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Abstract

Bayesian network classifiers can be combined with copulas to accurately model con-
tinuous random variables. However, applications of such frameworks often restrict
the graph structure or the type of variables that may be included. We develop the
predictive copula Bayesian network (PCBN), a probabilistic classification framework
which allows one to model continuous, ordinal discrete and categorical variables ex-
plicitly, while allowing variables to be correlated via copulas. We also introduce an
algorithm which constructs a PCBN based on (predictive) scores, without assuming
tree-like structures. We apply the framework to both simulated and empirical travel
mode data and show that PCBNs can accurately model the data, especially when

the data is highly correlated.
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1 Introduction

Statistical classification is a task that arises in many fields of research. In statistical
classification, we are interested in creating a classifier function that can assign some cat-
egory based on a set of observations. If we have labelled observations, then we may use
supervised learning. Otherwise, we are confined to unsupervised learning. Unsupervised
classification is also known as clustering in machine learning. On the other hand, super-

vised classification is often simply known as classification.

Classifiers can be created in many ways. One way of creating a classifier is by mak-
ing use of graphical models, a type of probabilistic model for which a graph encodes the
conditional dependence structures between random variables. Graphical models have the

advantage of having a graphical representation that can be used to illustrate the problem.

Bayesian networks (BNs) are a type of graphical model in which the underlying graph is
restricted to be a directed acyclic graph (DAG). A BN over a set of variables allows the
joint probability of these variables to be decomposed into local terms. More specifically,
the joint probability is a product of local conditional distributions. BNs have applications
in various fields such as ecology, medicine and finance (Pourret, Naim, & Marcot, 2008).

A classifier that uses a BN is called a Bayesian network classifier or BN classifier.

Although BNs are flexible, most applications using continuous data are limited to assum-
ing underlying Gaussian distributions. Copulas however, allow one to model multivariate
continuous distributions more easily. The use of copulas is rooted in Sklar’s Theorem,
which states that any multivariate cumulative distribution function (CDF) can be written
as a function of its marginals (Sklar, 1959). This function is called the copula, see Nelsen

(2007) for a comprehensive introduction to copulas.

Using copulas in BNs results in a framework that can outperform competing models
in both unsupervised (Elidan, 2010) and supervised (Elidan, 2012) learning applications.
However, the applicability and predictive performance in classification problems can be
improved. For instance, the framework created by Elidan (2012) does not allow ordinal

discrete nodes to be modelled explicitly. Moreover, continuous nodes are not allowed to



have discrete children.

In this thesis, we aim to improve the predictive performance of copula-based BNs. We
develop a framework which allows one to use continuous, ordinal discrete and categorical
random variables and we create an algorithm that learns its structure automatically from

the data.

This thesis is organised as follows. In Section 2, we elaborate on relevant literature
regarding copulas and Bayesian networks. Then, we formally introduce the classification
problem in Section 3 and we elaborate on the goals of this thesis. Next, we introduce the
existing frameworks that will be used in our framework. Section 5 introduces the pre-
dictive copula Bayesian networks (PCBN), as well as the algorithms that can be used to
construct these networks. Section 6 describes the simulation design that we use to assess
the framework and Section 7 elaborates on the results. Then, we apply the framework
to an empirical case in Section 8. Lastly, we briefly summarise the results and give a

conclusion in Section 9.

The simulation results indicate that we can increase predictive accuracy by correctly
modelling ordinal variables. The empirical application shows that PCBNs can greatly

outperform competing models in terms of predictive accuracy.



2 Literature

Bayesian networks (BNs) have been used in various academic fields such as ecology,
medicine and finance (Pourret et al., 2008). One of the first uses of a BN classifier
appeared in Duda and Hart (1973). Now, this classifier is known as the Naive Bayes (NB)
classifier due to its strong or naive independence assumptions. It assumes that the class
variable is influenced by explanatory variables, whereas the explanatory variables do not
influence each other. Although this is often unrealistic, the NB classifier performs sur-
prisingly well (N. Friedman, Geiger, & Goldszmidt, 1997). J. H. Friedman (1997) shows
that, even though the bias of the NB classifier may be the high, its low variance often

results in good performance.

Although naive Bayes performs well, the independence assumptions are often too strong.
An extension of NB that relaxes this independence assumption is the so-called tree-
augmented naive Bayes (TAN) classifier, originally proposed by N. Friedman et al. (1997).
TAN classifiers contain the NB structure, but allow some dependence between the ex-
planatory variables. N. Friedman et al. also propose constructing a Bayesian network for

each value attained by the dependent variable. They call this a Bayesian multinet.

In BNs, continuous explanatory variables are often assumed to come from an underlying
Gaussian distribution. John and Langley (1995) propose non-parametric kernel density
estimation for naive Bayes as an alternative to assuming Gaussian distributions. The idea
of John and Langley can be applied to TAN-like classifiers as well, but it would require

the estimation of multivariate densities, which is not an easy task in general.

However, copulas offer a solution. A copula is a multivariate cumulative distribution
function (CDF) that has uniform marginals. Copulas are unique on their domain when
all marginals are continuous. Copulas have been incorporated in various models, e.g. logi-
tistic regressions applied to dental data (Nikoloulopoulos & Karlis, 2008), binary logits
with spatial dependency (Bhat & Sener, 2009) and multivariate GARCH models (Jon-
deau & Rockinger, 2006). Copulas even find applications in cosmology (Scherrer, Berlind,
Mao, & McBride, 2009).



There exists a unique copula for a multivariate distribution when its marginal distri-
butions are continuous. When some marginals are discrete, the existence of a unique
copula is not guaranteed. Besides this, concordance measures are no longer independent
of the margins and estimates of Kendall’s 7, a popular non-parametric dependence mea-
sure, are biased (Genest & Neslehové, 2007). There are several solutions to this problem.
Neslehova (2007) proposes a transformation method so that count data is made continu-

ous. This guarantees the existence of a unique copula.

Copulas have been used in BNs. In unsupervised learning, Elidan (2010) uses copula
constructions for continuous data. Bauer and Czado (2016) use elaborate constructions
of pair-copulas to model continuous BNs. In supervised learning, Elidan (2012) uses con-
ditional copulas. His framework does not allow continuous nodes to have discrete children,

however.



3 Problem and Goals

This section introduces the main problem mathematically and concludes with the goals
that this thesis aims to reach. The main problem of this thesis is to increase the appli-
cability and performance of copula-based Bayesian networks. In order to introduce this
problem mathematically, we start with the general classification problem and follow with

the out-sample performance problem. We end with the goals of this thesis.

3.1 Problem Definition

Let Xi,..., X, be n random variables with realisations x1, ..., x, respectively and let Y
be a categorical random variable with sample space K = Ran(Y') with || = k > 2. Now,
let h: X — K be a classifier function on the domain X = Dom(X7,...,X,). That is, we
try to create a function that can predict the value of the dependent categorical variable Y
based on the n explanatory variables X1, ..., X,,. We have a binary classification problem

for k = 2 and a multinomial classification problem for k > 2.

In probabilistic classification, the classification rule is based on the calculation of k condi-
tional probabilities P [Y = y|X; = z1,..., X,, = z,,]. If the decision rule is to choose the
value y that maximises this expression, then we can construct a probabilistic classifier
hPb ag

hp“’b(xl, oo Tp) =y €argmax P Y =yl Xy =xq,..., X, = x,). (1)
yekl

Note that hP™® £ & as there is at least one y € K that maximises the conditional

probability. Equation (1) forms the basis of the main classification methods in this paper.

3.1.1 Out-sample Performance Problem

Say we have some data set D = {(y(l),xg), . ,:E”) e M} where M = {1,...,d} is
a set of d € Nt unique indices. Each realisation y¥ € IC corresponds to the categorical
random variable Y and the n realisations xgl), e ,a:,(f) correspond to Xi,..., X, respec-
tively for | € M. Now, let D = {(y(l),x(ll), e ,:L‘SP) e Min} be the in-sample set
with [M™| = d™ € N* indices. Similarly, let D" = {(y(l),wgl), . ,x?) le /\/l"“t} be
the in-sample set with |[M°| = d°"* € NT indices. Furthermore, let M™ M C M

with M N Mot = ().



Now, we define some loss function L(Z,z) that measures how well we assign categories
with estimate Z and actual value z. For instance, we can define 0-1 loss using Iverson
brackets as Lg1(2,2) = [2 # z]. This evaluates to 0 if the estimate is equal to actual
value and evaluates to 1 if it is not. If we denote H as the set of possible classifiers under

consideration, then we can determine an optimal classifier A™* as

: 1

™ € argmin — Z L (h <x§l), . ,J;,P) ,y(l)> : (2)

hen A

leMin
Note that the division by d™ does not influence the optimal classifier h'™*. We assume that
it is possible to find a best in-sample classifier. Thus, we assume h'™ # @. Determining
hin* via (2) yields a classifier, out of a set of possible classifiers, that minimises a chosen
loss function for the in-sample set. However, this classifier may perform poorly in our
out-sample set D°". Concretely, this means that there might be some classifier h™™ # hin*

with both A, h™* € H for which we have

S0 n (e () ) < 3 n (e (o) )
le Mout le Mout

Let h°"™ denote the best out-sample classifier under the same loss function L where we

assume that h°"™ £ &. Then, h°"™ is given by (3).

1
RO € arg min — Z L (h <x§l), . ,xg)) ,y(l)> (3)
heH dout
lEMout
Now, the question that arises is: How can we find a classifier h° that has a good out-
sample prediction if we can only use D™ ? Although it could be possible that hi** = hout*,
it is also possible that A" has a very poor out-sample performance. This might be the

case when h™ has overfit the data.

3.1.2 Main Problem of This Thesis

The optimal classifiers A" and h°"™* from equations (2) and (3) respectively are defined
for some set of classifiers H. So far, this set has not been specified. In this research, we
restrict our search to copula-based Bayesian network classifiers. The main question that

guides this research is:



How can we increase the applicability and predictive performance of copula-based Bayesian

network classifiers?

3.2 Goals

The main goal of this thesis is to increase the applicability and predictive performance of
copula-based Bayesian networks to find a 2™ which is close to h°"**. Elidan (2012) uses
copulas in Bayesian networks classifiers and illustrates that this can greatly improve the
performance of Bayesian network classifiers. However, his approach has some restrictions.
Firstly, count data or ordinal discrete data cannot be modelled effectively, because the
copulas in his framework assume that the explanatory variables are continuous. Secondly,
continuous nodes cannot have discrete children, which might hinder the predictive per-

formance of the model.

We develop a framework that models ordinal discrete variables ezplicitly in order to boost
the predictive performance of copula-based Bayesian networks in these settings. We also
develop a greedy algorithm that uses predictive scores on a validation set to learn a net-
work. We call this algorithm the greedy predictive copula Bayesian network (PCBN).
Due to the greedy nature of the algorithm, it is intuitive to create several PCBNs. We
develop a procedure, which we call the copula spider, that creates several PCBNs. This

thesis aims to reach the following goals:

1. Develop a framework that allows continuous, ordinal discrete and categorical ex-
planatory variables to modelled explicitly, while simultaneously allowing continuous

nodes to have ordinal discrete or categorical children

2. Develop an algorithm that constructs networks according to this framework. The
networks, developed with this algorithm, should have good out-sample predictive

performances that are comparable to, if not better than, competing models



4 Existing Frameworks

This section introduces two key frameworks on which my framework will be built. We
start by introducing our notational convention. Then, we introduce Bayesian Networks
(BNs) and explain how they can be used in supervised classification settings. Lastly, we
elaborate on the copula framework and explain the most important copumetric results

and concepts, as they are an integral part of the predictive copula Bayesian networks.

4.1 Notational Convention

Throughout this thesis, we maintain the following conventions:

1. Random variables are denoted in upper case, e.g. Xi,...,X,. Their corresponding

realisations are denoted in lower case, e.g. z1,...,x,.

2. Vectors are denoted in boldface. Upper-case bold letters are used for vectors of
random variables, e.g. X = (X,...,X,,). Lower case letters in boldface are used

for vectors with realisations, e.g. x = (z1,...,z,).

3. Tuples of length n with elements of the same type are denoted in lower-case letters
in bold, but n-tuples with elements of different types are denoted in calligraphic

upper-case letters. This applies to the graphs, e.g. graph G = (N, A).

4. Sets are denoted with calligraphic letters such as N' = {1,...,n}, except for the set
of all non-negative integers N, set of all positive integers NT, set of all real numbers

R and extended set of all real numbers R.

5. Superscript between parentheses denotes the instance. For example, d realisations

of X, are denoted as xz(-l), o ,ml(-d).

6. General cumulative distribution functions (CDFs) are denoted with F' where the
subscript denotes what the CDF is defined over. E.g., a joint CDF over X is
denoted as Fx. A probability function is denoted with f, e.g. fx. Unless otherwise
specified, CDFs and probability functions contain continuous, ordinal discrete and

categorical random variables.

A list of symbols is included in the appendix, see Appendix C.



4.2 Bayesian Networks

A Bayesian network (BN) is a graphical model that is used to model a joint probabil-
ity distribution over random variables by making use of independence properties. See
Lauritzen (1996) for an elaborate introduction to this topic. One of the major defining
features of a BN is its underlying graph structure. The other properties follow naturally

from this graph.

4.2.1 Mathematical Notion of Bayesian Networks

The backbone of a Bayesian network is its directed acyclic graph (DAG). The definition of
a DAG is given by Definition 4.2.1. Relevant graph and set theory, such as the definition
of a path, has been included in Appendix A.1.

Definition 4.2.1 (Directed acyclic graph (DAG)). A graph is an ordered pair G = (N, A)
of a set of nodes N = {1,...,n} containing n elements and a set of arcs A C N x N.
This graph is a directed acyclic graph (DAG) if the following conditions hold:
1. All arcs are directed. That is, (i,j) € A = (j,i) ¢ A for all i,j € N such that
i 7.
2. The graph does not contain any cycles. That is, for every path from node i to node

j, denoted as i — ... — 7, we have that i # j. This means that there are also no

self-cycles. Thus, (i,i) ¢ A for alli € N.
As a result of 1 and 2, we have A CN x N.

In a Bayesian network, the nodes represent random variables and directed arcs encode
how each node is conditionally independent from all other nodes. The formal definition

of a Bayesian network is given in Definition 4.2.2.

Definition 4.2.2 (Bayesian network (BN)). Let G = (N, A) be a DAG as defined in
Definition 4.2.1 with a set of nodes N'= {1,...,n} and set of directed arcs A C N x N.

Let there be n random variables X1, ..., X,.

Then, a Bayesian network (BN) is a tuple B = (G,©) in which the following is satis-
fied for every node i € N:

fxiNay, (windx,) = fx,pay, (vilPay,) (4)

10



where Ndy, is the vector of random variables that are non-descendants of X; with corre-
sponding realisation vector ndy,, Pay, is the vector of random variables that are parents
of Xi with corresponding realisation vector pay,, f is a conditional probability function
that might be a conditional pdf, pmf or categorical distribution function depending on X;

and © is the set of conditional probability density functions.

Note that for every i € N we have Npa(i) - /\/'nd(i). That is, the set of nodes that
are parents of i1 is always a subset of, or equal to, the set of non-descendants of i.
FEquation (4) essentially says that every random variable X; is independent of its non-

descendants given the realisations of the parents of X;. If X; is categorical then we may

write P [Xz = fL‘Z|NdXZ = IldXi] =P [Xz = xi|PaXi = anJ.
The joint probability can be decomposed into local terms as given in Corrolary 4.2.2.1.

Corollary 4.2.2.1 (Factorisation of the joint probability function). Let B = (G, ©) be a

BN as given in Definition 4.2.2. Then, the joint probability function can be factorised as

fx(x) = H fx.pay, (zilpay,) (5)

ieN

where Pay, is the vector of random variables that are parents of X; with corresponding

realisation vector pay. .

N 2N

Figure 1: Example of two graphs G; and G. G is a directed acyclic graph (DAG) as given by Definition
4.2.1, but Gs is not due to the existence of the cycle Xo — X3 = Xy — Xo.

An example of a BN is given by G; of Figure 4.2.1. Using (5), the joint probability of

11



Xq,...,Xg is given by:

Ixxs (1, m6) = [y (1) o (2] 21) Fx x50 (03|21, T2) Fxa o, x5 (T4 |22, 23)

X fX6|X2,X4(€E6|IL‘27$4)fx5($5)fX6\X2,X4,X5($6|172,904,$5)-

It is important to realise that the BNs do not encode complete dependence statements.
To see this, consider fx, x, (2, x5) of G; of Figure 4.2.1. We have that fx, x, (z1,25) =
fx, (x1) fx, (x5) as nodes are independent of their non-descendants given their parents.
However, we do not necessarily have fx, x;xs (T1,%5|76) = fx,|xs (@1|T6) fxsxs (T5]T6)-
That is, we cannot determine if that relation holds given the provided graph. Determining
whether nodes are conditionally independent can be done by assessing if nodes are d-

separated which can be inferred from the underlying graph, see Pearl (1988).

