORETICAL BACKGROUND 

    

This section will present the reader with the theoretical background on the quantitative 

methods used in this study. It begins by evaluating the developments leading up to the Fama – 

French (2015) five factor model. It will then briefly review some theoretical elements of 

Quantile Regression which be used to estimate the systematic risk components associated with 

each security in this study. We then look at the underpinnings of DEA modelling which will later 

be applied in the Methodology section as a period by period benchmarking tool.  

 

2.1 The Fama – French Extended Model 

 

The Capital Asset Pricing Model (CAPM) was developed independently by Sharpe 

(1964), Lintner (1965), Mossin (1966) and Black (1972) and is based on the idea that markets 

should only compensate investors for the systematic component of risk which cannot be 

diversified away by just holding a broad portfolio of assets. Bounded by a set of assumptions1 

it implies that investors only hold two kinds of assets – identical risky assets (which coincide 

with the market portfolio) and risk free assets. If the market portfolio is mean-variance efficient 

we can derive the major conclusion of this model: that the expected return of any asset is solely 

determined by the sensitivity of its returns to the market returns, namely the market beta. 

Assuming a linear relationship between the market beta and an asset’s returns, we can model 

CAPM as follows:  

 𝑟𝐴 −  𝑟𝑓  =  α + 𝛽𝐴(𝑟𝑀 −  𝑟𝑓) +  ε [1] 
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Where: 𝑟𝐴  𝑎𝑛𝑑 𝑟𝑀 are the retrurn of the asset and the market portoflio respectivelly, 𝛽𝐴 is the 

regression slope coefficent i.e. the sensitivity of the asset to the market portfolio;  α is the 

regression intercept or return with no associated risk; ε  is the Standard Error of the regression.  

 

In contrast to the original CAPM model, Fama and French (1992, 1993) have concluded 

that stocks with certain characteristics tend to do better than the market as a whole:  Small cap 

(the size effect) and stocks with a low ratio of market value to book value (the value effect). 

Two decades later the same two scholars brought forward an additional two factors namely 

profitability and investment which they found significant in explain an asset returns (Fama and 

French, 2015). The extended CAPM is show in Eq. [2] below: 

 

𝑟𝐴 − 𝑟𝑓  =  α +  𝛽𝐴(𝑟𝑀 −  𝑟𝑓) + 𝑠𝐴𝑆𝑀𝐵𝐴 + ℎ𝐴𝐻𝑀𝐿𝐴 + 𝜑𝐴𝑅𝑀𝑊𝐴 + 𝑐𝐴𝐶𝑀𝐴𝐴 +  ε  [2] 

 

 

Where 𝑠𝐴 , ℎ𝐴, 𝜑𝐴 , 𝑐𝐴 capture the asset’s sensitivity to the four additional risk factors. 

The SMB (long small cap firms and short large cap firms) represents “size” risk. This comes 

from the idea that firms with a low market capitalization generate superior returns and are also 

more sensitive to extreme economic events due to their undiversified nature. The HML (long 

high B/M and short low B/M) represents the higher risk associated with “value” stocks. RMW 

(long most profitable and short least profitable) is the profitability factor which is a proxy for 

stocks with high future earnings. Finally also in agreement with the findings of Titman, Wie and 

Xie (2004), CMA (long conservative and short aggressive) is a proxy for stocks whose 

management invests the company’s cash in a conservative matter.  
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2.2 Quantile Regression  

 

 

This paper aims to get a most accurate estimation of those through the application of a 

Quantile Regression Methodology. Traditional methods of quantifying CAPM such as ordinary 

least squares (OLS) do so by assuming a linear relationship across the mean of the distribution. 

In other words, the upper and lower tails of the distribution are not assessed so the assets are 

assumed to behave as their mean would predict.   

 

One method which helps alleviate some of these problems is the quantile regression 

approach which is an extension of the OLS estimation (Koenker and Bassett, 1978). A linear 

regression coefficient gives us an estimate of the change in the dependent variable produced by 

one-unit change in the independent variable associated with that coefficient. Quantile 

regression coefficients on the other hand give us an estimate of the change in the specified 

quantile of the dependent variable produced by one-unit change in the independent variable. 

Thus, this method allows us to model the return performance of firms which underperform or 

over-perform as predicted by the conditional mean of the firm’s returns.  

 

Studies suggest that using quantile regression to model the skewed and fat tailed 

distribution of stock returns may be much more appropriate: Buchinsky (1998) finds that 

quantile estimators are more efficient than OLS when the distribution is non-normal. This is 

confirmed by other academics who further test the CAPM in the context of quantile regression. 

They conclude that it is indeed superior to OLS and that this methodology alleviates other 

statistical problems encountered in many of the CAPM studies such as errors in variables, 

omitted variable bias and sensitivity to outliers. (Barnes and Hughes, 2002; Gerrans, Singh and 

Powell, 2009) 
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2.3 Data Envelopment Analysis and the CCR Model 

 

Various definitions of Data Envelopment Analysis can be found in literature. Cooper et. 

al. (2007) provides a very intuitive explanation of a DEA frontier and compares it to a 

regression line. In the case of a 

regression, the line goes through 

the “middle” of the data points 

with the ones above being 

considered “superior” and the 

ones bellow being inferior”. One 

can measure the degree of 

inferiority or superiority by 

calculating the deviations from 

this line and that is the distance 

from the data-point to the line. 

On the other hand, the DEA 

frontier line attaches to the 

performance of the most 

superior data point and then measures the deviations of others from this line as shown by 

Figure 1. 

  There is a fundamental difference between statistical approaches such as regression and 

frontier analysis such as DEA: The former reflects an “average” or “central tendency” behavior 

of observations while the latter deals with best performance and the benchmarks all 

performances by deviations from this line, making it especially suited for the ranking of 

financial assets. A special case of DEA is the one input – one output model which can be 

expressed as follows: 

 𝑒 =  
𝐷𝑎𝑡𝑎 𝑂𝑢𝑡𝑝𝑢𝑡 

𝐷𝑎𝑡𝑎 𝐼𝑛𝑝𝑢𝑡 
  [3] 

   

  I now expand Eq. [3] into a multi input – multi output model. By attaching weights to the 

numerator and denominator this DEA model will allow us to optimize the above ratio such that 

𝑒 is maximized.   

                                  Figure 1 
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We assume there are n DMUs (Decision Making Units) to be evaluated. Each DMU 

consumes varying amounts of 𝑚 different inputs to produce 𝑠 different outputs. Specifically, 

𝐷𝑀𝑈𝑗  consumes amount 𝑋𝑖𝑗 of input 𝑖 and produces amount 𝑌𝑟𝑗 of output 𝑟. We further assume 

that  𝑋𝑖𝑗 , 𝑌𝑟𝑗 ≥ 0 and that each DMU has at least one positive input and one positive output 

value. In the CCR model the objective is to determine the weights 𝑢 , 𝑣  using linear programing 

so as to maximize the composite efficiency score 𝑒  of each decision making unit.  This is defined 

by the ratio: 

 𝑀𝑎𝑥:  𝑒𝑗 (𝑢, 𝑣) =  
𝑊𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑆𝑢𝑚 𝑜𝑓 𝑂𝑢𝑡𝑝𝑢𝑡𝑠

𝑊𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝑆𝑢𝑚 𝑜𝑓 𝐼𝑛𝑝𝑢𝑡𝑠
=  

∑ 𝑢𝑟𝑟 𝑌𝑟𝑗

 ∑ 𝑣𝑖 𝑖  𝑋𝑖𝑗

 [4] 

 

 𝑠𝑡.  
∑ 𝑢𝑟𝑟 𝑌𝑟𝑗

 ∑ 𝑣𝑖 𝑖  𝑋𝑖𝑗

  ≤   1       ∀ 𝑗 [5] 

 

 𝑢𝑟 , 𝑣𝑖   ≥ 0        ∀ 𝑖, 𝑟 [6] 

   

  The DEA model presented above was redesigned by Charnes and Cooper and Rhodes 

(1978) such that it selects a representative solution (i.e., the solution ( 𝑢, 𝑣 )  for which 

∑ 𝑣𝑖
𝑚
𝑖=1 𝑋𝑖𝑗 = 1). The fractional DEA model presented above can now be expressed in linear form 

under the name CCR DEA in the following way:   

 𝑀𝑎𝑥:   𝑒𝑗 =  ∑ 𝑢𝑟

𝑠

𝑟=1

𝑌𝑟𝑗  [7] 

 

 ∑ 𝑢𝑟

𝑠

𝑟=1

𝑌𝑟𝑗  − ∑ 𝑣𝑖

𝑚

𝑖=1

𝑋𝑖𝑗 ≤ 0 [8] 

   

 ∑ 𝑣𝑖

𝑚

𝑖=1

𝑋𝑖𝑗 = 1 [9] 

   

 𝑢𝑟 , 𝑣𝑖   ≥ 0 [10] 
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According to Cooper et. al. (2007) 𝐷𝑀𝑈𝑗  is considered to be CCR efficient if 𝑒𝑗  = 1 and there 

exists at least one optimal 𝑢𝑟 , 𝑣𝑖   with 𝑢𝑟 , 𝑣𝑖   ≥ 0 . Similarly, 𝐷𝑀𝑈𝑗  is considered to be CCR 

inefficient if 𝑒𝑗  < 1. 

The subgroup of relatively efficient 𝐷𝑀𝑈𝑗  where 𝑒𝑗  = 1 serve as the basis for the determination 

of the efficient frontier and establish a benchmark against whom all other 𝐷𝑀𝑈s are measured.  

For 𝑒𝑗  < 1, this indicates the possibility of constructing a superior 𝐷𝑀𝑈𝑗   utilizing an equal or 

lower quantity of inputs than 𝐷𝑀𝑈𝑗  which is analyzed. (Lopes et al, 2008). For 𝑒𝑗  < 1   one can 

measure the degree of inefficiency of 𝐷𝑀𝑈𝑗   by computing (1 − 𝑒𝑗).  

The original CCR model which is presented above is said to be input oriented. In relation 

to the orientation of inputs or outputs, it is important to note that if 𝐷𝑀𝑈𝑗  is efficient in the 

input oriented model it will also be efficient in the output oriented one, however for the 

inefficient 𝐷𝑀𝑈s the efficiency variable 𝑒𝑗  can be different. (Bhat et al. 2001).  

The application of DEA to financial markets only emerged in the last decade and 

literature directly relating to asset selection or financial security analysis is scarce. Thus, apart 

from the research topic chosen here, one of the objectives of this paper is to also demonstrate 

how DEA can be used to analyze and rank financial assets. I proceed to outline some of the 

developments which inspired this paper: 

At first the model was proposed to study the effect of financial ratios on stock prices. 

This concept is based on the idea that numbers in financial statements reflect the performance 

and efficiency of the company. Powers and McMullen (2000) use the CCR DEA model to select 

a group of desirable securities from a group of 185. In their DEA analysis they use Earnings per 

Share (EPS), Price – Earnings per Share (P/E) Ratio, CAPM Beta and Standard Deviation as 

inputs and 1, 3, 5 and 10 year return as output. Fourteen securities within their asset universe 

were found to be efficient but the authors don’t compare the performance of the efficient and 

inefficient portfolios thus we cannot know for sure if those assets were indeed superior in terms 

of risk and return performance.  

A study also done on the Brazilian stock market replicates the study done by Powers and 

McMullen (2000) and presents a similar approach using quarterly data over a period of 22 

quarters. DEA CCR analysis is performed using price to earnings ratio, Beta and return volatility 

as inputs and earnings per share, and the last 12, 36 and 60 month return as outputs. (Lopes et. 

Al. 2008). In the later paper the DEA portfolio yields a mean return of 12.33% versus 7.03% in 
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the XBrX 100 Brazilian stock Index. This may appear highly profitable however upon close 

inspection of the paper it is evident that ex-ante information was used when rebalancing the 

portfolio. In other words, the DEA analysis is performed at time 1 and the resulting efficient 

stocks are invested in the portfolio also beginning with time 1. This methodology has no 

investable value since future information is used to achieve the outperformance however it 

shows the potential benefits of using the CCR DEA methodology. 

Gardijan and Kojic (2012) use the CCR DEA model to benchmark between 78 stocks 

listed on the Zagreb Stock Exchange in Croatia over a period of 4 years at monthly frequency. 

Expected Monthly return calculated as the 52-month historical average return is used as output 

and return variance, 95% VaR and CAPM Beta as inputs. The CCR DEA portfolio was found to 

underperform the market. 

The paper by Pätäri et al. (2010) is closely related to the topic of value investing. The 

authors are attempting to create value portfolios by using stock price as an input parameter 

and Earnings/Share, Dividend/Share and Book Value/Share as outputs. They do however 

remove all stocks with negative ratios from their sample. As the methodology section will later 

explain this is probably because the CCR DEA model only accepts positive inputs and output 

parameters. I get around this issue by standardizing and rescaling the variables such that they 

all lie between 0 and 1. The authors find that the DEA portfolios have a marginally higher return.  