4.2.2 Bayesian Networks as Classifiers

If Y is a categorical random variable that we wish to predict with explanatory variables
Xi,...,X,, then we can use Bayesian network classifier. A probabilistic classifier is given

by (1). In the case of BN classifiers, we make use of the following:

_ fY,Xl,...,Xn(y, Ty ,fEn)
le,...,Xn ($1, e ,In)

Fyixe.x. Wl .., xn) X fyxy x, (Y T1y oo, Tn).

We denote fy|x,,.x,ylz1, ..., 2,) as fyx(y|x). Then, we model fyx(y,x) with (5)

which gives

frx(y,x) = fypa, (y|pay) H fx.pax, (zilpay,) (6)
ieN
where y € K, Pay and Pay;, refer to the vector of random variables that are parents of

Y and X; respectively and pay and pay, are their corresponding realisation vectors.

If all random variables in (6) are categorical, then we could estimate the conditional prob-
abilities by creating conditional probability tables. The conditional probabilities could be
estimated by counting co-occurrences. Although this strategy could work for categorical
explanatory variables, it does not work when some explanatory variables are continuous.

Often, continuous variables are assumed to follow a Gaussian distribution to ease compu-

12



tations. Intuitively, if the distributions are not Gaussian in reality, then this assumption
makes the model misspecified. Now, it is possible to incorporate non-parametric kernel
density estimation in BNs, as shown by John and Langley (1995). However, this becomes

difficult when we need to estimate multivariate distributions.

Section 4.3 introduces copulas, which help in modelling multivariate distributions. In-
corporating copulas in BNs allows for richer BN classifiers. Examples of the naive Bayes,
tree-augmented naive Bayes and generalised Bayesian network classifier are included in

Appendix A.5.

4.3 Copula Framework

Estimating and modelling multivariate distributions is still a challenging task to this day.
Fortunately, copulas can be used to help with this task. A copula is some multivariate cu-
mulative distribution function (CDF) C' that has uniform marginals. The use of copulas is
rooted in Sklar’s Theorem given by Sklar (1959), which states that any multivariate CDF
Fx of X = (X3, ..., X,) can be written as copula function Cx(Fx, (x1),..., Fx, (z,)) that
links the marginal CDFs Fx,, ..., F,. The copula function Cx captures the dependence
structure of the multivariate CDF and Cx is unique if all marginal CDFs F, are contin-

uous.

With Sklar’s Theorem, estimating multivariate distributions can be done by estimat-
ing the marginal CDFs separately from the copula function. If a copula is chosen in such
a way that it can model complex dependency structures, then the burden is shifted to
estimating the copula parameters rather than the multivariate CDF. Sklar’s Theorem is

given in Theorem 4.3.1.

Given the CDF Fx in (7) of Theorem 4.3.1, we can derive a joint probability distribution
fx. The relation between fx and the copula is given in Theorem 4.3.2. This relation
is valid when some marginals are continuous and others are ordinal discrete. Corollary
4.3.2.1 gives the probability density function (pdf) when all marginals are continuous
and Corollary 4.3.2.2 gives the probability mass function (pmf) when all marginals are

discrete.

13



Theorem 4.3.1 (Sklar’s Theorem (Sklar, 1959)). Let X = (Xi,...,X,) denote a vec-
tor of n random variables with corresponding realisations x; € R fori =1,...,n. Now,
let Fx(xq1,...,2,) = P[Xy <xq,...,X, <ux,] denote the multivariate cumulative dis-
tribution function of X with marginal cdfs Fx,(x;) = P[X; <x;]. Then, there is an

n-dimensional copula Cx such that

Fx<£[}1,...,$n) :CX<FX1<x1)7---:FXn(xn)>- (7)

Cx is unique on the cartesian product of the ranges of the marginal cdfs, i.e. Ran(F}) X

... X Ran(F,). If all marginal cdfs Fy, are continuous, then Cx is unique.

Proof. The proof is elaborate, see Sklar (1996). O

Theorem 4.3.2 (Relation Joint Probability Distributrion and Copulas). Let N =
{1,...,n"Y} be a set of n"* € {2,3,...} indices corresponding to vector of non-categorical
random variables X = (X, ..., Xyneat) with realisations X"* = (x1, ..., Tyncat ). More-
over, let N = iy, ... i,} C NP gnd NUs¢ = {4, ..., 5.} C N be sets of indices
corresponding continuous and discrete random variables respectively, where N MNN 4ise =

0. We denote | N | = n™ gnd |Nt| = ndisc,

Now, let Fx,(x) denote a marginal CDF of X evaluated in xy for k € N2 let
fx,(x;) denote a continuous marginal pdf of X; evaluated in z; for i € N and let

Fx, (x;) = lim Fy,(z) forj € Ndise  Without loss of generality, let the first n®™ argu-

ments of the copula Cxnear be associated with realisations of continuous random variables.

Then, the following relation holds:

Fcnene (x757)
= II fx (@) 3 (—1) Srenaise [P (27) =Fx; (7))
e (Fx; (7)) jepraioc €U
X Dy peont C'xcneat (in1 (i), Fx,,, (23,), Fx, (:17;“1) v Fx, (x;"n)) (8)

where U = [ epcaise {Fx, (z7),Fx, (x;)} is the n®™-ary Cartesian product of all n¥*
disc

discrete realisations and their left limits with the Cartesian product containing |[U| = 2"

ndis_tuples (Fle (a:;‘l) v By (x;‘n)) We use Euler’s differential notation, meaning

14



cont

that we take partial derivatives of C' with respect to the first n arguments first. Then,

we evaluated that function for specific values of the arguments.
Proof. First we employ Sklar’s Theorem as seen in Theorem 4.3.1. Then, (8) follows
disc

from taking n®" times the partial derivative of the continuous marginal cdfs and 2"

differences to account for the discrete marginal cdfs. m

Corollary 4.3.2.1. Given the notation in Theorem 4.3.2, let n®" = n. This means
that NUs¢ = () and N = N™a  Thus, all non-categorical marginal CDFs Fx, are

continuous with i € N, Then, (8) equals:

Dy,..nCxrese (Fx, (1), Fx, (22)) [ fx. (22)- (9)
ieN

Proof. This follows directly from (8) as n®" = n, thus n¥¢ =0 and N =Y/ = (. O

Corollary 4.3.2.2. Given the notation in Theorem 4.3.2, let n*¢ = n. This means that
Neont = () gnd N'4s¢ = Nmeat . Thus, all non-categorical marginal CDFs Fx, are ordinal
discrete with i € N, Then, (8) equals:

S (Bl ) )] e (Fx, (27),. ., Fi, (23)) . (10)

(P, (), <
Proof. This follows directly from (8) as n¢ = n, thus n°" = 0 and N = (). O
We employ a probabilistic definition of the copula Cx. See Appendix A.2 for an analytical

definition of a copula. For an elaborate introduction to copulas, see Nelsen (2007).

Elidan (2012) uses a conditional variant of (9) to derive his copula-based BN. If one uses
this equation when some marginals are in fact discrete, then the model is misspecified.

Intuitively, (8) has to be used in order to accurately model mixed marginals.

15



5 Predictive Copula Bayesian Network

In this section, we introduce the predictive copula Bayesian network (PCBN) and give
various algorithms used by this framework. We start with the graph structure of PCBNs
and follow with the parametrisation of the joint probability function. Then, we elaborate
on the three estimation techniques and explain when they are applicable. After that, we
explain how predictions can be made with PCBNs. Using the preceding sections, we give
a greedy algorithm that is used to construct a PCBN from the data. Finally, we introduce

the copula spider, a technique for which several PCBNs are needed.

5.1 Graph Structure

The goal of this thesis is to find a good probabilistic classification function hP™" given
by (1). We do this by creating a Bayesian network B = (G, 0) as given in Definition
4.2.2 to model fyx(y,x) given by (6). This formula depends on both fy|pa, (y|pay) and
in‘ani (Ii|ani) for i € N. However, not all in\Paxi (xz-|ani) need to be evaluated
in order to determine y. Thus, not all DAGs G need to be considered when the data is
complete. In order to see this, let ./\/de(y) , ./\fch(y) and Nnd(y) denote the sets of nodes that
are descendants, children and non-descendants of Y respectively. A child of Y is a direct
descendant of Y, thus Neyyy € Nge(v). Note that Neryy M Noayy = Newyy N Ny = 0

as a node cannot be a descendant and non-descendant at the same time.

Now, we can rewrite the decomposition of the joint probability function fyx(y,x) as:

frx(y,x)

iEN
= fY|Pay (y|paY) H fX¢+|PaXi+ (‘Ti+|an¢+>

i+€/\[nd(y)

< ] fx, pax <$r|PaXi_>

Z’fe./\/de(y)

x fy|pay (y|Pay) H Ix,- [Pax _ (xi*‘paxi_)
i~ ENge(v)

 frpay (WPay) [ fxpax, (%|Pax> (11)

JENeh(y)
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Thus, we only need to consider two types of relations when we want to determine ¢j. The
first type is that of the dependent variable Y and its parents Pay. The second type is
that of Y, its children and their parents. Intuitively, fx. {IPax <x¢+]paxi +> does not
depend on Y for ¢t € Nnd(y) as the parent vector of each non-descendant Pay , can-
not contain Y. Thus, the relations between the non-descendants and their parents does
not need to be considered. Moreover, fXHani_ (mi— |anr> does not depend on Y for
i~ € Nae(v) \ Nen(y) as the parent vector of every non-direct descendant of ¥~ cannot have
Y as one of its parents. If it did, it would be a child of Y. Note that (11) needs to be
normalised if we wish to output proper probabilities. (11) is referred to as the Markov

blanket of Y (Pearl, 1988).

The expression for fyx given by (11) forms the basis of PCBNs. Note that this expression
is richer than both tree-augmented and Bayesian-augmented Naive Bayes classifiers, as
the parents Pay; of X; do not necessarily need to have Y as a parent. Moreover, Y is

allowed to have parents as well.

5.2 Parametrisation

The decomposition of the joint density of the copula-based Bayesian network is given

by (11). The idea of the parametrisation of fx;Pax, (xj|anj> is to condition on all

categorical variables. Let Pa}i‘1t denote the vector containing all parent variables of X

that are continuous or ordinal discrete and let Pa‘}?; denote the vector containing all

parent variables of X that are categorical. Let panXCjat and paﬁ?j denote the corresponding

realisation vectors of Pa}lf;t and Paﬁ?j respectively. Note that Pag?; contains Y. Now, we

model the probability function fx;pay; (xj\paxj> with (12).

ncat cat
fXj,Pa';;;t\Pa?; (Ij7paxj |paxj>

Fxsipay, (2ilpay, ) = (12)

f; Pajea!|Pag! <Pa§gcjat |Pa§?;)
If X; is categorical, then we model the probability function fXj‘anj (a:j|anj> with (13).

ncat cat cat
fPaggjét\Xj,Pagg; (paxj \xj,paxj> fXj|Pa§?; (%’\P%g)

flePan (fL'j'anj) - ncat cat (13)
fPag(c;wPagg; (Paxj |Paxj>
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Using the parametrisation of (12) and (13), discrete nodes can have continuous children
and vice versa. Note that fXj|Pa3?; (xj|pa§?;) =P [Xj = xj]PaE?: =pag;| in (13). If we

need to model a joint conditional distribution, then we use (8).

The final term that needs to be modelled is fy|pa, (y|pay ). For this conditional proba-
bility function, we use the following:
o Jy.pay (¥, PAy)

fyipay (ylpay) = Fou (pay) X fy.pay (¥ PAY).

Note that fXj|anj (xj|anj> is not proportional to fXj7anj (xj,anj> as fanj (anj>
depends on Y.

The idea of the parametrisation of fy|pa, (y|pay) is to condition on all categorical vari-

ables, similar to the parametrisation of fXj|anj ([Ej|anj>. Let Pal®® denote the vector

containing all parent variables of Y that are continuous or ordinal discrete and let Pa§>"
denote the vector of all categorical parent variables of Y. The corresponding realisa-

cat ncat

tion vectors of Paj™ and Pa$ are pal neat

and pay™ respectively. Now, we rewrite

fypay (ypay) as
fY|Pay (Z/’Pay) (8 fPag;wWY,Pag,at (Pa?fcat’y, pacyat) fY,Pa§Vat (Z% Pa()?/at) . (14)

Note that fypacat (y, pa§?’) = P [Y =y, Pai® = pa‘{}ﬂ. If Y does not have any parents,
then (14) reduces to fy(y) =P[Y =y].

5.2.1 Decomposition Algorithm

If we want to determine the (conditional) probability functions associated with node j
given set of nodes N, then we use either (13), (12) or (14). In order to use these equa-
tions, we need to determine the relevant random variables. This has been implemented in
Algorithm 1, called GETVARIABLES. This procedure returns the random variable Z; asso-
ciated with node j € {0,...,n}, meaning that Z; is either the dependent variable Y or the
explanatory variable X, and four ordered vectors of random variables Z Zct, Znet—
and Z°~. Here, ncat and cat indicate that the vector contains solely non-categorical

and categorical random variables respectively. A minus indicates that Z; is not included,
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whereas Z"*" and Z* might include Z; if the type matches.

Using these relevant random variables, we can get all (conditional) probability functions
associated with node j given set of nodes . This has been implemented in Algorithm 2,
called DECOMPOSEFUNCTION. In line 4 of Algorithm 2 we determine the set Z*. This
set contains all possible realisations z°". If j = 0, meaning that Z; =Y, then we use (14)
as seen in line 6. If j # 0, meaning that Z; # Y, then we use (13) if Z; is a categorical
random variable as seen in lines 9 to 12. Note that we also need to determine the set
Z@ containing all possible realisations z~. Lastly, as seen in line 14, we use (12) if

j # 0 and Z; is a non-categorical random variable.

Algorithm 1: GETVARIABLES(D, j, )

Input: data D = {(y(l),xgl), e ,x%”) e ./\/l} where M is a set of |[M| € N*T
unique indices, index j € {0,...,n}, set of nodes to use N' C {0,...,n}
such that j ¢ N

Result: random variable Z; associated with node j, ordered vectors Z"** and

Z°* containing non-categorical and categorical random variables
respectively and possible including Z; if the type matches, and Z"**~
and Z°'" containing non-categorical and categorical random variables
respectively and possible excluding Z;

Procedure: GETVARIABLES(D, j, N)

[uny

Z; < random variable associated with j;

N~ NU{j}

Nreat « i i € N, type of i is non-categorical };

Nt ¢ N\ Ameat,

Zt + ordered vector of all [N random variables associated with A<t
Z + ordered vector of all [N~ | random variables associated with N
Z <t~ «+ ordered vector of all [N\ {j}| random variables associated with
NG}

9 | Z° < ordered vector of all [N\ {j}| random variables associated with

NN\

10 return (Zj, chat’ ant’ chatf’ antf)

o NI o ook W N

19



Algorithm 2: DECOMPOSEFUNCTION(D, 7, )

Input: data D = {(y(l),:cgl), . ,:cg)) e ./\/l} where M is a set of |[M| € Nt
unique indices, index j € {0,...,n}, set of nodes to use N' C {0,...,n}
such that j ¢ N

Result: set of probability functions P

Procedure: DECOMPOSEFUNCTION(D, j, )

[uny

2 (Z;, Z < 72 22 7% ) «— GETVARIABLES(D, j, N);
3 n < number of variables in Z';
4 | Z ¢« Ran(Z{) x ... x Ran (Z%,); set of all n®®-tuples
5 if 7 =0 then
6 P+~ U {fzncat‘zcat (zncat|zcat)} U { fzear (2°*)}; see (14)
geate Zeat
7 else
8 if Z; is a categorical random variable then
9 n™~ < number of variables in Z*~;
" Zeat~ ¢ Ran (Z{7) x ... x Ran (Z%"); set of all n°®*~-tuples
1 P U A{fzeze (227) } U {fz;z00- (2)]27) };
zeat— ¢ Zeat—
2 PePU U {fameimn @2 ); see (13)
geate Zeat
13 else
14 P U {fzmesrjges (27)2°) } U { fnca—|geat (27977 |2%%) }; see
cat cat
(12>z €z
15 end
16 end

17 return P

5.3 Parameter Estimation

The key functions to estimate are given by either (12) or (13) for each X; and (14) for V'
and its parents. Assume that we have D = {(y(l), xgl), o ,3:55)) e /\/l} where M is a
set of I[M| = d € N7 indices. Now, we can estimate these probabilities. Essentially, the

following three situations arise:
1. Continuous or ordinal discrete kernel density estimation
2. Constructing (conditional) probability tables with counting

3. Parameter estimation of a given copula and the estimation of continuous and or

discrete CDFs.