The inspiration for this paper follows from the paper of Sing and Allen (2010) and their 

research methodology is very similar to what will follow in this paper. They were the first ones 

to decompose the variance and propose using the three factor CAPM model; that is market, size 

and value all estimated using a Quantile Regression Methodology. Risk factors are used as 

inputs and asset return as output for the DEA process. Although their paper is more of a model 

application study, it provides us with valuable insight into the potential of using this type DEA 

analysis. It is unclear from their paper whether the focus is on creating superior portfolios or 

comparing regression methodologies. They present us with two portfolios and show that DEA 

efficient assets using Quantile Regression estimates outperform DEA efficient assets that use 

OLS Regression estimates. They only present the reader with their “best” portfolios and do not 

benchmark against the market or other firms within their sample. Their study also suffers from 

small sample bias. Their data extends over 4 years of monthly data covering just the 30 stocks 

contained in the DJIA index.  
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DEA analysis measures the relative rather than absolute performance. In other words, if 

such an analysis was to be done on the worst performing stocks in the market the model would 

pick the “best of the worse” and still yield relatively efficient stocks. Due to this, it is obvious 

how this type of analysis would not perform well within a limited sample size. This can create 

further complications when you entirely remove all stocks with negative performance ratios as 

in the paper by Pätär et al. (2010) where the DEA CCR will pick “the best of the best” instead of 

the best overall.  Besides using slightly different inputs and output, the later argument may 

provide a potential explanation to the vastly different results used in the studies presented 

above.  

This paper aims to settle the above issues through the use of higher frequency data, a 

longer study period and a much larger and diversified sample. Moreover, most of the above 

authors have used DEA as a black box and have not specifically explained the effects of DEA 

analysis on the underlying portfolios, something this paper will also show. 
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3 DATA AND METHODOLOGY 

 This section will first explain the raw data collection and preparation process. It then 

describes how the DEA input data is estimated using Quantile Regression. This is followed by 

the data standardization and re-scaling methodology and finally all of the above are applied in 

the context of our analysis.  

3.1 Data 

 

Because the DEA process benchmarks stocks according to the relative size of the 

extended CAPM regression slope coefficients, it was necessary to have a large variety of stocks 

in our asset universe. As previously mentioned in a small sample environment this analysis 

would still yield relatively superior investment options but since the universe is small, we can’t 

know for sure if they have any investable value. The universe here combines the three leading 

Standard and Poor US indices: S&P 500 (Large Cap), S&P (MidCap) 400 and S&P (SmallCap) 

600, for a total of 1500 stocks which cover approximately 90% of the US market capitalization. 

Fifteen years of daily closing price data was downloaded from the DataStream database, 

covering the period November 2000 to October 2015 consisting of approximately 3700 

observations. Finally, certain stocks were eliminated from the dataset due to missing price data 

which caused computational issues; with the final count being rounded to the nearest divisible 

by 10, resulting in 1150 stocks. In order to estimate the extended CAPM risk coefficients, daily 

factor portfolio data for the period including the 10 year US T-Bill to be used as the risk free 

asset was downloaded from the Fama and French online database. Daily returns were 

calculated and both datasets were matched by date with those from the Fama French database 

in order to eliminate the possibility of mismatch errors.   
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3.2 Regression Methodology 

 

This step of the methodology has the sole purpose of obtaining input variables for the 

CCR DEA process, namely the extended CAPM coefficients presented in Eq. [2]. Quantile 

regression provides us with the advantage of being able to individually model a more accurate 

estimate of the distribution for each of our assets. This is contrasted by a one-fits-all Gaussian 

approach which predicts returns around the mean and is incapable of describing the extremes 

of the distribution. This can include anything from earning days, news announcements, 

acquisitions or periods of financial distress.  

Rolling window quantile regressions were estimated with a window length of 200 such 

that the risk coefficients are estimated at each point in time. The regression coefficients are 

estimated at the following quantile levels: 5%, 25%, 50%, 75%, and 95%. Similarly, to the DEA 

paper by Sing and Allen (2010) which follow the approach proposed by Chan and Lakonishok 

(1992) a symmetric weighting scheme is used such that the resulting estimators have weights 

which are in the linear combination of quantile regression coefficients. Following the notation 

from Eq. [2] the coefficients at each point in time 𝑡 are estimated like so:  

 

                αA  =  0.05α(0.05,t)  +  0.2α(0.25,t)  +  0.5α(o.5,t)  +  0.2α(0.2,t)  + 0.05α(0.95,t)                [11] 

    

             βt  =  0.05β(0.05,t)  +  0.2β(0.25,t)  +  0.5β(o.5,t)  +  0.2β(0.2,t)  +  0.05β(0.95,t)                [12] 

    

 st  =  0.05s(0.05,t)  +  0.2s(0.25,t)  +  0.5s(o.5,t)  +  0.2s(0.2,t)  +  0.05s(0.95,t)                [13] 

 

 ht  =  0.05h(0.05,t) +  0.2h(0.25,t) +  0.5h(o.5,t) +  0.2h(0.2,t)  +  0.05h(0.95,t)   [14] 

 

 
φt  =  0.05φ(0.05,t)  +  0.2φ(0.25,t)  +  0.5φ(o.5,t)  +  0.2φ(0.2,t)  +  0.05φ(0.95,t) [15] 

 

 

 

ct  =  0.05c(0.05,t)  +  0.2c(0.25,t)  +  0.5c(o.5,t)  +  0.2c(0.2,t)  +  0.05c(0.95,t) [16] 
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For the purpose of robustness testing the coefficients are also estimated at quantiles 10%, 30%, 

50%, 70% and 90% and then calculated using the same methodology as in Eq. [11-16]. 

3.3 Standardization Methodology 

 

Although the DEA method is somewhat robust to processing information on different 

numerical scales via weighting we will proceed to standardize each variable. This procedure 

makes the data more balanced and reduces the risk of imprecision in the calculation. I first take 

the cross-section of regression slope coefficients estimated in section 3.2 

(𝛽𝑡 , 𝑠𝑡 , ℎ𝑡 , 𝜑𝑡 , 𝑐𝑡 , α𝑡  , 𝑅𝑡) and the 𝑍 scores are obtained for each variable like so: 

 

 
𝒁𝒊𝒋  =  

( 𝑿𝒊𝒋  −  𝑿𝒋
̅̅ ̅)   

𝝈𝒋

          [17] 

 

 

 

 

The DEA objective function does not accept negative values and requires that the 

minimum inputs and outputs to be zero. This ties back to the paper by Pätär et al. (2010) where 

the authors remove a large portion of the universe based on negative input variables. Therefore, 

Z- scores are rescaled such that the minimum is equal to zero and the maximum to 1 while still 

preserving their relative scale. This is shown below in the two equations below: 

 

 𝑅𝑍𝑖𝑗  = Abs ( Min 𝑍𝑗  ) + 𝑍𝑖𝑗  [18] 

 

 

       𝑀𝑅𝑍𝑖𝑗 =  
𝑅𝑍𝑖𝑗  

𝐶𝑜𝑙𝑢𝑚𝑛 𝑀𝑎𝑥𝑖𝑚𝑢𝑚
 

 

[19] 

 At the final stage of its preparation, the input data for the 𝐷𝐸𝐴 process should look as 

shown in Exhibit [1].  