The following sections explain these estimation procedures and explain when they arise.
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5.3.1 Kernel Density Estimation

Let X; be a continuous or ordinal discrete random variable with d realisations x ) for
| € M and let fx, be the probability function of X;. Rosenblatt (1956) and Parzen

(1962) show that we can estimate fx, with the kernel density estimator of X; given by
x;(z|h) = hZK<x], T, ) (15)

where K (-) is a kernel function and h is the bandwidth parameter and xg»l) are realisations
from the data D. h can be estimated from the data itself by means of cross validation.
The unconditional kernel density estimator is given by (15), but we frequently need to
estimate conditional distributions. Let Z be a vector of categorical random variables with
corresponding realisation vector z. Then, we could partition the data for all z such that

we estimate fx;z by

1
diLlez

fXj|Z <$j|zailxj\z> = K (xjﬂxg‘l)’ﬁXjIZ) (16)

leM:zD=z

where h X;|zeat 18 either estimated or chosen beforehand. Note that the bandwidth param-
eter is different for each possible realisation z. Using (16) means that we estimate several
unconditional densities only. Although conditional density estimation with bandwidth

selection exists, see Hall, Racine, and Li (2004), it is computationally demanding.

If X; is continuous, then one could consider the Gaussian kernel given by

M\ 2
1 ({x;—x;
K <ZL‘j,£L‘§-l),h> = (2#)7% exp 5 (JTJ> : (17)

Now, let X; be an ordinal discrete random variable with Ran(X;) = {0,1,...,k; — 1} for
k; € N*t. Then, following the suggestion of Aitchison and Aitken (1976), we could use

the kernel given by

(l)‘

K <$],$(l) h) _ k]‘ h’:cjfz h)kjf‘mjf;py)‘. (]_8)

77 (l)|<k'_ (l)>|
"k !
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The Aitchison and Aitken kernel reduces to a frequency estimator when A — 0. Using a
frequency estimator, instead of (18), may give unreliable results when we have few obser-

vations.

Kernel density estimation always arises when we need to estimate a conditional prob-
ability function of exactly one non-categorical random variable given either one or more

categorical random variables. This happens in the following situations:

1. The dependent variable Y has exactly one non-categorical parent. This means that

|y, pay*") in (14).

kernel density estimation can be used on fpaneat|y,pac (pajeat

2. Explanatory variable X; is a non-categorical child of Y that does not have any

non-categorical parents. This means that kernel density estimation can be used on

fXj\Paxj (xj |anj> :

3. Explanatory variable X; is a child of ¥ that has exactly one non-categorical parent.

This means kernel density estimation can be used on fpa&cgt‘Pag(@ (pa“XCat
J J

cat :
m
P ‘paxj )

(12) or (13). Additionally, if X is categorical, then kernel density estimation can

ncat cat | ;
be used on fpaan;t|Xj7Pa§(a; (anj |xj,paxj> in (13).

We use continuous and ordinal discrete kernel density estimation when the non-categorical
random variable is continuous or ordinal discrete respectively. Kernel density estimation

may also arise when we model multivariate densities, see Section 5.3.3.

5.3.2 Probability Tables and Counting

The construction of (conditional) probability tables arises when we need to estimate
a probability that solely contains categorical random variables. This happens in the

following situations:

1. The estimation of fy|pa, (y|Pay) always requires the construction of a probability

table. We do this for fy pac: (y, pa®) in (14).

2. Explanatory variable X is a categorical child of Y. This means that a conditional

probability table needs to be constructed for fx,|pac: (:cj|pa§?;> in (13).
J
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The probabilities can be calculated by means of counting:

r 1 ca
ﬂw@%%m$ﬁza§:b=¢ﬂhm@—p%“ﬂ (19)
leM

and
l ca cat, (I
E |:f[7j = {L‘( )i| [paxt = paxt o )}

Cat> — leM

o cat _ cat,(m)

> |paf = pay,
meM

fX [Pas! (x]\pa (20)

It is possible that (19) equals 0 for some combinations of y and pa§**. Moreover, (20)

St In these cases, one might set the

is undefined for some combinations of x; and pay’
(conditional) probability arbitrarily to a small Value e to avoid having fyx(y,x) = 0 for
some y and x. Intuitively, if some combination of variables does not occur it does not
necessarily mean that the probability is zero. Strictly speaking, other combinations of

(19) and (20) need to be rescaled when some combinations are set to ¢ instead of 0.

5.3.3 Copula Parameter Estimation

Equation (8) describes the relation between a joint probability distribution and a copula.
Copula parameter estimation is needed for every probability function that contains at least
two non-categorical random variables. Such probability functions arise in the following

situations:

1. The dependent variable Y has at least two non-categorical parents. We model
fpazcat|y,pace (PAY*™ |y, paj®*) in (14) with (8) and a copula function C. We do this
for each possible y € K and pa§?'.

2. Explanatory variable X is a non-categorical child of Y that has at least one non-
categorical parent. We model fx Pagt [Pagyt <xj, pancat]pacat> with (8) and a copula

cat

function C'. We do this for each possible pay’

3. Explanatory variable X; is a child of Y that has more than one non-categorical
parents. We model
fpag(caqpacat (pancat|pacat> in (12) or (13) with (8) and a copula function C. We
do this for each possible pa“th Additionally, if X, is categorical, then (8) and a
copula function can also be used on fPancat‘ X; Paggt (panxcat\xj, pacat> in (13) for each

possible z; and paCat
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Equation (8) requires the estimation of continuous and/or discrete CDFs. We also need
kernel density estimation for each continuous random variable in the joint probability.
Moreover, the chosen copula C' contains an unknown parameter §. As a result, (8) de-
pends on 6 as well. In order to obtain estimates 0 given realisations of categorical random

variables, we consider a likelihood-based approach.

Given a Bayesian network B, the joint probability can be determined by (11). An expres-
sion for the likelihood of © given the data D is given by:

L (0|D) x HfY\Pay (y(l)‘pa ) H fxjPax, ( \pag{))

leM JE€Neh(y)

Then, the log-likelihood is given by (21).

log £ (0©|D) x Zlong\Pay (y(’)lpa$)> Z Z 10ng Pax, ( \pagg)) (21)

leM leEM GEN i (y)

Maximising the log-likelihood can be done by maximising the log probability functions of

(21) individually.

Let X" and Z be vectors of non-categorical and categorical random variables respec-

ncat, (1)

tively, with X" containing at least two random variables. Moreover, let x and z®

denote realisation vectors [ of X*® and Z respectively with { € M : z) = z. Now, the

parameter (vector) estimate 0, can be determined by (22) where fxneat|z (x"at0)]z) can
be modelled by (8).
9; € arg max Z log fxneat|z (xncat’(l)|z, (9) (22)
0 leM:z)=z
However, (22) requires expressions for Fy,z, ..., Fx,z but these are, in fact, unknown.

Fortunately, we can use the inference function for margins (IFM) approach proposed by
Joe and Xu (1996). Here, we estimate the univariate margins first. Then, we estimate
the multivariate distribution using the estimates for the univariate margins. In this case,

applying IFM means we estimate F'x,|z, ..., F'x, |z first. Using estimates Fxl\z7 cee Fxn|z
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we obtain 0, with equation (23)

0, € arg max Z log ancatlZ (xncat’(l)|z, 0) (23)
0 leMizV=z

where log ancat| z (x**:()|z, 0) is given by (24) using a notation similar to that in Theorem

4.3.2.

log fxneat|z (x"*")|z, )
= Z (—1)Zsenaie [, 12 (e Ola)=Fx 12 (7 012)
(FXJ 1z <wﬂ*"(l) |Z))j€Ndisc eu

r ! r !
X Dy, ncontCchan (FXi1|Z <x§1)|z) 7---;inn|z ($EH)|Z) )

0z (f;{(l)|z> oo Fxj 1z (x;;(l)|z> }9> + Z log in\z <$51)|Z> (24)

Z‘eNcont

Note that the summation of conditional densities f X,z does not depend on ¢. Therefore,
it is not needed in (23). Having obtained 6,, the estimated function for Jxneat|z, (X"%|z)

is given (25).

ancat‘Z (chat ’Z, éz>
= Z (_1)Zj€Ndisc [ij|z(l“;\Z)=ﬁxj|z($j-|z)}

<FXj|Z(I;‘z)>jENdisc eu

X Dl,...,ncontcxncat\z (inl\z (%‘1 |Z) g 7FX1-”|Z ($Zn|z) )
Fx, |z (¢},]2) ..., Fx, 1z (z},|2) |éz> + > log fx,z (wi]z) (25)
ie/\/'cont

Note that we assume that 6, in (23) exists. It is also important to realise that 0, is

determined by maximising a likelihood score.

Encoding a categorical random variable as an ordinal discrete random variable might
obscure the true underlying dependencies. To see this, consider a categorical random
variable X; with Ran (X;) = {a,b,c}, a continuous random variable X, and some value
y* € L of Y. For Y = y*, let X; = a be associated with high values of X5, X; = b be

associated with low values of X, and X; = ¢ be associated with average values of X5.
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Using that X is categorical means that we can use kernel density estimation to model
Xy given X; and Y. This would accurately detect the relation between X; and X, for
Y = y*. However, encoding X; as ordinal discrete such that a = 1, b = 2 and ¢ = 3
might obscure that relation. Now, we use a copula function to model X; and X, given Y.
Depending on the copula, we may not detect the dependence properly. For instance, the
Clayton, Frank and Plackett copula given in Table 2 cannot model this accurately. If we
used a =1, b = 3 and ¢ = 2 instead, then we might have detected a negative correlation

with these copulas.

5.3.4 Estimation Algorithm of Local Probability Functions

An estimation algorithm of all functions belonging to node j given set of nodes N is given
by Algorithm 3, called ESTIMATELOCAL. In line 2, we get a set P containing all functions
that need to be estimated for j given /. Then, we estimate all functions f € P. Every f
is given in such a way that the estimation techniques can be applied immediately. Note

that f might be conditioned on several categorical random variables.

We use kernel density estimation when f contains exactly one non-categorical random
variable as seen in line 6 to 7. Copula parameter estimation is used when f contains at
least two non-categorical random variables as seen in line 9 to 18. Note that we save
all kernel density estimates and CDF estimates. We use multiple copulas C' € C when
the set of copula names C contains more than one name. Using the same C' is achieved
when |C| = 1. Lastly, we use (conditional) probability tables when f contains categorical

random variables only, as seen in line 20 to 23.
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Algorithm 3: ESTIMATELOCAL(D, j, N, C)

10
11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

Input: data D = {(y(l),:cgl), . ,xg)) e ./\/l} where M is a set of |[M| € Nt
unique indices, index j € {0,...,n}, set of nodes to use N' C {0,...,n}
such that j ¢ N and a set of copula names C

Result: set of estimated probability functions )

Procedure: ESTIMATELOCAL(D, j,N,C)

P <+ DECOMPOSEFUNCTION(D, j,N); get all functions that need to be

estimated for j given N/

O « 0;

foreach f € P do

if f contains exactly one non-categorical random variable then

h « bandwidth parameter determined or estimated beforehand;

f < kernel density estimation using h and D (see Section 5.3.1, (16));

O+ 06U { f };

Ise if f contains more than one non-categorical random variable then

)

foreach continuous random variable X; € f do

h + bandwidth parameter determined or estimated beforehand;

f x, < kernel density estimation using h and D via kernel density
estimation (see Section 5.3.1, (16));

h « bandwidth parameter determined or estimated beforehand;

F x, < kernel density estimation using h and D via kernel density
estimation (see Section 5.3.1, (16));

O+ 06U { fx} U {F Xi}; needed for predictions

end

foreach C' € C do

- copula parameter estimation using all FXZ,, C and D (see
Section 5.3.3, (23));

f « function given by (25) using all FX,-, all le-, C and 0;

O« 0Ou { f };

end

else
if f is conditioned on random variables then
f <+ conditional probability estimation using D (Section 5.3.2,
(20));
else
‘ f < (joint) probability estimation using D (Section 5.3.2, (19));
end
O+ 06U { f };

end

end

return ©
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5.4 Predicting with PCBNs

Algorithm 3 details how all probability functions belonging to a node j given its parents
can be estimated. These estimated functions can be used to give local predictions. That
is, given (new) data D we can calculate ij‘PaZJ_ where Z; is the random variable asso-
ciated with node j and Pay; is the vector of random variables that are parents of Z;.
As the actual realisation of Y is unknown, we need to evaluate the estimated function
ij‘PaZj for all Y = y*. Then, ij|paZj tells us how likely it is that we observe z; given the
parent realisations including y*. This has been implemented in Algorithm 4 with data

D= {(xgl), . ,x%”) e M} where M is a set of |[M]| € N unique indices.

Given a valid DAG G = (N, A) as described in Section 5.1, we can get sets of estimated
probability functions é)j by calling ESTIMATELOCAL on each node j given its parents.
Then, we can construct a PCBN B = (g, é) where © = Uj éj is a union of all sets @j.
Now, we can get values fy)( (y*,x(l)) for [ € M by calling PREDICTLOCAL on Y and
all nodes with at least one parent. This has been implemented in Algorithm 5, called

PREDICTWITHPCBN.

It is important to note that the outcomes ﬁél*) of Algorithm 5 are not necessarily proba-

bilities. In order to get a probability, one needs to normalise over all y € K as shown in

0

(26). However, p,. can be used when a decision such as (1) is chosen, as the normalisation

does not influence the outcome.

" ﬁ(l)

A~proper, y*

Dy~ == .0 (26)
> By
yeKrx
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Algorithm 4: PREDICTLOCAL(D, j, N, ©,y*)

1

2

3

4

[=2]

© W 3

10

11

12

13

14

15

16

17

18

Input: data D = {(:;:5”, . ,xg)) e ./\/l} where M is a set of |M| € NT
indices where m; and m,, are the first and last index of M respectively,
index j € {0,...,n}, set of nodes to use N C {0,...,n} such that j ¢ N,
set of estimated distributions © and guess y* € K corresponding to
random variable Y

Result: |M]|-tuple with outcomes @;Tl), e ,@;Tm) of evaluated functions where

we assume y = y*
Procedure: PREDICTLOCAL(D, j, N, O, y*)

(Z;, Z < 220 22 72 ) +— GETVARIABLES(D, j, N);
foreach [ € M do
(z- D,z =) « vectors of relations corresponding to Z"** and Z"**~
respectively, with all realisations coming from (xgl), e ,xg)>;
2240 « vector of relations corresponding to Z respectively, with all
realisations coming from <:1:§l), e ,xﬁp) and y = y*;
if 7 =0 then
‘ fg(j*) <— fzncat|zcat (chat’(l)‘zcat’(l)) fzcat (ant’(l)); see (14)
else
if Z; is a categorical random variable then
2=« vector of relations corresponding to Z°~ respectively,
with all realisations coming from (xgl), e ,:c,(f)> and y = y*;
l ¢ nca cat— £ l cat—
E:l(,l*) < fzncat‘zcatf (Z t7(l)|Z t ’(Z)) ij|ant7 (Z; )|Z t ’(l)>7
l l ¢ nca’ ca B
g’!(,l*) < EZ(J*) (fzncat‘zaat (Z t’(l)|z t’(l))> , see (13)
else
652 <— fzncat‘zcat (chat’(l)‘zcat’(l)) (oncat7|ant (chat_’(l)|zcat’(l))> ) see
(12)
end
end
end
return <ééT1), . ,é;Tm)>
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Algorithm 5: PREDICTWITHPCBN(D, B)

Input: data D = {(:;:5”, . ,xg)) e ./\/l} where M is a set of |M| € NT

indices where m; and m,, are the first and last index of M respectively
and PCBN B = (G, 0) with DAG G = (N, A) with set of nodes

N CH0,...,n} and set of arcs A C N x N, and set of estimated
distributions © containing the range K of Y as it should contain the
probabilities P[Y" = y] for all possible y

Result: set with k = |K| | M|-tuples with outcomes ﬁyTl), ) with gt € K

y
Normalising the outcomes over per [ € M

1 Procedure: PREDICTWITHPCBN(D, B)

2

10

11

12

Nch

—{j:(,j) € Aji € N}U{0}; set containing ¥ and all children with at

least one parent
foreach y* € K do

end

(ﬁg?l), e ,ﬁ;T"L)> + 1; preallocation of evaluated fYVX (y*, X(Z)) for l e M
foreach j € N* do

Noaj) < {p: (p,j) € A}; set of all parents of j

<@§T1), . ,@;T’")) < PREDICTLOCAL(D, j, Npa(j), ©,4%);

foreach | €¢ M do

ﬁg*) — ﬁz(f*) @él) ; multiply with evaluated local probability function

given its parents
end

end

13 return {(]551”), . ,ﬁl(/T"”)> AN IC}

5.5 Structure Learning

Unless provided by previous research or expert knowledge, the underlying graph of a
Bayesian network is unknown and has to be inferred from the data. We developed a greedy

algorithm that starts with an empty network and adds arcs iteratively. The algorithm

consists of the following six steps:

1.

Do a baseline estimation of fy(y) and calculate the score. This serves as the bench-

mark score
Select an arc out of all possible arcs, favouring arcs connected to Y
. Estimate a PCBN with the newly added arc on the estimation data

Calculate the score on the validation data
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5. Assess the addition and update the sets of arcs, nodes and estimated probability
functions appropriately

6. Go to 2 if the list of possible child nodes N'* is not empty and the maximum number
of nodes n™** has not been reached

The greedy algorithm is given by Algorithm 6, called GREEDYPCBN. Section 5.5.1 to
5.5.4 explain all steps in detail. An implementation that calls GREEDYPCBN several

times, called the copula spider, is introduced in Section 5.6.

5.5.1 Baseline Estimation

We start with an empty network and get the benchmark estimates in line 2 of GREEDYPCBN
by calling GETBASEVALUES. These estimates are simply fy(y) for all y € K. Thus, we
only use the dependent variable Y. GETBASEVALUES returns seven objects that will be
used throughout the algorithm: N*, the set of nodes that can receive parents; N, the
current set of nodes; ,Zl, the current set of arcs; A", the set of unevaluated arcs; A°™,
the set of forbidden arcs; ©, the set of estimated probability functions; and s, the score

associated with the PCBN.

5.5.2 Selecting an Arc

Using the set of nodes that can receive parents and the set of unevaluated arcs, we can
select an arc (7, j) that will be added to the network. We select a child j and a parent 7 in
lines 2 and 3 of GETARC. We return (&, j) if the child j cannot receive a possible parent.
Then, j will be removed from the list of nodes AN'* as seen in line 6 of GREEDYPCBN. We
also return (0, j) or (4, 0) if either the child j or the parent i corresponds to the dependent

variable Y.

If i #0, 57 # 0 and i # @, then we return (é,5) when all (0,14), (¢,0),(0,7) and (j,0)
have been assessed. If (0,7) has not been evaluated, then we evaluate this addition in-
stead. If this addition does not turn out to be successful, then we remove j from the set
of nodes that can receive parents. Therefore, we do not have to check if (j,0) has been
evaluated. If (0, ) has been evaluated but (0,7) has not, then we return (0,4) instead. If
both (0,7) and (0,7) have been evaluated whereas (i,0) has not, then we evaluate (,0)

instead. Otherwise, we evaluate (i, j).
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Algorithm 6: GREEDYPCBN (D*', D¥!, N/, C, score, n™, ppamax)

1

2

10

11

12

13

14

15

16

17

18

19

20

21

22

Input: estimation data D*' = {(y(l), a:ﬁ”, - ,a;g)) e ./\/leSt} and validation

data D¥l = {(y(l), xgl), o ,xg)) e ./\/lval} where M®' and MY are
sets of [M®*'| € N and }Mval‘ € N unique indices respectively, set of
nodes to use N’ C {1,...,n}, set of copula names C, a scoring function
score, maximum number of nodes n™** € N* and maximum number of
parents nP*™?* ¢ N

Result: PCBN B — (g é)

Procedure: GREEDYPCBN (D! D' N, C, score, n™, ppamax)

(N*,N, A, Amev plorb G sbest) <+ GETBASEVALUES(D*', N);
while ‘N‘ > n™* and N* # () do
(i,7) + GETARC(N™, A™Y);
if j = o then
N*— N*\ {i};
next
end
Npa(j) < {p :(p,j) € fl} U {i}; select all parents of j
O"% < ESTIMATELOCAL (D", j, Nyu(j),C) U 6;
(Ao, Amev) o (AU {6, 3} AU )} )
s"V < score (Dval, <<N“6W, flnew) ,@ne“’));
if 5"V > sPest then
< N AO, Sbest) - ( Nmew jnew @new Snew);
(N, Ammev| Aforb) < GoODUPDATE (z’, NN N, A, Amey| Aforb, npamax>
else
(N, Amnev,| Aforb) < BADUPDATE (i, GN NN, A, Amey, Aforb>
end
end
G+ (N : /l);
B« (g é));
return B
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Algorithm 7: GETBASEVALUES(D, N, score, n™a* ppPamax)

Input: estimation data D = {(y(l), azgl), o ,xﬁ?) e M} where M is of
M| € Nt unique indices, set of nodes to use N'C {1,...,n}, scoring

function score, maximum number of nodes n™* and maximum number
of parents per node nPamax
Result: set of nodes N* « A U {0}, set of current nodes N, set of current arcs
A, set of all unevaluated arcs A", set of all forbidden arcs A®™| set of
estimated probability functions © and score s
1 Procedure: GETBASEVALUES(D, N, score, n™a, ppamax)

2 (N*,/\T, A) « (MU {0}, {0}, 0);

s | (A, AP™) — ({(4,4) 4,5 € Nyi# 5}, {(i,1) 1 i € N});
i | 6« {fy(y) Ly € Ran(Y)};

5 s<—score(D, ((]\7,/1) ,é)>;

6 if n™* = 1 or nP*m2* — () then
7 ‘ N* < 0;
8 end

9 return <N*7N, A’ Aunev’Aforb’é7S>

Note that we do not have to check if arc (j,0) has been evaluated, whereas we do need to
check if arc (7, 0) has been evaluated. This is because checked if (0, j) had been evaluated.
If it has, it should mean that Y is a parent of node j. Otherwise 7 should not have been

in the node set A. This line of reasoning does not apply to 7. After all, 7 does not come

the node set N.

It is important to realise that GETARC is more likely to return arcs from Y to a ran-
dom variable than vice versa. We do this to ensure that non-complex PCBNs are more
likely to be evaluated first. For instance, if Y already had a continuous parent X, then
adding another continuous parent X5 means that we have to use copulas, estimated CDF's
and pdfs to model the dependencies. Adding Y to X, instead means that we only make

use of kernel density estimation.
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Algorithm 8: GETARC(N, A)
Data: set of nodes N C {0,...,n} set of arcs
AC{(,5):(i,7) €{0,....,n} x{0,...,n},i# j}
Result: selected arc (i,j) with parent 7 € {0,...,n} or i = & and child j € N
Procedure: GETARC(N, A)

[uny

2 | j<«j€N;select a child

3 i+ ieN:(i,j) € A select a parent

4 ifit=2ori=0o0r j=0then

5 ‘ return (i, 7)

6 | elseif (0,7) € A then

7 ‘ i <— 0; relationship X; and Y unknown, estimate X; with parent Y instead
8 else if (0,7) € A then

9 7 < i; the parent becomes the child

10 1 < 0; estimate the relationship of X; and Y instead
11 | else if (7,0) € A then

12 ‘ 7 < 0; estimate the relationship of X; and Y instead

13 return (7, )

5.5.3 Evaluating Selection

The third step of the algorithm is to evaluate the addition of (7, j). First, we estimate the
new set of probability functions as seen in line 10 of GREEDYPCBN by calling ESTIMATE-
LoCAL on j and its parents, including new parent 7. Then, we calculate the new score
s"% on the validation data D' using the new PCBN consisting of the estimated set of
nodes A%, estimated set of arcs A" and estimated set of probability functions Orew,
The algorithm does not depend on a particular scoring function. An example for score
is the 0-1-score function given by Algorithm 9. Using 0-1SCORE is equivalent to adding
arcs based on validation accuracy or hit rate on the validation data. It also equivalent
to using a 0-1-loss function multiplied by -1, as [ = y] = 1 — [y # y]. A good score
function produces a higher score s when the prediction is deemed better. This, of course,
depends on the prediction task. If a certain misclassification is deemed worse than other

misclassifications, then score should reflect that.
Calculating the score on validation data, rather than estimation data, aims to prevent

overfitting. However, GREEDYPCBN does not require nor assume that DY £ Dt

Overfitting can also be prevented by choosing penalised scores.
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Algorithm 9: 0-1Scorg(D, B)

Input: data D = {(y(l),:cgl), . ,:cg)) e ./\/l} where M is a set of |[M| € Nt
unique indices where m; and m,, are the first and last index of M
respectively and PCBN B = (G, ©) with DAG G = (N, A) with set of
nodes ' C {0,...,n} and set of arcs A C N x N, and set of estimated
distributions © containing the range K of Y as it should contain the

probabilities P[Y" = y] for all possible y
Result: score s
1 Procedure: 0-1SCORE(D, B)

) Dval<_{<x§l)7”.’l»g)> ;ZGM};removeY
. {(ﬁ(yTl), o 7]5;Tm)> Lyt E IC} < PREDICTWITHPCBN (D", B); get

predictions
4 s « 0 foreach | € M do
5 g — 90 € arg maxﬁz(f*); see (1)
y*xek
6 54— 5+ [g)(l) = y(l)}; 1 if we made a good prediction, zero otherwise: score

behaves similar to a 0-1-loss function multiplied by -1

7 end

8 return s

5.5.4 Implementing Update

The final step of GREEDYPCBN is to update the network based on our new score sV as
seen in line 14 to 19. We use GOODUPDATE and BADUPDATE if the new score is greater

or worse than the current score of the network respectively.

The first step of GOODUPDATE is to remove (i, ) from the set of unevaluated arcs, as it
has just been evaluated. Then, we must ensure that child j cannot become a parent of
certain nodes. Specifically, if 7 cannot become a parent of nodes py, ..., p,, then j should
also not be allowed to become a parent of these nodes. This means that j cannot become

a parent of ¢, as ¢ cannot become a parent of 7.

If the child j is the dependent variable, then its parent ¢ should not be allowed to get
any parents itself. Then, we also remove ¢ from the set of possible children N*. This has
been implemented in line 7 to 9. Lastly, we remove j from the set of possible children if

its number of parents exceed the specified maximum nP*max,
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Algorithm 10: GOODUPDATE (i, G N N* N A, Amey | Aforb, npamax>

Input: indices 7,75 € {0,...,n}, set of nodes N’ C {0,...,n}:4,j € N, sets of
nodes N*, N' C N\, sets of arcs A, 4™ C N x N, set of arcs
Af™™ C A x N and maximum number of nodes nP*™* ¢ N
Result: updated N*, A" and A
1 Procedure: GOODUPDATE <i, LN N* N, A, Amey| Aforb. npama")

2 | N« N U{0}; all possible nodes

o | AR A\ (G )

4 A L (4, p) : (i,p) € AP p € N'}; if i is not allowed to go to p then j

should also not be allowed to go to p, note that (i,q) € A

5 ( Aforb, Aunev) — ( Aforb U Aallf) Aunev \ Aallf);

6 if 7 =0 then

7 AN L(p i) p e N} X; goes to Y, meaning X; should not get any
parents

8 N* « N*\ {i}; remove i from possible set of children

9 ( Aforb, Aunev) — ( Aforb U Aallf’ Aunev \ Aallf);

10 end

11 Aso(j) {(p,j) (p,j) e Ape N}; set of arcs to j

12 if |At0(j)‘ = nPaMaX then

13 AV AV \ {(p 5) 1 p € N'}; remove all unevaluated p — j

14 Aot A g ({(p,7) : p € N} \ Agegj)); forbid influx from other random
variables to j

15 N*— N\ {j};

16 end

17 return (N*, Ammev, Ar)

The first step of BADUPDATE is to remove (i, j) from the set of unevaluated arcs, identical

to the first step of GOODUPDATE. If the parent X; is in fact Y, then we remove j from
the set of possible child nodes. We do this as adding Y — X does not increase the score,
meaning that X; cannot receive any parents. If X is in fact Y and if the arc (j,4) has
been evaluated, then we remove ¢ as neither X; — Y nor Y — X, will be used. Lastly,
we remove j from the set of possible child nodes when there is not a single arc (i, 7) left

to evaluate.

An arc (7, j) that does not increase the score s may at some point in future, when other
random variables have been added, increase the score. This might happen when random
variables jointly depend on Y. A possible solution is to make use of a TABU list to make

certain arcs unevaluated. Another solution, that is not guaranteed to add arc (i, j), is
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to rerun the procedure. It is possible that (7, j) increases the score when other random

variables have been added.
Algorithm 11: BADUPDATE (z’,j,/\/’, N5 N, A, Amey, Aforb>

Input: indices 7,7 € {0,...,n}, set of nodes N' C {0,...,n}:4,j € N, sets of
nodes N*,N C N, set of arcs fl, A N x N and set of arcs
Aforb g N % N
Result: updated N*, A" and A®°™
1 Procedure: BADUPDATE <i, F N, NN, A, Aumey, Af°‘"b>

2 | N+ NU{0}; all possible nodes

3 Ammev o gunev\ £(j 5)}:

4 if 1 =0 then

5 N*«— N*\{j}; Y — X; was unsuccesful, meaning X, cannot become a
child of any variable

6 A L(p,j) : p € N'}; X should not get any parents

- ( .Aforb, Aunev) s ( Aforb U .Aa“f, Aumev \ Aallf);

8 else if j =0 and (j,7) ¢ A" then

9 N* +— N*\ {i}; X; = Y was unsuccesful and Y — X; has been checked
already, meaning X; cannot become a child of any variable

10 A« L(pi) : p € N'}; X; should not get any parents

11 ( Aforb, Aunev) Y ( Aforb U Aallf’ Aunev \ Aallf);

12 o < {(p,7) : (p,7) € A, p € N'}; set of unevaluated arcs to j

15| if |Ag5| = 0 then

14 ‘ N* = N*\ {j}; make sure j cannot be selected as a child

15 end

16 return (N *,A“neV,Aforb)

5.6 Copula Spider

Applying the greedy algorithm GREEDYPCBN merely once has two major drawbacks.
First of all, the procedure might get stuck in local optima due to the greedy nature of the
algorithm. This means that the returned PCBN does not necessarily have good predictive
performance. Secondly, the algorithm should ideally not depend on a particular choice for
the validation data. A solution to these problems is to run GREEDYPCBN several times
while simultaneously varying the validation data, which we implemented in Algorithm 12.
We call this algorithm COPULASPIDER, as it creates several networks which can be seen

as elaborate webs which all connect the variables to one another.
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Algorithm 12: COPULASPIDER (D, n**®, ™™, split, N, C, score, n™, pPamax)

Input: data D = {(y(l),:cgl), . ,xg)) e ./\/l} where M is a set of |[M| € Nt
unique indices, number of PCBNs to create n"*” € NT, number of reruns
per PCBN n™ € N*, function create, parameters N, C, score, n™*
and nP*M®* ag given in GREEDYPCBN

Result: n*® PCBNs By, ..., B,we

1 Procedure: COPULASPIDER (D, n"", n** split, N,C,score, n™, nPamax)
2 (Bl,...,zénweb)<—(®,...,@);
3 foreach i € {1,...,n "} do

4 (D, D¥) « create(D,...);

5 sbest < (),

6 foreach j € {1,...,n™"} do

7 B, ; +~GREEDYPCBN (D, D, N, C, score, ™, ppamax);
8 s"V < score <D"al, l’;’i,j>;

9 if s7eV >best then

10 (lg’l, sbe“> — ([S’i,j, snew>; choose the PCBN with the highest

validation accuracy

11 end

12 end

13 end
14 return Bl, o ,aneb

The spider requires some function create that creates estimation and validation data.
If we want D' N D" = (), then we could construct the estimation and validation as
Dest = {(y(l),:rgl), . ,xﬁ?) leM \MZ} and D¥ = {(y(l),xy), . ,xﬁ?) le MZ}
respectively, for each i € {1, . ,nw"'b}. Without loss of generality, let M = {1,...,d}
where d € N*. Then, using M; = {[(i —1)m] +1,...,[im]} where m = d (nweb)_l
means we construct D*' and D' as if we are doing cross-validation. For instance, if
d = 1000 and n“® = 4, then we have M; = {1,...,250}, My = {251,...,500}, M3 =
{501,...,750} and , M4 = {751,...,1000}.
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6 Simulation Design

The newly introduced predictive copula Bayesian network (PCBN) allows ordinal discrete
random variables to be modelled ezplicitly. My simulation design aims to illustrate the

performance gains that can be reached by modelling ordinal discrete variables explicitly.

The simulation algorithm is given by Algorithm 13. We create one continuous explanatory
variable X, two ordinal discrete random variables X, and X3 and a categorical dependent
variable Y with Ran(Y') = {1, 2, 3,4}. Two thirds of the simulated realisations belong to

in-sample data D™ and one third belongs to the out-sample data D,

We simulate X; and X5 so that they follow a bivariate Clayton distribution with pa-
rameter § = 27 (1 —7)~" in line 4 to 7. Note that 7 can be interpreted as Kendall’s tau.
To simulate values from the Clayton copula, we use the conditional distribution method as
described in Embrechts, Lindskog, and McNeil (2001). We also simulate X, and X3 from
a bivariate Clayton copula with the same parameter #. Therefore, X, is correlated with
both X; and X3. More information about the Clayton copula is included in Appendix
A4.1.