Where: 

𝑋𝑖𝑗   = The value of variable j for stock i 

𝑋�̅�   = The mean of variable j for all stocks 

𝜎𝑗    = The standard deviation of the value of variable j across all stocks 
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3.4 DEA Methodology 

 

The CCR model accepts unlimited amounts of outputs and inputs, the only obstacle being 

the computing power necessary to perform the calculations. The optimization problem must be 

solved using linear programing software. For this purpose, the package lpSolve for R has been 

used. The DEA R code used for the DEA calculations alongside with its implementation 

procedure required to compute Eq. [7 – 10] was taken from Pessanha et al. (2013).  

If one was to use excess return as output and the one factor 𝛽𝐶𝐴𝑃𝑀 as input into a one 

input - one output DEA model, then there will be no weights or weights restrictions and the 

model will be expressed by Eq. [18] as shown below: 

 

 𝑒 =  
𝑂𝑢𝑡𝑝𝑢𝑡 

𝐼𝑛𝑝𝑢𝑡 
=  

𝑅𝑖 −  𝑅𝑓

𝛽𝐶𝐴𝑃𝑀

 [20] 

  

 In 𝐷𝐸𝐴  terminology, the asset with the highest ratio would be considered the most 

efficient. The ratio shows that the most relatively efficient securities will have the lowest betas 

and the highest return. This is also a well-known ratio in finance; that popularized by Jack. L 

Treynor which extends the work of Sharpe. The Treynor ratio measures the returns earned in 

excess of that which could have been earned on an investment with no diversifiable risk. 

However according to this definition the returns are measured against what is assumed to be 

the only source of systematic risk and that is the Market portfolio. Today this definition can be 

considered to be flawed since four other sources of systematic risk have been identified.  

This paper suggests the application of the CCR 𝐷𝐸𝐴 methodology presented in Eq [7 – 

10], in a multi input – singe output model with the goal to simultaneously sort portfolios based 

on their exposure to the market portfolio, and also their fundamental characteristics: 

I define “Fundamentally Superior” stocks as ones which have a combination of high 

magnitude positive Fama - French factor coefficients. Conversely I define “Fundamentally 

Inferior” stocks as ones which have a combination of high magnitude negative Fama - French 

factor coefficients. 

Continuing with the notation of the standardized values from Eq. [19], the extended DEA 

model is shown in Eq. [21]:  
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𝑀𝑎𝑥 𝑒𝑜 (𝑢 , 𝑣)   =  

[𝑀𝑅(𝑅𝑖 −  𝑅𝑓)]𝑢1

(𝑀𝑅𝛽)𝑣1 + (𝑀𝑅𝑠)𝑣2 + (𝑀𝑅ℎ)𝑣3 + (𝑀𝑅𝜑)𝑣4 + (𝑀𝑅𝑐)𝑣5

 

 

     

 

The objective function in Eq.21 aims to find the “best” set of weights 𝑢1 , 𝑣1 … 𝑣5 for each 

asset that is analysed such that the efficiency variable 𝑒 is maximized. The term “best”, is used 

here to mean that  𝑒𝑖 is maximized relative to all others when these weights are assigned to the 

risk factors of all assets in our universe. Up until this point it should be understood that if 𝑒𝑖 = 

1, then security 𝑖 sits on the efficient frontier estimated by the model, i.e. it provides the highest 

possible return for the lowest combination of regression slope coefficient values.  We now 

provide a more robust interpretation of the variable 𝑒 in the context of the above analysis: 

 

Analysis Statements: 

1. All else equal, if 𝑒𝑖 = 1, then security 𝑖 has a higher return relative to other assets at the 

time of the analysis.  

2. All else equal, if 𝑒𝑖 = 1, then security 𝑖  is characterized by a lower combination of risk 

factor coefficients relative to all assets in our universe. 

 

In order for one to understand how the model in Eq. [21] will perform in the context of 

our analysis, the characteristics of the extended CAPM regression coefficients, specifically 

magnitude and direction need to be evaluated. The market beta works under the assumption 

that there is a positive linear relationship between any asset and the market portfolio. More 

specifically, if an asset has a  𝛽 > 1 it implies that it is said to be riskier than the market and for 

a 𝛽 < 1  it is said to have a lower market risk.  This also implies that for all assets in our 

investment universe the market beta will always be positive and will take values which will 

fluctuate above and below 1. Beta is unique in that regard as this characteristic does not hold 

for the other risk coefficients which are not bounded by a positive relationship. Negative factor 

loadings on 𝑆𝑀𝐵, 𝐻𝑀𝐿, 𝑅𝑀𝑊 and 𝐶𝑀𝐴 are possible and according with their construction they 

would be characteristic of large firms with a high market valuation relative to book, who are 

unprofitable and invest aggressively. In order to show this variation of risk coefficients within 

[21] 
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our sample, OLS regressions are performed on each stock in the universe and their descriptive 

statistics are shown in Exhibit [2].  

Because the DEA process is looking to achieve the maximum output (return) for the 

minimum input (factor coefficients), the objective function will assign a high  𝑒𝑖 score to stocks 

with large negative factor loading and a high return. Similarly, a low  𝑒𝑖 score will be assigned 

to stocks with large positive factor loadings and a low return. It is worth mentioning here how 

this paper differentiates itself from others presented at the end of Chapter 2. Most of the DEA 

literature applied to financial assets is focused mainly on stock selection rather than analysis of 

returns. Powers and McMullen (2000) use EPS and P/E ratio as two as their inputs alongside 

CAPM Beta and Standard Deviation. Using the reasoning presented above, it is clear how this 

may create complications in the analysis. The EPS and P/E variables can take negative values 

while CAPM Beta and Standard deviation can’t. Thus their top portfolio where  𝑒𝑖 is close or 

equal to 1, would contain securities with negative EPS, P/E and a low positive SD and Beta. 

Similarly, one of the variables used by Lopes e. Al. (2008) is EPS which also creates complication 

for reasons already mentioned.  