Table 1: Parameter settings for each explanatory variable X1, Xo and X3 per category of Y belonging
to the simulation algorithm given by Algorithm 13. The table should be read as follows: 1 — XY =1 ~
Weibull(1.0,1.5) and X;|Y = 2 ~ Weibull(1.5,1.0)

Variable 1 2 3 4

X yes yes
Reflected X5 yes yes

X3 yes yes
Scale X 1.0 1.5 1.0 1.5
Shape X 1.5 20 15 20

We transform some X;|Y = y to 1 — X;|Y = y for specific combinations of ¢ and y.
That way, we have both positive and negative dependencies between variables per y. We
transform all (possibly reflected) X; to a Weibull scale as shown in Table 1. We transform
X and X3 to Ran(X3) = Ran(X3) = {1,2,3,4,5} as seen in line 16 and 17 of Algorithm
13.
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Algorithm 13: Simulation design

Input: number of data points to simulate d € {4, 5, ..

€ (0,1)

Result: in-sample data D™ and out-sample data D°U

1 Procedure:

10

11

12

13

14

15

16

17

18

19

20

21

22

0« 27(1— 7')_1; calculates ¢ for bivariate Clayton using 7 as Kendall’s tau

C L%J; minimum number of observations per category
(2(1), . z(2d)) 2 2@ € (0,1); generate 2d uniform values
(a:gl), o ,xgd)) Vi q;gl), o ,q:gd) € (0,1); generate d uniform values
- —1_ —0"
(89,280 ((@9) (o) 1) )  now each
le{1,...,d}

pair xgl) and :Ugl) d comes from a bivariate Clayton distribution with

parameter 0, see e.g. Embrechts et al. (2001)

_0 1 —6~1
i (™)

le{l,...,d}
2
xgl), e ,m@) — ((— log x%”) 3) ; to Weibull
le{1,....,c}
(_

-----

(s a) = (3 (10 (1-at)) ) ;
le{c+1,...,2¢}
(o0, a) = (<108 (1= al))’)
le{2c+1,...,3¢}

1N

?

1
xf’cﬂ), . ,.r@) — (% (— log x§1)> 2) ;
1€{3c+1,....d}

xéQcH), e ,:Egd)) — (1 — mé”) ; invert
le{2c+1,...,d}
(1) (c) .(2¢+1) (3C)> ( _ (l)> :
Ty oo, Ty T yeeoy @ —(1l—2 ;
3 3 3 3 3 le{1,...,c,2c+1,...,3c}

foreach l € {1,...,d} do
y(l) — 1[l€{1, ,c}]2l€{c+17 ,2c}}3[l€{20+1, 730}]4[l€{3c, Sd}. dependent variable
5[ 2>0. 75]

[
(l) [xg”<0 1] [m De(0.1,0. 25]] [ Ve (0.25,0.45]}4[ Qe (0.45,0.75]}
[of 5o

0. 75]

x(l) [ <. 1] €(0.1,0. 25]] [ e (0.25,0. 45]} 4[x§”e(0.45,0.75ﬂ

end
MeMc{l,..., }'!M\ = [5;
D = {(y(l), D 2 4l > le ./\/l}; random selection of two thirds

Dout — {(y(l),l'gl),lél),xg ) e {17 s 7d}\M}’

return (D™, D)
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Table 1 shows that X; behaves differently for each possible y € {1,2,3,4}. This is not
the case for either X, nor Xj. After all, X3|Y = 1 and X5|Y = 2 behave in an iden-
tical manner and cannot be distinguished from one another. This is also the case for
XolY = 3 compared to Xs|Y =4, X3|Y = 1 compared to X3|Y = 3 and X3|Y = 2 com-
pared to X3|Y = 4. Assessing X, and X3 jointly allows one to identify ¥ more accurately.

Both X3|Y = 3 and X3|Y = 3 are reflected, meaning that have a positive Pearson
correlation. However, X5|Y = 2 and X;3|Y = 2 also exhibit positive dependence. The
difference between the former and the latter pair can be seen when one examines tail
dependence. As both X, and X3 come from a bivariate Clayton distribution, X,|Y = 2
and X3|Y = 2 have lower tail dependence Nelsen (2007) which means that the reflected

pair Xo|Y = 3 and X3|Y = 3 has upper tail dependence.
As seen in line 16 and 17 of Algorithm 13, not all values of X5 and X3 have an equal

chance of appearing. The proportion of categories of Y is evenly spread, however. Section

7 elaborates on the numerical results obtained from running this simulation procedure.
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7 Numerical Results

This sections implements the simulation design described in Section 6 and shows the
advantage of modelling ordinal discrete variables explicitly. We use the COPULASPIDER
approach described in Section 5.6. Table 2 shows the cumulative distribution functions

(CDFs) of the copulas that we use.

Table 2: Bivariate cumulative distribution functions Cy, r, (u1,u2|0) of the strict Clayton, strict re-
flected Ry 2 Clayton (also known as the survival Clayton copula), Frank and Plackett copula. The
appendix contains derivations of their mixed derivatives

= Appendix
Clayton— (wy” +u" = 1) Adl
Ry, Clayton u; +uy — 1+ ((1 ) (1= ) — 1) S
ke s (1 () s

1+(9—1)(u1+uz)—((1+(9—1)(u1+ug))2—4u1UQ0(9—1))%

s A43

Plackett

We use the term reflection rather than rotation due to multiple definitions of rotation
that exist in the literature. Information regarding reflection of n-variate copulas, as well
as the reflection operator, can be found in Appendix A.3. We provide and prove a general
formula for any reflected n-variate copula, see Theorem A.3.4. The R; 5 Clayton copula

follows immediately from that theorem.

Both the Frank and the Plackett copula can model positive and negative dependence.
They also exhibit radial symmetry (Nelsen, 2007), meaning that the R, o reflection results
in the same copula. Therefore, reflections of these copulas do not need to be considered.
This is not the case for the Clayton copula, however. The Clayton copula has lower-tail
dependence (Nelsen, 2007). This means that the Ry o reflection has upper-tail dependence
and can be considered a distinct copula. Moreover, the strict Clayton copula cannot model
negative dependence. Modelling negative dependence with the strict Clayton copula can
be done by adding a rotation in one of its arguments. For instance, both the R; Clayton
and Ry Clayton copula can model negative dependence. A different specification of the
Clayton copula allows one to model negative dependence in a limited manner. As this is

restrictive, we do not consider this specification.
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We implemented all algorithms in R (R Core Team, 2018). The key algorithm

GREEDYPCBN requires a function score. We use score = 0-1SCORE, which predicts
with the constructed PCBN per arc under consideration. This score function ensures
that a higher score corresponds to a better predictive accuracy, without assuming that
certain misclassifications are worse than others. A naive or memory-efficient implementa-
tion would be to re-predict the total probabilities each time. However, this is unnecessary
as many functions do not change per iteration of GREEDYPCBN. Therefore, we save all
predicted values per PCBN while it is being constructed. Although this saves a lot of
time, it is not memory efficient. However, we find that the memory in use never exceeded

100MB for the cases examined.

To estimate the densities and distributions, we use the NP package in by Hayfield and
Racine (2008) which implements estimation based on Li and Racine (2003). The NP al-
lows me to use the Gaussian and Aitchison kernel given by 17 and 18 respectively. The
bandwidth is calculated by means of cross-validation. The NP package also implements
distribution estimation which we use to estimate CDFs. Although conditional density
and distribution estimation appears in NP, the run times are substantial. Due to the fact
that GREEDYPCBN requires many densities and distributions to be estimated, we do not

use these techniques.

The copula parameters are estimated with the method of Brent (1973). This is a derivative-
free method that requires an interval. We use several start and end points and choose the
value that maximises the log-likelihood function. Other optimisation methods, such as L-

BFGS, were ill-behaved. This may happen when the copula likelihood function is very flat.

We use Algorithm 13 for two scenarios. For the first scenario, we simulate 25 data
sets using n = 3000 and 7 = 0.8, meaning that each in-sample and out-sample data set
consists of 2000 and 1000 realisations respectively. A 7 of 0.8 means the variables are
highly correlated. The data sets contain three explanatory variables X, Xy and X3 and

one dependent variable Y that can attain four different values.

We use a simple logit specification with an intercept and individual-specific X7, X5 and
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X3 as a benchmark model, see Train (2009) for more information. We use the MLOGIT
by Croissant (2018) which uses MAXLIK (Henningsen & Toomet, 2011) for its maximum-
likelihood estimator. We estimate the logit model on in-sample data and use the estimated
model to predict values of the out-sample data. Then, we calculate the accuracy on both
the in-sample and out-sample data, where the accuracy is defined as the number of cor-
rectly classified observations divided by the total number of observations. The logit model
has an in-sample accuracy of 0.34 with a standard deviation of 0.06 and an out-sample

accuracy of 0.32 with a standard deviation of 0.06.

The PCBNs allows ordinal discrete variables to be modelled appropriately. That is, we
do not have model the discrete variables as if they were continuous. We use the cross-
validation COPULASPIDER as described in Section 5.6 with number of webs n"® = 4,
number of runs per web n™™ = 3, score = 0-1SCORE and maximum number of parents
nPamax = 2 We choose nP*"** = 2 as copula functions become more complicated when the
number of random variables increases. Moreover, one-parameter copula functions become
less appropriate. After all, there is only one parameter that models the dependency of

these random variables.

The specification means that we partition each in-sample data set into an estimation
set and a validation set four times. The estimation set is used for the estimation of the
parameters, whereas the validation set is used to determine whether or not the network
has predictive power. We construct a PCBN three times per estimation set and use the
network with the highest accuracy on the validation set. Using this procedure, we end
up with n"® = 4 different networks. We use two different strategies to determine how
predictions are made. The first strategy is to select the network with the highest in-sample
accuracy. The second strategy is to make predictions with each network and use popu-
larity voting to make the final prediction. That is, we choose a value y € {1,2, 3,4}, per

realisation, that is most often predicted by the individual networks for that realisation.
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Table 3: Discrepancy between the correctly-specified cross-validation COPULASPIDERs (Regular) and
the spiders assuming that all variables are continuous (Continuous). This table shows the mean and
standard deviation of in-sample and out-sample accuracy of the spiders using n%e® = 4, n™" = 3, score
= 0-1SCORE, n™®* = oo, nP*™M?* = 2 the network with the highest in-sample accuracy is reported and
used for the out-sample prediction, for 5 different copulas on 25 data sets created by Algorithm 13 using
n = 3000 and 7 = 0.8. The names refer to the copula forms used, where R* Clayton means that all
reflections of the Clayton copula are used

Clayton R; Clayton R* Clayton Frank Plackett

. 0.80 0.79 0.80 0.81 0.81

Regular (0.02) (0.01) (0.02) (0.01)  (0.01)
oui 080 0.79 0.80 0.81 0.81

(0.02) (0.02) (0.02) (0.02)  (0.02)

. 0.78 0.74 0.78 079  0.77

Contimous (0.02) (0.05) (0.02) (0.01)  (0.03)
out 078 0.73 0.77 079  0.77

(0.02) (0.05) (0.03) (0.02)  (0.03)

Table 3 shows the accuracies for the strict Clayton, strict reflected R, Clayton, Frank
and Plackett copula spiders using the the networks with the highest in-sample accuracy.
The results next to Regular indicate that correctly-specified spiders are used. The results
next to Continuous indicate that the spider has modelled all discrete variables as if they
were continuous. We also use a specification R* that chooses, for each possible copula that
may occur, the best reflection of the Clayton copula. Thus, we estimate all reflections

and choose the reflection that maximises the likelihood score.

Table 3 clearly shows that the accuracies of the correctly-specified spiders are higher,
although the differences are small. The average accuracies of the miss-specified Clayton
copula are 0.02 percentage points lower. The differences vary across copulas, however.
For instance, correctly specifying the Plackett copula leads to an average accuracy in-
crease of about 0.04 percentage points. The accuracies of the correctly-specified copulas

are similar, with the Frank and Plackett copula having the highest accuracy.
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Table 4: Discrepancy between the correctly-specified cross-validation COPULASPIDERs (Regular) and
the spiders assuming that all variables are continuous (Continuous). This table shows the mean and
standard deviation of in-sample and out-sample accuracy of the spiders using n%e® = 4, n™" = 3, score
= 0-1SCORE, n™®* = oo, nP*M?* = 2 using popularity voting to determine the final prediction, for 5
different copulas on 25 data sets created by Algorithm 13 using n = 3000 and 7 = 0.8.

Clayton R; Clayton R* Clayton Frank Plackett

. 0.77 0.77 0.78 0.78  0.79

Regular (0.07) (0.04) (0.03) (0.04)  (0.04)
out 076 0.77 0.78 0.77  0.78

(0.07) (0.04) (0.03) (0.05)  (0.04)

. 0.71 0.71 0.73 0.75  0.73

Continuous (0.08) (0.07) (0.07) (0.06)  (0.06)
out 071 0.71 0.73 0.75  0.73

(0.08) (0.08) (0.07) (0.06)  (0.06)

Table 4 shows the accuracies for the same copulas using popularity voting. There are
two major differences between Table 3 and 4. First, popularity voting seems to increase
the standard deviation in this case. This happens when either one or more networks
are significantly worse than the others. Increasing the number of reruns n™" does not
necessarily mitigate this problem, as it could be that the estimation or validation sample
is dissimilar from the in-sample and out-sample data. Secondly, the average accuracies
are lower. This is due to some accuracies being significantly lower from the others. For
instance, the average in-sample accuracy of the Clayton copula is 0.77, whereas its lowest

in-sample accuracy is 0.55.

Due to the higher standard deviations, we cannot claim that the correctly-specified copu-
las have significantly higher average accuracies. However, the accuracies of miss-specified

copulas compared to correctly-specified copulas are lower in actuality.

For the second scenario, we simulate 25 data sets using n = 3000 and 7 = 0.4. Us-
ing the logit model as a benchmark, we obtain an average in-sample accuracy of 0.34 with
a standard deviation of 0.03 and an average out-sample accuracy of 0.32 with a standard
deviation of 0.02. The logit has the same average accuracies in both scenarios, whereas
the standard deviation is lower in the latter scenario. Intuitively, the logit model is hin-

dered by strongly correlated explanatory variables.
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We use the Plackett COPULASPIDER on the simulated data, similar to before. Table
5 shows that, compared to scenario 1, the spider is hindered by the lower correlation.
This is not surprising, as the framework uses the correlation between random variables
to make its predictions. In scenario two, the correlation between variables is more diffi-
cult to detect which makes the model perform worse. As before, the correctly-specified
copula spider performs slightly better than the miss-specified counterpart. However, the
results are very similar. In actuality, the correctly-specified Plackett spider almost always

outperforms the miss-specified one.

Table 5: Mean and standard deviation of in-sample and out-sample accuracy of the correctly-specified
cross-validation Plackett COPULASPIDERs (Reg.), the spiders assuming that all variables are continuous
(Cont.) using n¥e® = 4, n™" = 3, score = 0-1SCORE, n™®* = 0o, nP¥M8* = 2. The second and fourth
spider (pop) make use of popularity voting to determine the final prediction, whereas the other spiders
use the web with the highest in-sample accuracy for the out-sample. The spiders ran on 25 data sets
created by Algorithm 13 using n = 3000 and 7 = 0.4.

Reg. Plackett Reg. Plackett (pop) Cont. Plackett Cont. Plackett (pop)

. 0.56 0.55 0.55 0.53
(0.02) (0.03) (0.02) (0.04)
out 0.55 0.54 0.54 0.52
(0.03) (0.03) (0.03) (0.04)

47



8 Empirical Application

To illustrate that the framework has predictive power in empirical settings, we use the
MODECHOICE as given in the ECDAT package (Croissant, 2016). This data has been
analysed by Greene (2003), which allows us to compare the predictive copula Bayesian

networks to tried models.

The data contains 210 observations belonging to 210 individuals who chose a particu-
lar mode of travel given some mode-specific characteristics. The possible choices were air,
bus, car or train. The mode-specific characteristics are a terminal waiting time ttme, in-
vehicle costs inwve, in-vehicle travel time invt and some generalised costs ge. The terminal
waiting time for car is zero. Then, we also have the household income hinc belonging to
the individual. There is also a variable psize, described in (Croissant, 2016) as the party

size of mode chosen. This variable should not be used as it is endogenous.

We randomly order the data and do a 3-fold cross validation. We use both a logit model
and nested logit model as given in Greene (2003), see Train (2009) for elaborate in-
troduction to (nested) logit models. Both logit models are estimated on the in-sample
data and are used to predict on the out-sample data. Note that each in-sample data set
contains solely 140 observations. We use the cross-validation Frank and Plackett copu-
LASPIDER as described in Section 5.6 with number of webs n"** = 2, number of runs per
web n™™ = 5, score = 0-1SCOREand maximum number of parents nP*™* = 2. As the
in-sample contains 140 observations, each estimation and validation sample contains 70
observations. We construct a PCBN five times per estimation set and use the network
with the highest accuracy on the validation set. Thus, we end up with n¥® = 2 different
networks. Then, we select the network with the highest in-sample accuracy and use that
for the out-sample prediction. As the terminal waiting time ttme for car is zero, it is not

used by the copula spiders.
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Table 6: Mean and standard deviation of the in-sample and out-sample accuracy of the 3-fold cross-
validation results on MODECHOICE data of Croissant (2016), using the Plackett and Frank COPULASPIDER
with n"e? = 2, p™" = 5 score = 0-1SCORE, n™®* = 0o, nPaX — 2 The spiders use the web with
the highest in-sample accuracy for the out-sample predictions. The logit specifications used are given in
Greene (2003)

Plackett PCBN Frank PCBN Nested Logit Logit

. 1.00 1.00 0.70 0.70
(0.00) (0.00) (0.04) (0.08)
ot 0.99 0.98 0.69 0.67
(0.01) (0.02) (0.06) (0.05)

Table 6 shows the average accuracies of all four models. It is clear that the Plackett and
Frank spiders outperform the logit models in terms of predictive accuracy. The average
in-sample accuracy is 1.00 for both copula spiders and the average out-sample accuracy

is almost 1.00.

The reported in-sample accuracy of the regular logit model is higher than what we may
expect from (Greene, 2003). Greene estimates a logit model on the entire data set. Cal-
culating the in-sample hit rate from Table 23.25 gives an accuracy of 0.52, but this is
not correct. Greene reports S = —0.15501, but this should actually be —0.01550. Using
the correct value for Sg, we would obtain an in-sample hit rate of 0.69. Table 6 shows
that the nested logit specification performs slightly better than the simple logit, but the

differences are minimal.

Table 7 shows the number of times that each variable appears in the three networks
for the Frank and Plackett COPULASPIDER. The terminal waiting time appears most of-
ten in all webs of both the Frank and Plackett spider. Therefore, ttme could be considered
the most important variable. The spiders also consistently pick up a correlation between

the terminal waiting time of bus and train that helps to predict the choice mode.

In-vehicle travel time appears to be less important than terminal waiting time. Inter-
estingly, the in-vehicle travel time of air is used only once by the Frank spider and it is
not used at all by the Plackett spider. A possible explanation for this is that the terminal
waiting time is considered to be bothersome, whereas the in-vehicle travel time could be

neutral. Another possibility is that the terminal waiting time of air dominates the choice
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mode decision. Lastly, the generalised costs of car are always used by the spiders. It

appears that the greatest prohibition of taking the car are in fact the costs of the car.

Table 7: Number of times that each variable appears in the three networks for the Frank and Plackett
COPULASPIDER. Choice refers to dependent variable which always appears in each network and bus&train
refers to arc between ttme for bus and ttme for train

Frank Plackett
3

w

choice all

hinc all
alr
train

bus
bus&train

ttme

W W ww N

air
train
bus
car

vt

air
train
bus
car

mve

air
train
bus
car

gc

WHR R P FRFNRFEFN RN DNDWWW N
_— N W N W N

W N

Importantly, the choice of the copulas under consideration does not seem to alter the

predictive performance noticeably. This is similar to the results found in Section 7.

Figure 8 shows the resulting graphs for the Plackett COPULASPIDER. Here, all arcs
of the same colour make a directed acyclic graph. Figure 8 shows that the Plackett spider
picks up correlations between the terminal waiting times. The in-vehicle travel times are
occasionally modelled by copulas as well. Interestingly, the spiders do not pick up direct

dependencies between the in-vehicle travel times and terminal waiting times.
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Figure 2: Resulting graphs of the Plackett COPULASPIDER where all arcs of the same colour make
one graph. The variable names, in combination with the icons, correspond to random variables and the
arrows correspond to directed arcs

Occasionally, the Plackett spider picks up a correlation between in-vehicle costs and gen-

eralised costs that helps predict the mode.
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9 C(Conclusion and Discussion

The goal of this thesis is to increase the applicability and predictive performance of copula-
based Bayesian network classifiers. These models fall under probabilistic classification,
meaning that we model a joint distribution where the actual classification is based on a
decision rule. As we can only use in-sample data, it is not trivial to get a classifier with

good out-sample predictive power.

We set out specific goals that this thesis aims to reach. The first goal was to develop
a framework that allows continuous, ordinal discrete and categorical explanatory vari-
ables to be modelled accurately. That is, we should not have to pretend that ordinal
variables are continuous. Moreover, the framework should allow continuous nodes to have
categorical children. We successfully developed a framework, called the predictive copula
Bayesian network (PCBN), that reaches the first goal. Therefore, the applicability of

copula-based Bayesian networks has been increased.

If one supplies a graph, then the framework can estimate the model associated with
that graph. However, there are possibly many graphs that one could supply. We devel-
oped a greedy algorithm that constructs a PCBN from the data. This algorithm uses an
estimation set to determine the parameters and a validation set to assess whether nodes
and arcs may be added to the network. This approach reduces the chances of over fitting
the data which would have hindered the out-sample performance. We use a technique,

which we call the copula spider, that creates several PCBNs from the data.

In order to assess the predictive capabilities and performance gains of my approach, we
consider both simulated and empirical data. We use the strict Clayton, strict reflected
Clayton, Frank and Plackett copulas. We also use a variant which assesses all possible
reflections of the Clayton copula. The simulation design shows that correctly modelling
the explanatory variables leads to increases in both in-sample and out-sample accuracy.
These gains become more apparent when the data is strongly correlated. Although the
copulas behave differently, the specification of the copula does not influence the predictive

performance noticeably.
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We use travel mode data as an empirical application. The empirical case clearly illus-
trates that PCBNs, constructed using the proposed copula spider approach, can greatly
outperform competing models. We find that the Frank and Plackett PCBNs can attain
a near-perfect hit rate of 1. Importantly, the choice of the copula does not seem to alter

the predictive accuracy by much.

Although the merits of my methods have been shown, we restricted the number of parent
nodes to not exceed 2. Further research could be done to assess the PCBNs when the
number of parents is allowed to be greater than two. Easily differentiable copulas would
help ensure that the optimisation methods work. We also did not consider copulas that
have multiple unknown parameters. Further research could be conducted to see if these

could more accurately model data.

A possible extension of the PCBN might be to model a multivariate dependent vari-
able rather than a univariate dependent variable. Then, the model only has to consider
the Markov blanket of all dependent variables, where the dependent variables may be
linked in some way. Another extension is to let the dependent variable be ordinal discrete
rather than categorical. Further research could be conducted to see if the PCBNs can be

applied to different settings.
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A Technical Supplement

This section of the Appendix contains background information,theoretical results and
theorems relevant to the framework that are either deemed required knowledge or supple-

mentary conclusions that supersede the main goals of this paper.

A.1 Graph and Set Theory

The mathematical definition of the n-ary Cartesian product employed in this thesis is
given by Definition A.1.1. Note that the result is either an empty set, a set with elements

or a set with n-tuples.

Definition A.1.1 (n-ary Cartesian product). Let there be n sets Xy, ..., X, and let N' =

{1,...,n} Then, the n-ary Cartesian product is the set of all ordered n-tuples given by
Xy x...x X, = (xl,...,xn):xieXi,WGN} (27)

The definition of a path is given by Definition A.1.2. Using this definition, we can define

define relations between nodes in a DAG. Four relations are included in Definition A.1.2.

Definition A.1.2 (Path). Let G = (N, A) be a graph G with set of nodes N ={1,...,n}
containing n elements and a set of arcs A C N x N. A path from node ny to ny
is a sequence of nodes ny,...,ng with n; € N fori € {1,...,k}, (nj,n;41) € A for
jed{l,....k—=1} and n; #ny for alli,l € {1,...,k} andi # 1.

A path from node ny to ny is denoted as ny — ... — ny.

With the definition of a path as given in Definition A.1.2, we can define a directed acyclic
graph (DAG).

Definition A.1.3 (Relations between nodes). Let G = (N, A) be a direct acyclic graph
G with a set of nodes N and a set of arcs ACN x N. Leti,j € A with i # j, then:

1. i is called a parent of j if there is a direct path i — j

2. j is called a child of i if there is a direct path i — j

3. j 1is called a descendant of i if there is some path i — ... — j

4. j 1s called a non-descendant of ¢ if there are not any paths i — ... — j
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A.2 Analytical Definition of a Copula

A copula over n uniform random variables can be written as Cy(u1, ..., u,) as Fy,(u;) =
u;. The analytical definition of an n-dimensional copula based on Nelsen (2007) is given

in Definition A.2.1.

Definition A.2.1 (n-dimensional copula). Let N' = {1,...,n} be a set of n € Nt in-
dices. Let U = (Uy,...,U,) be a vector of n uniform random variables with corresponding
realisation vector u = (uq, ..., u,) where each u; € [0,1] for i € N. Then, a copula is a

function C : [0,1]™ — [0, 1] that satisfies the following properties:
1. Let some u; =0 fori € N. Then, Cy(u) = 0.

2. Denote N* = N\ {i} as the set of indices where one index i € N is missing. Let
ui= =1 for all i* € N*. Then, Cy(u) = u;.

3. Let V = {vy,...,v,} and W = {w,...,w,} be two sets with n elements such that
vi,w; € [0,1] and v; < w; fori € N. Additionally, vy < vgy1 and wy, < wyyq for
all k € N'\ {n}. Now, denote U = {vy, w1} X ... x {v,, w,} as the n-ary Cartesian

product of all pairs {v;, w;}. Then, we have the following restriction:

S (- )Eet ey, (u) 2 0

u*ely
where u* is an n-tuple of U, u} is the i*" value of u*, 3", \/[v; = u}] is a summation
of Iverson brackets where [v; = ul] = 1 if the condition is true, and 0 if the condi-
tion is false. Note that (—1)xienVi=wl = 1 if v; = u* is true for an even number of

times, and —1 if v; = u} s true for an odd number of times.

Essentially, this implies that C' has to be n-increasing.

A.3 Reflected Copulas

Some copulas, such as the strict Clayton copula, can only model positive dependence be-
tween variables. In order to model negative dependence with such copulas, one can reflect
the copula with respect to a hyperplane. Reflection is often called rotation for bivariate

copulas, see for instance Brechmann and Schepsmeier (2013) and Nikoloulopoulos (2015).
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However, the exact definition of rotation differs in the literature. Consider a bivariate cop-
ula Cy, v, (u1,uz) and let CF , (u1,uz) denote the copula notated by 90 degrees. Then,
Brechmann and Schepsmeier (2013) uses C7° 5, (u1,uz) = uz — Cuy v, (1 — ug, up). Yet,

Nikoloulopoulos (2015) uses C7 17, (1, u2) = uy — Cp, v, (u1,1 — ug).

The concept of rotation becomes more difficult to grasp when the number of dimen-
sions increases. Therefore, we use the term reflected copula. We give a definition for the
reflected copula in Definition A.3.1. We introduce the reflection operator (with respect

to a hyperplane) in Definition A.3.2.

A.3.1 n-variate Reflected Copulas

Definition A.3.1 (Reflection of n-variate copulas with respect to a hyperplane). Let
Uy, ..., U, be n uniform random wvariables with realisations uq,...,u,. Denote the n-

variate copula as Cy,...u, (U1, ..., u,) =P U <uy,...,U, < uyl.

Now, let some U =1—U; withi € {1,...,n}. Then, we call Cy, v+ v, (U1,...,u,) =

3

PlU, <wuy,...,Uf <wy,...,U, < uy,l the reflected copula in U; with respect to the hyper-

plane u; = % We call this the reflected copula in U; as well.
Definition A.3.2 (Reflection operator). Let Uy, ..., U, be n uniform random variables
with realisations uy, . ..,u,. Denote the n-variate copula as Cy, .. v, (u1,...,u,). Then,

the reflection operator on the i argument with respect to the hyperplane u; = % 18 denoted

as RiCuy, . v, (U1,...,un) = Cuy. vs...u, (U1,...,u,) which is the reflected copula in U}

FAPTETY

as giwen by Definition A.3.1. A sequence of reflection operators R;--- Ry, is denoted as

Rj. 1 where j,k € {1,...,n}.

A bivariate copula reflected in both of its arguments gives a particular expression. Nelsen
(2007) calls this expression the survival copula. He shows that Ry 2Cy, v, (u1,u2) = uq +
uy—14+Cy, v, (1 — uy, 1 — uy). We give the definition of a joint survival copula in Definition

A3.3.

Definition A.3.3 (Joint survival copula). Let Uy, ..., U, be n uniform random variables
with realisations uy, . ..,u,. Denote the n-variate copula as Cy, .. v, (u1,...,u,). Then,
Ry .2Cu,. v, (u1,...,uy,) is called the joint survival copula.
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One may wonder if any joint survival copula can be expressed by their non-reflected
counterparts. Not only is this possible for joint survival copulas, it is possible for any
reflected copula. We show this in Theorem A.3.4. The relation between n-variate joint
survival copulas and their non-reflected counterparts follows immediately from Theorem

A.3.4. This relation is given by Corollary A.3.4.1.

Theorem A.3.4 (Relation reflected copula and regular copula). Let

N ={1,...,n} beasetofn € {2,3,...} indices and C,), . (w)ien) = Cun,v (ua, -y un)
be an n-variate copula. Let R C N be a set of all indices to be reflected and M =N \R

as the set of indices that will not be reflected. Let R _, denote the reflection operator

as defined in Definition A.3.2. Then, the reflected copula in (U,),.r is given by:

Ry, en Oy (i)icn)

— [M = 0] <—(n — 1)+ Zm) HIM=1](w));epq + M > U Cyy, <(uj>j€M>

1EN
— (M > 03 Cw, (w7 (1 = uy)=7)
H ‘ ]TEZR (U])jE{T}UM< Y ( UJ) Je{rtumM
i [k¢R"] heR”
+ Z(_l)r Z C(Uk)kER*UM ((uk (1 B uk)[ ) ]>k R* ./Vl> . (28>
r=2 R*CR:R*|=r o

Note that we do not mean that the copula is defined over tuples nor that it takes a tuple

as 1ts argument.

Proof. We have that R;C(-) transforms the ' variable from U; — U} = 1 — U;. Now, we
use P[Uf <w;)=P[1 —-U; <w] =PI[U; > u;|. Thus, we have that

Ry +Cuivn (ur,.. o yuy) =P Uy >1—1upy,... .U, >1—u,,,U;; <wujy,...,U; <ujl.
We rewrite this probability by using the inclusion-exclusion principle. Let there be n

events
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E; ..., E, Then, the inclusion-exclusion principle for probabilities states that

PIUE|=)_PE]- > P[ENE]
ieN ieN i,JEN <]
+ Y PIENENE]—...+(-1)""P|()E
i,J,kENi<j<k ieN
-S> rlN)s
ieN MCN:M|=i  Ljem
where we need to have that N = {1,...,n}. We want to find an expression for

p [ﬂreR U >1—=u e 1U; < uj}} . Let § denote the sample space. Then, by using

De Morgan’s laws we have:

Pl {U>1-u} () {U; <uy}
reR JEM
=P (S\U{Uril—ur}>ﬂ{Uj§uj}]
L reR JjEM
=P (s N {U; < uj}> \ (U ({Ur <l-u} [ {U; < uﬂ))]
. JjEM reR JEM
=P|S ) {U; Suj}] - P [U <{Ur <1-u} () {U Sw})]
L jeM reR JEM

=[M=@]+(1—[M=®])Plﬂ {UjSUj}] -P
jeM

U <{Ur <l-wu} m {U; < uﬁ)]

reER JEM

where we use that the complement of the event {U, > 1 — u,} equals {U, <1 —u,}. We
can use a subtraction of probabilities as |J,.r {Ur <1 —u,} C S and thus

Urer {Ur < 1= u} Njem (U5 < ujt € SMjenm {Uj < uy}. Note that

P[SMcn {U; < uj}| # P [mjeM{Uj < u;}| for M = 0. For M = 0 we have that
PISNjem Ui <w}| = P[S] = 1 = [M = (] Now, we use the inclusion-exclusion
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principle so that

Pl {U>1-u} () {U; <uy}

reR JEM

=M=0+1-[M=0P|({U;<w}| -P

LjEM

U <{Ur <l-wu} ﬂ {U; < U’J}>]

rerR JEM

=M=0+1-[M=0)P| ({0 <u}

LjEM
IR|
=D =Tty P[ N ({Ur* <1-u-} () {U; < M)]
r=1 R*CR:|R*|=r r*eR* JEM

=[M=@]+(1—[M=@])P[ﬂ {Ujﬁuj}]

JEM

[R|
+ Z(_l)r Z P [ ﬂ ({Ur* <1 -} m {UJ < uj}>]

R*CR:|R*|=r Lr*eR* jeM

The joint probabilities can be written in terms of copulas, whereas we can use P [U, < u,] =

u, for univariate probabilities. Thus:

P

U >1-u} ) {U; guj}]

reR JEM

=[M=®]+(1—[M=@])P[ﬂ {Ujﬁuj}]

jeM
_Zp

{U, <1-w,} ﬂ {U; < UJ}]

reER jEM

%)

By P[m({Uwg—ur*}m{ujw)]
r=2 R*CR:|R*|=r r*eR* JEM

= M= 004+ [M] = 1] ()0 + [M] > 10Cay, (1))

— M =] Z (1 —wu,) —[|M]|>0] Z C(Uj)je{r}UM (<u£j7é7"] (1-— uj)[jr])je{T}UM)

reR reR

" (kR [heR"]
+ Z(_1> Z C(Uk)keR*uM ((uk <1 B uk) >k€R*UM>

r=2 R*CR:|R*|=r

Note that R* C R : |[R*| =1 is equivalent with r € R.
Now we can use that [M =0]—[M =0]> (1 —u,)=[M=0(—(R|=1)+ >, cr tr)-

62



Note that this expression is non-zero only when M = (). When that is the case, we have

R =N and |R| = n which concludes the proof. O

Corollary A.3.4.1 (Relation joint survival copula and regular copula). Let

Ry .2Cu,. v, (u1,...,u,) be ajoint survival copula. Then we have that
Ry . nOU1 ..... Un, (U17 ,Un)
= -+ w+ > 1) Y Cuy ((1 . uj)m) . (29)
keN ieENi>1 R*CN:|R*|=i

Note that we do not mean that the copula is defined over tuples nor that it takes a tuple

as its argument.