To summarize, instead of using DEA analysis as an efficiency model, this paper uses DEA 

to rank and study the return of portfolios based on two attributes: a combination of high or low 

regression coefficients and daily return. High  𝑒𝑖 stocks will be characterized by relatively large 

positive returns and relatively lower or even negative risk factor loadings. Conversely, low  𝑒𝑖 

stocks will be characterized by relatively large negative returns and relatively higher or positive 

risk factor loadings. This directly links to the research objectives of this paper. By aggregating 

portfolios based on the  𝑒𝑖  score we aim to create:  

 

 Baskets of stocks characterized by large/positive Fama French risk coefficients 

(fundamentally superior) after days of large negative returns  

 

 Baskets of stocks characterized by small/negative Fama French risk coefficients 

(fundamentally inferior) after days of large positive returns.  
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3.5 Portfolio Formation 

 

Based on everything so far, the benefits of using DEA analysis to analyse the cross section 

of stock returns become evident. A single efficiency score will be given to each security in our 

study which will allow us to create portfolio buckets based on the two attributes mentioned 

above, namely return and a combination of the five risk coefficients. Relatively speaking, stocks 

with higher returns and lower risk coefficients will be assigned a high score while stocks with 

low returns and high risk coefficients will be assigned a low score.  

The DEA efficiency score  𝑒𝑖  is estimated for each day and used as sorting criteria to 

create portfolio buckets. Each portfolio is composed by an investment in equal proportions in 

each selected stock, that is, all portfolios presented in this paper are equally weighted. Decile 

bucket portfolios are formed by ranking stocks on their previous period efficiency scores. Since 

there are 1150 assets in this study, the top 115 which have been found to have the highest 

efficiency scores are included in the top decile and similarly the smallest 115 efficiency scores 

for each period are included in the bottom decile. After the DEA efficiency scores have been 

calculated for one period, the investment in that group of assets is simulated to start at the 

beginning of the next period and end at the end of the same period. This procedure is repeated 

daily for the entire duration of the study.  
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4 RESULTS 

The results section will proceed as follows: First I show that the two analysis statements 

presented in Section 3.4 are true; i.e. the model works as expected.  

This means that all else equal: 

1. The most efficient portfolio buckets will have the highest returns in the sample on the day of 

the DEA measurement is taken. Similarly, the least efficient bucket will have the lowest returns. 

 

2. The most DEA efficient buckets will have the lowest combination of risk regression slope 

coefficients. Similarly, the least efficient bucket will have the highest combination of risk 

regression slope coefficients.  

 

Secondly, all portfolio performance over the study period analyzed:  

 Risk – return performance 

 Fama – French factor decomposition 

 Correlation Analysis 

 Drawdown Performance 

 

Finally I present robustness results. It was stated previously in the Methodology section 

that the quantile regression risk coefficients were estimated at two sets of confidence intervals:  

 5%, 25%, 50%, 75%, and 95% 

 10%, 30%, 50%, 70% and 90%  

T- Test for differences between means are performed between each pair of decile 

yielded from the two sets of risk coefficients. 
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4.1 DEA Analysis Statements Proof 

 

This section is dedicated to showing that the DEA methodology produces the desired 

results in terms of how it ranks stocks on both returns and risk factor coefficients. In order to 

prove Statement 1, additional data collection must be performed within each portfolio bucket. 

I am interested in the mean returns of each bucket on the day of the DEA analysis. If statement 

1 holds true, these returns should be decreasing as we move from the most efficient bucket to 

the least efficient. The DEA calculation is done at time T – 1 and stocks are to be invested in at 

time T. Thus, for the purpose of this analysis all bucket returns at T – 1 are collected. 115 

securities invested in over 3300 days translate into approximately 379,500 return observations 

per bucket portfolio; more than sufficient to yield significant results. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 shows the distribution of mean returns across the ten portfolio buckets at both 

time T and T – 1. Looking at the first table (T – 1) the Mean calculations clearly show how on 

the day of the DEA analysis, a higher efficiency score  𝑒𝑖 is associated with a higher mean return. 

The Skewedness and Kurtosis calculations also imply a much higher probability of returns 

above the mean for bucket 100 % - 90 % than it does for the lowest 10% - 0% but this is normal 

since this arrangement is done on purpose. When looking to maximize Eq.  [21] the DEA model 

Figure 2 
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assigns a higher  𝑒𝑖 to stocks with higher returns. Conversely, a lower  𝑒𝑖 is assigned to stocks 

with a lower return. This confirms Statement 1. 

Moving on to time T or the investment day, it is very interesting to show how the mean 

distribution across the buckets completely reverses, exception being bucket 100% - 90%. Here, 

we can observe decreasing means as we move from the least efficient buckets to the most with 

the highest being in 10% - 0% (0.0016). Surprisingly, high positive skewedness and excess 

kurtosis in bucket 100% - 90% imply a much higher frequency of returns above the mean than 

the rest of the portfolios. The data has however not been adjusted or cleaned of extreme outliers 

so the skew and kurtosis results display extreme values at both T and T -1. 

 

 

 

 

 

 

 

 Figure 3 also presents the probability of positive return across the buckets at time T. 

Within each bucket, the number of positive and negative returns is calculated. I obtain the 

probability simply by dividing the number of positive returns into the number of negatives. The 

bucket where stocks with the lowest efficiency score  𝑒𝑖 are assigned has the highest probability 

of an “up” day with around 2% higher than the rest.  

To prove Statement 2, I analyze the portfolio returns of each bucket through the 

extended CAPM factor decomposition presented in Eq. [2]. If Statement 2 holds true we should 

observe lower or negative risk coefficients in the most efficient bucket which should become 

increasingly larger and positive as we approach the least efficient bucket.  

To observe this effect, we turn our attention to the OLS regression heat maps presented 

in Exhibit [5].  I choose OLS instead of Quantile Regression of the results analysis because P – 

Values  of the risk factor coefficients could not be shown using Eq. [11 – 16]. The tables show 

that for both quantile sets, the risk coefficients associated with each of RMRF, SMB, HML, RMW 

are increasing as we move from the most efficient to the least efficient portfolio.  In the 5% - 

Figure 3 
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95% portfolios, The Market beta (RMRF) is increasing as we move from the third highest and 

most efficient bucket (80% - 70%) where we have a value of 0.942 to the least efficient where 

we have a value of 1.255. Similarly, SMB increases without exception from 0.200 in the most 

efficient bucket to 1.011 in the least indicating that the last bucket contains mainly small cap 

stocks and conversely the first large cap. HML increases without exception from -0.161 to 0.578 

indicating that value stocks are included in the last bucket while growth are included in the 

first. RMW performs almost the same as the former, ranging from -0.629 to 0.180 indicating 

that the most profitable stocks are included in the bottom decile. All slope coefficients 

mentioned up until this point are highly significant to the 1% level. Not the same can be said 

about the CMA factor where the factor arrangement looks completely random and non-

significant. By decomposing portfolios in this way I show how the DEA model in Eq. [21] assigns 

a higher efficiency score  𝑒𝑖 to securities with a higher combination of risk regression 

coefficients and conversely it gives a lower score  𝑒𝑖 to securities with lower risk combinations, 

the exception being of course the investment factor CMA.  