Proof. This follows immediately from Theorem A.3.4. We have that R =N = {1,...,n}
and M = (). Therefore, M =0] =1, [M]|>0] =0, [M|=1] =0 and [|[M]| > 1] =
0. O

A.3.2 2- and 3-variate Reflected Copulas

Often, applications use bivariate and occasionally trivariate copulas. Corollary A.3.4.2
and A.3.4.2 show, respectively, the relations of reflected bivariate and trivariate copulas

to the regular copula.

Corollary A.3.4.2 (Relation bivariate reflected copula and regular copula). Let
Cu, v, (u1,u2) be a bivariate copula. Then, we have the following relations for the reflec-

tions:

R Cy, v, (u1,u2) = ug — Cuyy v, (1 — ug, ug) (30)
R1,2CU1,U2 (ul,UQ) =—1 -+ U1 + U2 + CU1,U2 (1 — Uy, 1-— u2) (31)
RQCUl,Uz (Uh u2) =Uu; — CU1,U2 (Ul, 11— Uz) (32)

Proof. This follows immediately from Theorem A.3.4. For R; we have R = {1} and
M = {2}. For Ry we have R = {1,2} and M = (). Lastly, for Ry we have R = {2} and
M = {1}. O

Corollary A.3.4.3 (Relation trivariate reflected copula and regular copula). Let

Cu, Us.0s (U1, ug, ug) be a trivariate copula. Then, we have the following relations for the
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reflections:

R10U1,U2,U3 (Ul,Uz,U3) = CUQ,Ug (Uz,us) - CU1,U2,U3 (1 — Uy, Ug, U3)
Ry 2Cu, 0,05 (U1, u2,u3) = ug — Cyy v, (1 — ug, us) — Cuyu, (1 — ug, us)
+ Cuy o5 (1 —ug, 1 — ug, ug)
Ry 23Cy, vy 05 (U1, U2, u3) = =2+ uy + us + us + Cyy v, (1 — g, 1 — ug)
+Curyus (1 —u1, 1 —ug) + Cuyvy (1 —ug, 1 — us)
— Cuy 05 (1 — 1,1 —ug, 1 — ug)
Ry 3Cy, 0,05 (U1, u2,u3) = ug — Cuy v, (1 — ur, uz) — Cuy g (U2, 1 — u3)
+ Cuy vo05 (1 —up, 1 — ug, ug)
Ronl,Ug,Ug (Ul, Uz, U3) = OUl,U3 (Ul, Us) - OUl,Ug,U3 (Ul, 1 — uy, Us)
Ro3Cy, vy,05 (1, u2,u3) = u1 — Cy, y, (u1, 1 — uz) — Cuyy yy (ur, 1 — us)
+ Cuy o5 (U1, 1 — ug, 1 — ug)

R3CU1,U2,U3 (U1, Uz, U3) = CUl,Ug (ula UQ) - CUl,Ug,Ug (ula U, 1 — Us)

Proof. This follows immediately from Theorem A.3.4. For R; we have R = {1} and
M = {2,3}. For Ry we have R = {1,2} and M = {3}. Lastly, for R, 23 we have
R ={1,2,3} and M = (). The other configurations follow similarly. O

A.3.3 Argument-Addition Operator

One can conveniently determine the formula of some higher-variate reflected copulas in
terms of non-reflected copulas by adding arguments to lower-variate copulas. We introduce
the argument-addition operator which is given by Definition A.3.5. With the argument-
addition operator, Theorem A.3.6 defines the relation between reflected copulas and their

non-reflected counterparts differently.

Definition A.3.5 (Argument-addition operator). Let Uy, ..., U, be n uniform random
variables with realisations uy, . . ., u,. Denote the n-variate copula as Cy, ... v, (U1, ..., Uy).
Then, the argument-addition (AA) operator that adds i arguments to a copula is defined
as

Ar, iCupvn, (U Un) = Cuy o Un Ui Ui (W15 - ooy Uy Ungts - -2 Unis) . The AA op-

erator on some u; € [0, 1] belonging to uniform random variable U; is defined as A; . ju; =
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S UisteeUjrs (Wi Wig1s -, Ujyq). Adding a named argument u; can be denoted as A,,.

Note that adding the same argument twice is undefined.

Theorem A.3.6 (Argument-addition operator and reflected copulas). Let

N ={1,...,n} beasetofn € {2,3,...} indices and C(v,),_,. (ti);epr) = Cun...v, (un, - .., )
be an n-variate copula. Let R C N be a set of all indices to be reflected and M =N \R

as the set of indices that will not be reflected. Let R, . denote the reflection operator

as defined in Definition A.3.2 and let A denote the argument-addition operator as defined

i reflected copula in A.3.5. Then, the following relation holds:

Ri)enCwnion ((Wi)ienr) = Aty en Bmrer Ctn),ere ((Ur)per) - (33)

That is, we reflect an |R|-variate copula in all of its arguments and add the other arqu-

ments afterwards.

Proof. 1t is apparent that A(uj)jEMC(UT)reR ((ur)reR) = A(uj)jEMP [ﬂreR {U, < ur}} =
p [ﬂmn {U: <u b Njer U; < u]}] = Cw,), - Similarly, we have
A(uj)jeMR(T)TGRC(UT')reN ((UT)reR) - A(Uj)jeMP [ﬂreR {U,>1~ ur}]
=P [ﬂreR U >1—u} (Ver {U; < u]}] = Ri),exnCw),y ((1i);enr) which concludes
the proof. ]

The AA-operator itself is, like the reflection operator, commutative. Moreover, we have
Ay Ry, = Ry;Ay, it and only if w; # uy. If u; = uy, then A, R,; is not defined as
it implies that the variable is reflected and then added, even though it needs to exist
when the reflection takes place. Adding a variable that is already defined is an undefined

operation.

A.3.4 Derivatives of Reflected Copulas

Theorem A.3.7 shows that the derivative of any n-variate reflected copula solely depends

on the (generally mixed) derivative of n-variate non-reflected copulas.

Theorem A.3.7 (n'"-order derivatives of n-variate reflected copulas). Using the notation

in Theorem A.3.4, the relation for n'®-order mized derivative of the n-variate reflected
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copula is given by:

—1)Zhenctise [ =] p Ry, o C. | o
J con’ r ) .
Z ( 1) (4) eNcont (r)rer“~ (Us) eN (u])jeNCOnt 5 (uk’)ke/\/’ e
(u}z)ke/\[disc eu
— Z (—1)Zk€NdisC [u;:UZ]+|R|+|RﬂNCont|D(

(uz)ke/\[disc eu

ieMNANcont iERNNcont o\ |[ie MO\ dise w\ [ieRNN disc
Gl (= T e e} )
1€

j)j eNcont

K3 3

(34)

disc

where U = T ];.c paise {u;,uk} is the nY-ary Cartesian product of all n®° discrete reali-

disc

sations and their left limits with the Cartesian product containing |U| = 2™ nd_tuples
(ug) gepraise, R s the set of indices corresponding to random variables to be reflected and
M =R\N. We use Euler’s differential notation, meaning that we take partial deriva-
tives of C with respect to the first n®™ arguments first and then evaluate the obtained

expression. R refers to the reflection operator given by Definition A.3.2.

Proof. This follows from (28) in Theorem A.3.4. Intuitively, if some U; is continuous for
i € N, then the partial derivatives of the terms not containing u; are zero. Moreover, if
some U, is discrete, then taking differences of terms not containing u; results in zeros.
Therefore, the only term that could be non-zero is the term containing all variables. This
term is preceded by (—1)®l, see (28). Note that D, R,Cy,... = —D1Cy,.... Using Leibniz

notation, that means:

8CU1,... a (1 - ul) aCUl,... aCUl,...

Ouy ouy, 0(1—w) 0l —w)

The first argument of Dy R, Cy, .. is in fact 1 —uy. Thus, we have to multiply the derivative
of the copula with (—1)‘RON . O

Corollary A.3.7.1 (2nd-order derivatives of continuous bivariate reflected copulas). Let

Cu, v, (u1,u2) be a bivariate copula. Let both Uy and Uy be continuous uniform random
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variables. Then, the 2nd-order derivatives of the reflected copulas are given by:

D1 92R,Cy, v, (u1,u2) = D1 2Cy, v, (1 — uy, us)
D1,2R1720U1,U2 (Uh UQ) = D1,2CU17U2 (1 —u, 1 — UQ)

D1,2R2CU1,U2 (Ub U2) = D1,2CU1,U2 (UI; 11— UQ)

Proof. This follows immediately from (34) in Theorem A.3.7. In all cases we have
N = . For Dy »R,Cy, v, and Dy 2RyCy, v, we have |R| = [RNN"| = 1. Thus,
(—1)|R|+‘7mj\/cont = 1. For DysRy1Cy, 5, we have |R| = |[RNN™| = 2 and thus

(—1)|R|+‘RONCOM| =1 as well. O

Corollary A.3.7.2 (2nd-order derivatives of mixed bivariate reflected copulas). Let
Cu, v, (u1,u2) be a bivariate copula. Let Uy be a continuous uniform random variable

and let Uy be discrete uniform. Then, the 2nd-order mized derivatives are given by:

DR\ Cy, v, (ur,u2) — D1 R Cy, 1, (Uh Ug_)

= D1Cy, v, (1 —uy,u2) — D1Cy, 1, (1 — ul,ug)

D1 Ry 5Cu, v, (U1, u2) — D1 Ry 2C, 1 (ul, U;)

= D1Cy, v, (1 —up, 1 — u;) — Di1Cuy v, (1 —ug, 1 — ug)
D1 RyCy, v, (u1, u2) — D1R2Cu, (Uh Ug_)

- DICU1,U2 (Ul,l - U’;) - DICU1,U2 (u17 1 - ’UQ)

Proof. This follows immediately from (34) in Theorem A.3.7. In all cases we have N'4i5¢ =
{2}. For D, R,Cy, v, we have |R| = |[R NN = 1. Thus, (—1)[“2:“5]+‘R‘+|RQNCOM| =1
and (—1) [uz =ug [HRIHRON™] _ 1 We see opposite signs for the other two mixed deriva-
tives. For DRy 2Cy, v, we have |R| = 2 and |[R N N™| = 1. Lastly, for Dy R2Cl, 1, we

have |[R| =1 and |[R N N™| = 0. Thus, for both Dy R 2Cy;, 7, and Dy RyCly, 1, we have
(_1)[u2=u2_]+\R\+’RﬁNC°“t’ — 1 and (_1>[u2_:u2_}+\73\+’73ﬁ./\/’c°“"| -1 ]

Corollary A.3.7.3 (2nd-order derivatives of discrete bivariate reflected copulas). Let

Cuy v, (u1,u2) be a bivariate copula. Let both Uy and Uy be discrete uniform random
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variables. Then, the 2nd-order derivatives of the reflected copulas are given by:

RiCy, v, (w1, u9) — RiCy, v, (uy,u2) — RiCu, v, (w1, uy) + RaCoy v, (uy,uy)
= —Cuy v, (1 —ug,w) + Cuyoy (1 — ul, us)
+ Co, (1= wi,uy) — Coyy (1 —uy,uy)
R12Cy, v, (u1,u2) — R12Cu, v, (uy,u2) — Ri12Cu, v, (w1, uy ) + Ri2Cuy v, (ui, uy)
=Cuyvp (1 —u1, 1 —us) — Cyyp, (1 =y, 1 — us)
—Con (L=, 1 —uy) + Coypy (1 —uy, 1 —uy)
RoCu, v, (u1,u2) — RoCuy v, (u7, u2) — RaClyy v, (wr,u3) + RoCluy vy (uy,uy)
= —Cu v, (u1, 1 —u2) + Cuy v, (uy, 1 — un)

+ CUl,UQ (ula 11— UQ_) - CU1,U2 (Ul_, 1-— u;)

Proof. This follows immediately from applying the reflection operator to each of the
terms. It also follows from (34) in Theorem A.3.7. In all cases we have N4 = {1 2}
and |[R NN = 0. For both R,Cy, y, and RyCy, y, we have |R| = 1. Thus, we have

(_1)[u1=uf]+[u2=u;]+\73\ —_ (_1)[u1_:u1_]+[u2_:u2_]+\7€| — —1 and (_1)[u1_:u1_]+[u2:u2_]+|72| _
(—1)[“1:“1_]+[“2_:“2_]+‘R| = 1. We have the exact opposite for R; 2Cy, , which concludes

the proof. n

A.4 Bivariate Copulas and Derivatives

This section of the appendix shows the derivation of (mixed) derivatives for the bivariate
strict Clayton, Frank and Plackett copula. The discrete derivative of any bivariate copula

Cu, v, (u1,ug) is given by:
CULUQ (ula u2> - CUl,Uz (uf7 u2) - CU1,U2 (ulv u;) + CULUQ (UI, u;) (35)
where we define u; =lim_, - z for all i € {1,2}.

A.4.1 Clayton Copula

The strict bivariate Clayton copula first appears in Clayton (1978). It also called the

Cook-Johnson copula after Cook and Johnson (1981). It is an Archimedean copula, see
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e.g. Nelsen (2007). The Clayton copula is given in Table 2:

_ _ —0—1
OUl,Ug(ula UQ|9) = (U,l 0 + U29 — 1)

with @ > 0. This copula becomes the co-monotonic copula when 8 — oo and the indepen-
dence copula when 8 — 0. The strict Clayton copula cannot model negative dependence.
The reflected Ry and R, Clayton copulas can model negative dependence however. The
relation between 6 and Kendall’s tau is given by 7 = (6 + 2)~! where 7 is Kendall’s tau.

Assuming that U; is continuous, the partial derivatives with respect to u; is given by:

_o_ _ _ —6-1-1
D, Cu, v, (u1,us|f) = uy -1 (u1 o+ u29 — 1) .

If U, is continuous, the derivative with respect to u; and ug is given by:

_ -1 —pH— _ _ —6-1-2
Dy, 1, Cury v, (U1, us|0) = —0 (—9 L 1) u29 1u19 ! (ula + u29 = 1)

_p—1_
=0+ 1) u " 'y (0 +uy? - 1) o

If U, is discrete, the derivative with respect to u; and us is given by:

Dy, Cy, v, (u1, uz|0) — Dy, Cuyy v, (1, uy [0)

— 0! ((ul_e + uy? — 1)_971_1 — <u1_9 + (u;)ﬂ9 - 1) 9_11) : (37)

where we define u, = lim, g 2 If both U; and U, are uniform discrete random variables,

then the discrete derivative is simply given by (35) using the formula of the Clayton copula.

We often work with logarithms of copula derivatives. The logarithm of (36) is given

by

1og Doy iy Cuy v, (1, u2|0) = log (6 + 1) + (=60 — 1) (log uy + log usg)

+ (=67 = 2) log (u;” +u;” — 1), (38)
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The logarithm of (37) is given by:
log (DU1CU1,U2 (ula u2|9) - Du10U1,U2 (ula u2_’9))
0 _p 11 0 ) —07-1
= (=0 —1)logus + log | (u;” +uy’ — 1) - (ul + (uy) - 1) . (39)

A.4.2 Frank Copula

The bivariate Frank copula first appeared in Frank (1979) who shows that the copula is
radially symmetric. The Frank copula appears in Table 2 and is given by:

—Ou; 1 —Ous 1
Cuy v, (U1, u2]0) = —llog (1 X (@ ) (e )>

0 e ¥ —1

with # € R\ {0}. This copula becomes the co-monotonic copula when 6 — oo, the
counter-monotonic copula when § — —oo and the independence copula when 6 — 0.
Let U; be a continuous uniform random variable. Then, the first-order derivative of this

bivariate copula with respect to u; is given by:

Du1 OUl,Ug (u17 U2 |0)

—1
) =P
€

) -0 _ ]

_ e—9u1 e—@ —1 (€—9U2 - 1)
e —1+4 (e —1) (e fu2 —1)
e—Gul (e—Gug - 1)
e —1+ (e —1)(e 2 —1)

Then, if U, is continuous, we can derive the second-order derivative. We take the derivative
with respect to e~%2 — 1 and multiply by —fe=%2, as this reduces the number of chain
rules that we would have to apply otherwise. The derivative is given by (40). If Us
is discrete, then the derivative is given by (41) where we define u, = lim,_, - z. The

logarithm of (40) and (41) are given by (43) and (44) respectively.
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Du17u2 CU1,U2 (ub UQ‘G)

_ gt e (e 1)
J(e w2 —1) e —1+ (e7fn — 1) (e 72 — 1)

o [P L (e 1) (e - )
(e —1+4 (e —1) (e~ 0u2 — 1))2

6—6‘u1 (e—Guz _ 1) (6—9u1 - 1)
(6*9 —1 + (efeul — 1) (67911,2 . 1))2

R T Y O )

R (670 — 1+ (e7f1 — 1) (e~0u2 — 1))

(e—eug _ 1) (e—eul _ 1)
1))2>

N (e70 —1+4 (e7 0w — 1) (e7fu2 —

_ e futu) ( e’ —1 ) (40)
(670 — 1+ (e70m — 1) (e=0w — 1))?

DU1CU1,U2 (ula u2|0) - DulcUhUz (ulv u2_|0)

o~ (efeug _ 1) e fm <e*9“5 — 1)

= 6_9 -1+ (6—9u1 _ 1) (6—0uz — 1) 6_0 — 14+ (6—9u1 _ 1) <e—9u5 _ 1)

e—Oul

(=0 — 1+ (e=0m — 1) (e=0u2 — 1)) (679 14 (efm —1) <e—9u5 - 1))
x (e 1) (e =1 (e = 1) (70 —1))
— (e 1) (=1 (e 1) (e 1))
et (0 — 1) (et — o)

= (=0 — 1+ (e=m — 1) (0w — 1)) (efg — 1+ (e7fm —1) (e—GUE — 1)) (41)

(42)
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108 Doy s Cury 17, (1, u2]0) = log (6 (1 — e7%)) — 0 (ug + us)
—log (77 =1+ (e = 1) (7= —1))°)
=log 6] +1log |1 — e | — 0 (w1 + us)

—2log|(e™ =14 (e —1) (e"2 —1))] (43)

(43) defined for € R\ {0}. Note that we cannot use log (f (1 —e?)) = log +
log (1 — 6’9) without using complex numbers, as log# is complex for § < 0. We can
circumvent this problem by using absolute values. After all, if # < 0 then 1 —e™% < 0 and

if>0then1—e?>0.

log (DuloUhUz (uh u2|9) - DU10U1,U2 (uh u2_|6))
= —0uy + log |e’9 — 1‘ +log |[e 42 — ¢~ 02
e —1+ (6_9“1 - 1) (e_(’“?_ — 1)‘

—logle™? =1+ (e —1) (e —1)| (44)

— log

A.4.3 Plackett Copula

The Plackett copula arises from the work of Plackett (1965) and appears in Table 2. It is

given by:

CU1,U2 <u17 u2|0>

(0= 1) () — (1 (0= 1) + 1)) — duyusb(f — 1))
B 2(0 — 1)

with & > 0,0 # 1. This copula becomes the co-monotonic copula when 6 — oo, the
counter-monotonic copula when 6 — 0 and the independence copula when 0 — 1. Let U;

be a continuous uniform random variable. Then, the first-order derivative of the bivariate

72



Plackett copula with respect to u; is given by:

Dy, Cy, v, (u1, uz|0)

1 (L (0= D) + 1)) — duyusf(0 — 1)) 2

> 26— 1)
X (20 = 1) (14 (8 = 1)(ur + us)) — 4us6(6 — 1))
= 5 = 5 (1 (0= D)+ ) — dugusf(0 — 1))
X (14 (0 — 1)(ur + uz) — 2usb)
_ % _ % (14 (0 — 1) + u2))? — duyuaf(0 — 1)) 2

X (14 0(uy — ug) —uy — us)

Let Uy be a continuous uniform random variable. In order to derive the second-order
derivative of the continuous Plackett copula, we need some intermediary results. We
rewrite (1+ (0 — 1)(uy 4 u))* — 4uyus0(0 — 1) to the expression given in (45). Then, we
multiply this with # + 1 and obtain the expression given in (46). We rewrite

(1 —0(uy —ug) —up —ug) (1 + 60(u; — ug) — up — ug) and obtain the expression given in
(47). Multiplying this with 6 — 1 gives (48). Finally, adding (46) and (48) gives (49),

which is used in the derivation of the derivative. The derivative is given by (77?).

(14 (0 — 1) (uy + uz))® — duqusf(0 — 1)

=1+2(0 — 1)(uy +uz) + (0 — 1)*(us + uz)? — dujuzf( — 1)

=1 —2u; — 2uy + 20(uy + ug) + (6% — 20 + 1)(u] + 2usuy + u3)
— dugusb? + duqusb

= ¢? (uf — 2ujug + ug) + 20 (u1 + Uy — uf — u%)

+u? + 2uqus + uZ — 2uy — 2us + 1 45
1 2
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0+ 1) (14 (0 — 1) (w1 + u2))” — dugus0(0 — 1))
= 0° (ui — 2ugus + u3) + 267 (ug + us — ui — u3)
+ 6 (uf + 2uqug + u% — 2uy — 2ug + 1)
+ 6% (uf — 2uyus + u3) + 260 (ug + us — uf — u3)
+ud + 2ugug + us — 2uy — 2uy + 1
= 0° (u] — 2uqus +u3) + 0% (2ug + 2us — uf — uj — 2ugus)
+0 (2u1u2 —u? —ul+ 1)

4+ u? + 2uiug + us — 2uy — 2uy + 1 (46)

(1 —0(uy —ug) —up —ug) (1 +0(ug —ug) —up — ug)

= (1 —uy —ug)® — 67 (ug — up)?

=1—-wu —U2—U1+u%+u1u2—u2+u1u2+ug
—6? (u% — 2uyug + u%)

= —0° (u] — 2uius + u3) + Ui + U3 + 2ugus — 2ug — 2us + 1 (47)

(0 —1) (1 = 0(ur — uz) —ur — up) (1 + 0(uy — uz) —uy — up)
= (u% — 2uquy + ug) + 6 (u% + u% + 2uqiug — 2u1 — 2us + 1)

+ 6% (uf — 2uyus + u3) — (uf + uj + 2uus — 2uy — 2up + 1) (48)
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(0 —1) (1 = 0(ur — ug) —uy — ug) (14 0(u1 — ua) — uy — uz)
+(0+1) (14 (0 —1)(ug + u2))® — duyus0(0 — 1)

=3 (uf — 2uqug + ug) + 9* (2u1 + 2uy — U —uj — 2u1u2)
+ 6 (2ugup — ui —uj + 1)
+u%+2u1uQ—|—ug—2u1 —2us +1
-6 (u% — 2uquy + ug) + 0 (u% + ug + 2uqiug — 2up — 2uq + 1)
+ 62 (u% — 2uyuy + U3 (u% 4+ u3 + 2uqug — 2uy — 2uy + 1)

= 0% (2uy + 2uy — dujuy) + 0 (duguy — 2uy — 2uy + 2)

=20 (0 (u1 — 2uqus + ug) + (2ugug — up — ug + 1))

Du1,u20U1,U2 (Ul, u2|9>

= (14 (0 = V)t +12))* — dunf(0 — 1))

N

5 (200 — 1) (14 (6 — 1)(uy + uz)) — 4w, 0(6 — 1))

X (1+0(U,1 —Ug) — U1 —U,Q)

D=

_ % (1+0—1)(u + U3))? — duyuqf(0 — 1) 2(-6-1)

= 2 (40— D +a))? — durush(6 — 1))
X (0= 1) (1= O(ur — us) — w1 — up)

X (14 0(up — ug) — ug — us)

+(0+1) (1 + (0= 1)(ur +u2))® — duuz6(6 — 1))

0 (6 (u1 — 2uqgus + u2) + (2uug — ug — ug + 1))
(14 (6 — 1)(us + u2))? — duyusf(6 — 1))

(49)
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Now assume that U, is discrete. Then, the mixed derivative is given by (50).

(Du, Cu, v, (U, u2|0) — Dy, Cuy v, (ur, uy |0))

1 14+ 0(uy —uy) —ug —uy
N (00— D +5))’ — g 00 - 1)’

1+9(U1—U2)—U1—U2

— 5 T (50)
The logarithm of D, .,Cu, v, (u1,us]0) is given by (51)
log ‘DULUZ OUl,Uz (uh u2|8)
= log 0 + log (0 (uq — 2ujus + ug) + (2uug — ug — ug + 1))
3
The logarithm of (50) is given by (52).
log (DU1CU1,U2 (uh u2|0) - DU1CU1,U2 (uh u2_|0))
~log 1+ 0(up —uy) —ug —ugy i
<(1 +(0—1)(us + ug))2 — duyus (0 — 1)> ’
. 1+ 9(u1 — UQ) — U1 — U2 _ 10g2 (52)

N|—=

((1+ (0 — 1) (ur + us))® — dugua6(6 — 1))

A.5 Common Bayesian Network Classifiers

Section 4.2.2 explains how Bayesian Networks can be used as classifiers. If Y is a cate-
gorical dependent variable and X = (X7,..., X)) is a vector of n random variables, then

we need to model the joint probability function fyx(y,x) by (6):

fY,X(y;X) = fY|Pay <y|paY) H inlani ('ri|ani)
ieN

where y € K, Pay and Pay, refer to the vector of random variables that are parents of

Y and X; respectively and pay and pay, are their corresponding realisation vectors.
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A commonly used BN classifier is the naive Bayes (NB) classifier. Here, the dependent
variable Y does not have any parents, meaning fy|pa, (¥|Pay) = fy(y). Moreover, all
explanatory variables are assumed to be independent and are only allowed to have Y as
their parent, meaning that fx,pay, (:L'i|ani) = fx,)v (z;|y). A graphical representation

of an NB classifier with three explanatory variables is given in Figure A.5.

Figure 3: Example of a graph structure used by a Naive Bayes (NB) classifier with three explanatory
variables X7, X5, X3. Each explanatory variable must have an incoming arc from the dependent variable
Y. Arcs between the explanatory variables are not allowed. The graph should be directed acyclic.

The joint probability function belonging to the random variables in Figure A.5 is given

by:

fY,Xl,XQ,Xg (Z/>CU1, T2, 903) = fY(y)fX1|Y (33113/) fxg\y (£U2|y) fXg\Y (333|y)

Another BN classifier is the tree-augmented naive Bayes (TAN) classifier. The underlying
DAG belonging to a TAN classifier is an NB structure with the addition of directed arcs

between the explanatory variables. An example is given in Figure A.5.

Figure 4: Example of a graph structure used by a Tree-augmented Naive Bayes (TAN) classifier with
three explanatory variables X7, X5, X3. Each explanatory variable must have an incoming arc from the
dependent variable Y. Arcs between the explanatory variables are allowed. The graph should be directed
acyclic.

The joint probability function belonging to the random variables in Figure A.5 is given

by:

Jyixixa.x5 (U, 21, T2, 23) = fy (Y) fxay (01]Y) fxapyx (T2ly, 71) fxgvix, (23ly, 22)
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A generalised BN classifier does not necessarily contain a naive Bayes structure. An
example is given in Figure A.5. The joint probability belonging to the random variables

in Figure A.5 is given by:

Jyxy xo.xs (U, 1, T2, T3) =[xy (23) fyixs WlTs) fxuy (21|y) Fxovix, (22]y, 21)

Note that fx, (z3) does not need to be determined when we are trying to predict values

Figure 5: Example of a graph structure used by a generalised Bayesian Network classifier with three
explanatory variables X7, X2, X3. Arcs can go from the explanatory variables to Y and vice versa. Arcs
between the explanatory variables are allowed. The graph should be directed acyclic.

for Y.

B Examples

B.1 Example for Theorem 4.3.2

The following serves as an illustration of Theorem 4.3.2. We will derive the joint prob-
ability function for some multivariate distribution. Let X; ~ Weibull, X, ~ Pareto and
X5 and X3 be discrete random variables. According to Sklar’s Theorem, see Theorem

4.3.1, there exists a 4-dimensional copula such that

FX1,X2,X3,X4 (1317372, I3, 1’4) = CX1,X2,X3,X4 (FX1 (131) ) FX2 (562) 7FX3 ($3) 7FX4 (374)) .

This copula is not uniquely determined by its marginals, as Fx, and Fl, are discrete.

However, the joint pdf fx, x,.x,x, can still be derived according to Theorem 4.3.2, see

(8).

We will use the same notation as in Theorem 4.3.2. Now, we have N = {1,4}, Ndisc =

{2,3} and N = Neonty N'dise = {1 4 2 3}. Evidently, Nont qNdisc = () peont = pdisc — 9
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and n = 4. The n¥*¢-ary Cartesian product U is given by: U = {FX2 (x;) , Fx, (.CEQ)}
x {Fx, (z3), Fx, (x3)}. Thus we have that U contains the following four 2-tuples:
(FX2 (IZ_) 7FX3 (Ig)), (FX2 (xQ_) 7FX3 (1‘3)), (FX2 ('TQ) 7FX3 (LU;)) and (FX2 ('rQ) 7FX3 (ZE3))

Note that we can write (F, (z3), Fx, (z3)) € U for (Fx, (xj))jGNdiSC € U as seen in

(8). Then, we can rewrite joint distribution function of X as:

fx(x) = 3 (—1)[Fxa (2 )=Fxa (23) ]+ [Py (25 )=Fxa (23)]
(Fxy(23).Fxy (23)) €U

D14Cuy w050, (Fixy (21), Fx, (w4) , Fx, (73) 5 Fx, (03)) fx, (21) fx, (04) -

By evaluating the Iverson brackets, we have the following expression for the joint pdf:

Fx(x) = fx, (21) fx, (@) (D14C0 va w0y (Fx, (1), Fx, (24) , Fx, (23) , Fx, (23))
- D1,4OU17U27U37U4 (FX1 (xl) >FX4 (1‘4) 7FX2 ($2_) 7FX3 (1‘3))
- D1,4CU1,U2,U3,U4 (FX1 (.7/'1> 7FX4 (CC'4) )FXQ (*/172) ) FX3 (5133_))

+ D1,4CU1,U2,U3,U4 (FXI (1‘1) ) FX4 (‘7;4> ) FX2 (x2) 7FX3 <x3)) )

One can use any multivariate copula to construct a joint For instance, consider the 4-

variate Clayton copula with parameter 6 given by

— _ _ _ —g-1
CU11U2,U3,U4 (ula Uz, Ug, u4|9) = (U1 o + UQG + U39 + U40 — 3)

See Nelsen (2007) for more information. The second order derivative of this copula with

respect to u; and wuy is given by:

1+29)

(1+ 0)uy Oy O (ui? +uy? +ug® +up? — 3)7( o

which can be used in fx(x).
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C List of Symbols

The following list of symbols is consistent throughout this thesis.

A set of arcs

A argument-addition (AA) operator, see Appendix A.3.3

B Bayesian network (BN), see Definition 4.2.2

C n-dimensional copula function, see Definition A.2.1

D Euler’s differential notation

D data, usually containing d realisations

Fx joint cumulative distribution function over vector with random variables X
Fx, cumulative distribution function over random variable X;

fx joint probability function over vector with random variables X

fx, probability function over random variable X;

G graph, often directed acyclic. see Definition 4.2.1

KC set of all k possible realisations of Y

N set of nodes

N set of natural numbers including 0: {0,1,2,...}

N7 set of natural numbers ezcluding 0: {1,2,...}

() the empty set {}

& empty variable

P probability measure

Pay; parent vector of X;, containing zero or more random variables

Pag?; parent vector of X; containing only categorical random variables including Y
Paglfjat parent vector of X; containing only non-categorical random variables
R reflection operation, see Appendix A.3.2 R set of real numbers (—o0, 00)
R? d-dimensional set of real numbers

R extended set of real numbers R U {—o00, 00}

R? d-dimensional extended set of real numbers

u; defined as lim__, - 2

X vector with random variables

X, random variable ¢

x; realisation of X
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Y dependent random variable, categorical

y realisation of Y

y estimate of Y

© set of (cumulative) probability distributions

0 parameter of single-parameter copula function C'
§ estimate of 0

[a = b] Iverson brackets, evaluates to 1 if a = b and 0 otherwise.
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