Although this is not the purpose of this paper, this methodology does also test the 

robustness of the factor data provided by the Fama French portfolio and their usefulness. The 

DEA methodology picks a different set of stocks each day and there should be no reason why 

after aggregation into portfolios those should not correlate with the CMA factor data. In the 

context of this analysis, it does not look robust or consistent throughout the results section of 

this paper.  

Putting everything of the above together, I show that Statement 1 and Statement 2 are 

true and conclude this section with an important observation.  The top or most efficient 

portfolio buckets include on average securities with relatively low or negative risk coefficients 

and relatively high and positive returns. Similarly, the least efficient portfolio buckets include 

on average securities with high and positive risk coefficients and relatively low and negative 

returns.  

Results are consistent also at the second set of regression coefficients estimated at the 

10%, 30%, 50%, 70% and 90% quantiles.  
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4.2 Decile Portfolio Performance  

 

I begin here by looking at the Portfolio Summary Statistics Heat Maps in Exhibit [3]  and 

the focus is on the 5% - 95% portfolios. Excluding what the model considers to be the two most 

efficient deciles, we can observe an increasing returns pattern. Beginning with 90% - 80%, the 

second most efficient decile, where we have an annualized value of 8% , returns are increasing 

to the least efficient where we have an impressive 41%. A similar effect is observed when 

looking at the standard deviation. A min of 0.20 is present in quantile 80% - 70% which is 

perfectly increasing to quantile 10% - 0% where we have a value of 0.31. This effect is also 

consistent with CAMP theory where a higher risk (as measured by standard deviation) is 

associated with higher returns translating into and increasing Annualized Sharpe Ratio from 

decile 80% through to 0%.  This can also be observed in the Annualized Risk – Return Scatter 

Plot by looking at the extreme position of the 10% - 0% portfolio relative to the rest.  The odd 

ones out are the two most efficient portfolios which do not fit the increasing pattern we observe 

in the others. A relatively high Sharpe Ratio of 0.63 is shown in decile 100% - 90% which is 

indeed an unexpected result.  

Exhibit [4] charts the return performance over the investment period for all decile 

portfolios. The outperformance of the least efficient portfolios stands out. If $1 was invested in 

2002 in the least efficient portfolio, it would now be worth close to $120. This is closely followed 

by the second least efficient portfolio where one would have seen an end investment value of 

just over $10. The most efficient portfolio comes in 4th place however it held second place up 

until mid-2006 and then fell into third and fourth in 2012 and 2014 respectively.  

The returns can be explained using the extended CAPM decomposition in Eq. [2]. Since 

the arrangement of the risk regression coefficients across the buckets was presented in Section 

4.1 I focus my attention on the last of the variables presented in the OLS regression tables in 

Exhibit [5] , namely the Alpha intercept.  This is interpreted as being return which has no 

associated risk with either of our control variables. Since different buckets represent different 

levels of the efficiency score 𝑒𝑖, Alpha observations across the buckets are also a performance 

measure of this DEA methodology.  

Also excluding the top two most efficient portfolios Exhibit [5] shows a perfectly 

increasing daily Alpha starting with -0.005% in decile 80% – 70% and ending with 0.109% in 

the last. Compounded, an Alpha of 0.102% a day is equivalent to around 31% a year.  
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Considering observations made in the previous section, it is shown that securities with 

larger negative returns and larger/ positive risk coefficients at time T-1 exhibit positive Alpha 

on the second day at time T. The magnitude of this effect decreases as we move up the buckets 

towards securities which at T – 1 have larger positive returns and lower/negative risk slope 

coefficients where we have an Alpha observation as low as -0.005% or approximately -1.2% a 

year.  

 The summary Table in Exhibit [7] shows averages of the worst five drawdowns 

within each decile portfolio over the entire investment period. While the Average Depth doesn’t 

show any consistent patterns, it is very evident that a lower efficiency score  𝑒𝑖  improves 

drawdown performance and conversely, a higher score worsens it. Average length of the 

drawdown is perfectly decreasing from an average of 407 days in the top decile to 132 in the 

last. Similarly the top decile drops for an average of 132 days versus 67 before bottoming and 

starting to recover. The recovery also takes an average of 337 days for the top decile portfolio 

which perfectly decreases to 65 in the bottom decile.  

Correlation analysis results are shown in Exhibit [6] in order to present the potential 

diversification benefits that this DEA methodology has to offer. I chose two methods: First 

Pearson Correlation Coefficient and then a non-parametric, Kendall Rank Correlation Tau 

Coefficient. They both display the same results in terms of relative correlation between the 

deciles however in the non-parametric method there is a larger dispersion between the top and 

bottom. Also very evident is the decreasing correlations going from top to bottom deciles 

suggesting increasing differences between portfolios ranked on the DEA score 𝑒𝑖. The best way 

to explain the diversification benefits is to simply look at the correlation between each of the 

portfolios with the Asset Universe.  Interestingly, although not the top performer, the first 

decile, namely 100% - 90% displays the lowest correlation thus is the largest diversifier. The 

diversification benefits disappear as we approach the last decile, however, although still high 

the last (10% - 0%) does not fit in with the pattern. 

The correlation result presented above directly links to the factor decomposition 

displayed in Exhibit [5] where we have the lowest R-Squared value. On average the Fama – 

French models seems to perform quite well in explaining the 10 portfolio returns, that is the 

value fluctuates between 90% and ~ 97% which indicates a high explanatory power; that is 

returns of the decile portfolios are almost fully explained by the information in the factors. This 

is not the case however for the first decile where the R-squared is significantly lower with a 
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value of 76%. Performance-wise, the portfolio performs almost equally to the market portfolio 

both having a Sharpe Ratio of ~0.6 as displayed in Exhibit [3] however, factor analysis indicates 

that these returns don’t come from the market or any of the additional four factors; or better 

said 3, given the poor performance of CMA.  

4.3 Robustness Testing 

 

The results which have been discussed up until this point refer mainly to ones derived 

from using risk coefficients calculated at quantiles 5% and 95%. This is because Quantile 

Regression is not the focus on this paper; it was instead used to estimate a marginally more 

accurate input data for the DEA process. In order to show that the methodology is robust to 

changes in quantile levels, coefficients were also estimated at quantiles 10%, 30%, 50%, 70% 

and 90%. T – tests are performed between each decile pair in order to test for significant 

differences between their Means. Results presented in Exhibit [8] are highly insignificant 

suggesting that they are almost the same portfolios.  
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5 CONCLUSIONS 

 

This paper started with the assumption that investors desire securities which are 

fundamentally superior. Not only should they be superior, but they should also be cheap. The 

Fama – French risk factors were chosen as proxies for the fundamental characteristics of firms 

and what literature so far suggests are the drivers of stock returns.     

 It makes sense that an investor should desire to take long positions in 

securities which have larger and positive factor loadings. While an investor may not directly 

use the Fama-French model but instead use metrics such as Book Value, P/E or ROI to take this 

decision, the five risk factors used are academically proved proxies of these fundamental 

characteristics of firms. Positive factor loadings would be representative of small firms which 

have a high B/M ratio, with positive expected future earnings and who invest conservatively. 

When added up as per Eq. [2], these factors should arithmetically contribute positively towards 

the final period return. Therefore, regardless of the complexity of the method used, it’s intuitive 

that any one investor should desire long positions in such securities. Conversely securities 

which have negative factor loadings should not be desirable to investors. Negative risk factors 

are representative of large firms, with a low B/M, with negative expected earnings who invest 

aggressively. For the above reasons portfolios were sorted on the two attribute groups like so: 

 Baskets of stocks characterized by large/positive Fama French risk coefficients (strong 

fundamentals) after days of large negative returns  

 Baskets of stocks characterized by small/negative Fama French risk coefficients (weak 

fundamentals) after days of large positive returns.  

The above is a very specific case and chooses to investigate how stock returns of such 

securities behave after extreme days.  Portfolios composed of what I assume to be the most 

fundamentally superior stocks after days of large negative returns were found to exhibit 

positivize alpha on the second day. This alpha is found to be decreasing and then become 

negative as the fundamentals approach the average of all other firms and eventually become 
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weaker (moving through the deciles). An unexpected result is however the positive Alpha found 

in the top decile which is composed of the weakest stocks after days of high positive returns.  

One possible explanation for the alpha presented in the bottom decile would be that 

following highly negative days in stocks with strong fundamentals investors are simply “buying 

the dip”. It would seem counter intuitive to sound investment practices to take long positions 

in securities with highly negative returns. Moreover implied volatility increases with lower 

returns, thus this would imply risk seeking behavior amongst investors. If we however consider 

the fact that these securities have superior relative fundamental characteristics i.e. large and 

positive risk factor loadings, they would be representative of a “contrarian” investment 

opportunity.  It is also possible that investors which are holding short positions would take 

advantage of the high negative return days cover their short buy buying the amount they have 

shorted. Thus a combination of short covering and speculation from the long side after a highly 

negative day may generate alpha on the second day. Moving upwards in the deciles, long 

holders could take advantage of high gain days and exit positions by selling on the second day. 

Similarly, speculators from the short side may take advantage of high prices and initiate a short 

position. Thus the combination of selling and short initiation starts contributing to a decreasing 

alpha through the deciles.   

Finally, we turn our attention to the positive Alpha present in the last and most efficient 

bucket 100-90. Looking at the risk factor loadings, it is clear that the stocks included in this 

portfolios were some of the weakest from a fundamental point of view at the time of the 

analysis. According to those, the most efficient decile is composed of large cap stocks with a low 

B/M ratio, negative future expected earnings, which spend the company cash on investments 

in an aggressive fashion. If I was a short trader, such companies would be at the top of my list. 

Although this would be much more difficult to prove and would require additional data not 

available at the time this paper was written it’s very possible that such securities have a very 

high Short Interest Ratio, which is the ratio of tradable shares being shorted to shares in the 

market. The second characteristic of this decile is that it has some of the highest returns in the 

sample on the day of the analysis. Thus it’s possible that a large number of margin calls takes 

place on the second day forcing short sellers out of their position, and pushing up the price 

enough to generate a constant Alpha throughout our investment period.  
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  I conclude with a few words about DAE analysis. This is the first paper to demonstrate the 

power of DEA as a cross-sectional tool at the scale and complexity that is presented here. It 

shows how such optimization techniques can be used to sort portfolios on multiple attributes. 

Just to demonstrate, the size factor is one that is based on just one attribute, that is market cap 

of the firm. By simply ranking assets from largest to smallest in the 90s when quantitative 

finance was just an emerging field, Fama and French have developed an incredible easy to use 

tool (or time series) which works very well almost 25 years later. The same can be said about 

the other factors used in this paper. The free lunch, return with no associated risk or Alpha has 

however become more and more elusive as investors started to take advantage of these newly 

discovered market anomalies and increasingly complex analysis techniques are now needed to 

outperform the market. DEA offers the user the ability to simultaneously sort through as many 

variables as is desired. It is also worth mentioning that the DEA model used here is one of the 

simplest and that much more robust and complex models have become available since its 

inception in the 70s. The future is indeed exciting and I hope that the research presented here 

provides a stepping stone for the use of DEA in quantitative fundamental financial analysis.   

 

LIMITATIONS AND TOPICS FOR FURTHER STUDY 

 

 I identify three limitations. First survivorship bias is present within the sample for two 

reasons. Non-surviving stocks are missing from the original dataset thus some of the worse 

performers have not been accounted for in DEA. I also exclude stocks which have had their IPO 

after the beginning of this study for due to computational issues. Secondly, the CMA factor is 

clearly a bad performer in the context of this analysis so it should probably be excluded or 

replaced with a more suitable one. Lastly, the study assumes that the strategy can capture the 

closing price which is not realistic. Market on Close orders could be used however this also 

means that the DEA calculation must be performed in a very short amount of time. Regarding 

further studies directly related to this strategy, I encourage future researchers to evaluate 

stocks with weak fundamentals after days of high positive returns by looking at the Short 

Interest ratio. This directly relates to the first decile presented here - 100% - 90% and the low 

R-Square associated with that portfolio.  
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6 TABLES AND FIGURES 

6.1 Exhibit 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In the table below the first column represents the  𝐷𝑀𝑈 , or stock in our case. The next one represents the 

standardized return which will be used as an output variable and the following 6 columns represent the standardized 

input variables. It should be noted that an individual dataset is estimated for each period  𝑡 , each having 𝑛 assets (rows) 

in length.  
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6.2 Exhibit 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The summary statistics as well as a Box Plot of the DEA input variables, namely the risk regression slope 

coefficients are presented below. The Market Beta’s unique characteristics become evident here, being the only 

risk factor bounded by positive extremes. This characteristic does not hold for all other risk coefficients which are 

not bounded by a positive relationship with the asset’s returns. Negative factor loadings on  𝑆𝑀𝐵, 𝐻𝑀𝐿, 𝑅𝑀𝑊 and 

𝐶𝑀𝐴 are possible and are shown below. 
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Summary performance statistics as well as a risk return scatter plot for all decile portfolios and Asset Universe are 

shown below. The returns are calculated arithmetically and the risk is calculated as the simple standard deviation. The 

Asset Universe portfolio represents an equal weighted average of all securities in this study. Tabulated results are shown 

for both sets of quantile levels at which regression coefficients were estimated. A linear relationship between risk and 

return becomes evident on the scatter plot however this does not hold for the top two portfolios 100% - 80%. Similarly the 

tables show decreasing returns and increasing standard deviations in the deciles. The additional returns however make up 

for an increasing risk and this translates into an increasing Sharpe Ratio as we approach decile 10% - 0%.  One notable 

thing is that the middle portfolios seem to be the worst performers.  

 

6.3 Exhibit 3 
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6.4 Exhibit 4 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Charted performance for decile portfolios formed using slope coefficients estimated at the quantile levels 5% - 95%. The returns are calculated geometrically 

assuming re-investment of profits throughout the investment period. The Y axis is expressed in log scale for a more appealing visualization of the chart. The top performing 

portfolios are the 10% - 0% and the 20% - 10%. The outperformance of the bottom deciles is striking.  If $1 was invested in the 10% -0% portfolio in 2002 when the 

investment simulation begins, and compounded continuously, that investment would be worth just under $120 at the end of the study. I assumes 0 transaction costs. The 

second best portfolio is also the second last decile producing $12.6 over the investment period.  
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Charted performance for decile portfolios formed using slope coefficients estimated at the quantile levels 10% - 90%. The returns are calculated 

geometrically assuming re-investment of profits throughout the investment period. The Y axis is expressed in log scale for a more appealing visualization of the 

chart. The top performing portfolios are the 10% - 0% and the 20% - 10%. The outperformance of the bottom deciles is striking.  If $1 was invested in the 10% -0% 

portfolio in 2002 when the investment simulation begins, and compounded continuously, that investment would be worth just under $120 at the end of the study. I 

assumes 0 transaction costs. The second best portfolio is also the second last decile producing $12.6 over the investment period.  
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The portfolio returns over the entire analysis period of each bucket are decomposed using OLS regressions as shown in Eq. 2. Heat maps are applied to the table to better 

visualize the effect of ranking stocks on the DEA efficiency score 𝑒𝑖 .  Stocks with the highest coefficients are included on the second day post measurement in bucket 10% - 0%, conversely 

the lowest are included in the top decile. The final portfolios are shown to reflect this arrangement of factors: the risk factor coefficients are decreasing the deciles. Each factor is 

succeeded by a column representing the p-values of their T statistic. Most factors are significant at the 1% level. According the DEA analysis applied here, the CMA – Profitability factor 

does not look very robust, being insignificant across all ten portfolios. Alphas are shown to be decreasing in the deciles however the top two deciles exhibit positive Alphas expressed 

in percentage per day.  

 

 

6.5 Exhibit 5 
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The portfolio returns over the entire analysis period of each bucket are decomposed using OLS regressions as shown in Eq. 2. Heat maps are applied to the table to better 

visualize the effect of ranking stocks on the DEA efficiency score 𝑒𝑖 .  Stocks with the highest coefficients are included on the second day post measurement in bucket 10% - 0%, conversely 

the lowest are included in the top decile. The final portfolios are shown to reflect this arrangement of factors: the risk factor coefficients are decreasing the deciles. Each factor is 

succeeded by a column representing the p-values of their T statistic. Most factors are significant at the 1% level. According the DEA analysis applied here, the CMA – Profitability factor 

does not look very robust, being insignificant across all ten portfolios. Alphas are shown to be decreasing in the deciles however the top two deciles exhibit positive Alphas expressed 

in percentage per day.  
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Two correlation analysis test are applied between the decile portfolios and also the asset universe in order to show the 

potential diversification effects of investing in this strategy. The first table represents a non-parametric measure of dependence 

that is the Kendall rank correlation coefficients. The second displays Pearson’s correlation coefficients which is a measure of 

linear dependence between variables. The latter however is not considered to be a robust measure of association and can be 

very sensitive to outliers and non-normal distributions. Both take values between 1 and -1 where 1 represents identical total 

positive correlation and -1 the opposite. In both cases correlations with the Asset Universe are increasing in the deciles and both 

display similar rankings between the portfolios. Kendall however shows a much larger dispersion between the 11 portfolios 

analysed implying increasing differences in returns as we approach decile 10% - 0%.  

 

 

6.6 Exhibit 6 
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Drawdown analysis is performed on each decile portfolio as well as the Asset Universe. Drawdown is expressed as 

the maximum loss from a peak to a trough of a portfolio, before a new peak is attained. Each table displays individual 

portfolio Drawdown performance listing the date when it started, the date it reached the bottom and the date it reached a 

new high. This is followed by the depth expressed in return percentage points lost, the total length in days, length to the 

trough and the length of the recovery period. Top five drawdown are displayed for each portfolio and then the values are 

averaged and displayed in the Drawdown Summary Table. Heat maps are applied in the latter to better visualize the effect 

of ranking stocks on the efficiency score 𝑒𝑖 . Interestingly even though the middle portfolios were the worst performers in 

terms of risk and return they display a lower average depth of Drawdown. Additionally the top decile has the worst 

drawdown. In terms of recovery the average length, average drop and average recovery are all decreasing in the deciles.  

 

6.7 Exhibit 7 
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6.8 Exhibit 8 

The table below displays robustness test results, that is testing wither the DEA efficiency score rankings are robust to changes in the quantiles of the inputs provided. Two sets 

of inputs were estimated and calculated using Eq. 11 – 15. The table displays t-test for differences between means between each portfolio pair. The null hypothesis is that the difference 

between means is zero. This is not rejected in any of the portfolio pairs implying that they are almost one and the same.  
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APPENDIX 

 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

There are several software tools designed specifically for DEA analysis however they lack in terms of the flexibility of 
the application. This paper performs a DEA analysis across all 1150 stocks in our sample for each time period 
meaning that over 3000 calculations are performed on each of the 120 portfolios presented in this paper. Due to the 
large number of repetitive analyses required this paper uses the programing language R, a free open source software 
which offers a wide variety of functions and graphical capabilities. The code below is the source code for R which 
performs the CCR DEA analysis. It was published as part of the 11th international Conference on Data Envelopment 
Analysis, Samsun, Turkey 2013. (Pessanha et. al. 2013) 
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