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ABSTRACT

In order to forecast target variables using a dataset with a large number of variables, dimensionality
reduction methods are often applied to extract factors from the dataset and those factors are used
in forecasting models. The sparse principal component analysis is such a dimensionality reduction
technique that has the advantage of interpretability of its components. In this paper, I apply sparse
principal component to the Stock and Watson dataset where 132 variables are used to forecast the U.S
inflation and compare its predicting performances with the ordinary principal component analysis
and the partial least squares. Empirical results show that the sparse principal component analysis
brings improvements in forecasting accuracy compared to the ordinary principal component analysis.
And it works exceptionally well in the cases where the number of variables is greater than the number
of observations.

1 Introduction

When forecasting macroeconomic variables such as inflation, a dataset with a large number of predictors is often

available, and sometimes the number of variables is even greater than the number of observations. For example, the

Stock and Watson (2005) dataset contains 132 monthly U.S macroeconomic series. Having more available variables

means having more available information and this provides a possibility to enhances the predicting performance.

However, it also aggravates the problem of high dimensionality for forecasting concerns. Regressing the response

variables on too many explanatory variables might result in over-fitting and reduce the out-of-sample forecasting

performance. To deal with the problem caused by too many predictors, one choice is to use factor models. By applying

factor models, the large data set of predictors is reduced to a lower-dimensional set consisting of several factors and the

response variables are regressed on those factors.

Factor models extract from the data set the informative common factors that are representative for the data. The

most popular and classic approach to obtain the common factors is called Principal Components Analysis (PCA).

PCA applies the orthogonal transformation to transform the predictors to linearly uncorrelated factors (principal

components) capturing maximal variances and ensuring minimal information loss. Stock and Watson (2002b) show

that for macroeconomic forecasting, applying PCA in a large set of variables brings significant improvement in

forecasting accuracy comparing with the conventional models which use a small number of variables, and PCA gives

consistent estimated factors. Bai and Ng (2008) evaluate the performances of PCA and its variations for macroeconomic

forecasting.

One disadvantage of PCA is that it is designed to extract the common information from the whole set of predictors,

but it is not constructed for prediction, meaning that some of the extracted factors might not provide information for

predicting target variables. Wold (1966) proposes a statistical method named partial least squares (PLS), which is

a dimension reduction scheme taking into consideration the aim of prediction. PLS is suitable for macroeconomic

forecasting since it is valid even when the number of predictors is larger than the number of observations. Groen and

Kapetanios (2016) and Fuentes, Poncela, and Rodríguez (2015) show that PLS usually has relatively good performance

for forecasting U.S inflation in terms of mean squared forecast error. Kelly and Pruitt (2015) confirm the predictive

performance of the three-pass regression filter (3PRF), which is a one-component PLS.
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Another drawback of the Principal Component Analysis is that when the number of predictors is large, the obtained

PCs might be difficult to interpret. Using PCA, one principal component is a linear combination of all the predictors

with typically non-zero loadings, and so interpretation becomes challenging when having numerous predictors. Cadima

and Jolliffe (1995) show that in order to better interpret the principal components, truncating those predictors with

small-magnitude loadings and dealing with the approximated PCs which are linear combinations of the remaining

predictors is unreliable. However, the idea of variable selection is helpful. A bright variable selection scheme called

the lasso is introduced by Tibshirani (1996), which is a penalized least squares approach with a constraint of the L1

norm of the coefficients which can result in zero coefficients. Nevertheless, the lasso has the problem that when the

number of predictors p is larger than the number of samples n, it can at most choose n non-zero coefficients which is

inappropriate because sometimes we want to choose more than n variables. Zou and Hastie (2005) generalize the lasso

to another variable selection method named the elastic net by adding the ridge penalties to the lasso, which does not

have the aforementioned limitation.

Zou, Hastie, and Tibshirani (2006) propose the sparse principal component analysis (SPCA), which combines the

lasso penalty and elastic net with the PCA and gives principal components with sparse loadings. The sparsity of

loadings can be controlled flexibly and at most p variables can be chosen with non-zero loadings even when p > n.

Zou, Hastie, and Tibshirani (2006) prove that their algorithm of sparse principal component analysis has efficiency in

computation and the ability in identification of crucial predictors. With sparse loadings, the sparse principal components

are easier to be interpreted than principal components obtained from the ordinary PCA. However, just like PCA, SPCA

is designed without considering any correlation between the dataset and the response variable. Thus, we cannot make

any assumption about its predictive power. This brings up the question how SPCA performs in forecasting. Therefore, I

focus on investigating the accuracy of out-of-sample forecasting of SPCA for the U.S inflation, comparing with the

forecasting performances of PCA and PLS.

Comparisons between the forecasting performances of these approaches are made for Stock and Watson (2005) dataset.

Stock and Watson’s dataset contains 132 monthly U.S macroeconomic time series for the period from January 1959 to

December 2003. I only use the data from January 1960 to December 2003 because some time series are unavailable

before January 1960. Therefore, I have monthly observations for 43 years, so the total number of observations T = 528.

To obtain stationary time series the original time series are transformed. For detailed information on how they are

transformed, you can refer to Stock and Watson (2005).

Fuentes, Poncela, and Rodríguez (2015) also use the Stock and Watson dataset and perform PCA and PLS for seven

different subsamples. I use the same subsamples and apply PCA, PLS and SPCA. Then I compare my forecasting

results with the results from Fuentes, Poncela, and Rodríguez (2015) and both differences and similarities are found.

Moreover, I employ different subsamples where the number of predictors is greater than the number of samples and

investigate the forecasting performances of PCA, PLS and SPCA using these subsamples. The empirical result indicates

that a significant refinement for predicting accuracy can be obtained by applying sparsity in the principal component

analysis. For the subsamples used by Fuentes, Poncela, and Rodríguez (2015), PLS usually performs the best and

SPCA is better than PCA. For the subsamples where p > n, I find that the SPCA has the best performance among all

investigated methods.
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The structure of this thesis is as follows. Section 2 is about the data used. Section 3 presents how forecasting is done

and how factor models and PCA work, followed by the explanations of PLS, SPCA, and forecast evaluation methods.

Section 4 provides evaluation results. The conclusion is in Section 5.

2 Methodology

2.1 General version of the forecasting model

I want to perform h-step forecasting for the target variable y at time t, which means I want to predict yt+h, knowing

the information up to time t denoted by X that is the set of predictors. X is a t × p matrix, and p is the number of

predictors in X . From X I extract a set of K factors denoted as F̂ , and F̂ = [F̂1, ..., F̂t]
′, where F̂i are K × 1 vectors,

i = 1, ..., t. Then the general version of the forecasting model is written as

yt+h = µ+ φ(L)yt + β′(L)F̂t + ηt+h. (1)

Therefore, the target variable to be predicted h-step ahead from period t, yt+h, is regressed on the constant µ, the lags

of yt and the vector of factors F̂t and their lags. ηt+h denotes the forecasting error.

2.2 Factor Models

The factor models are presented as follows:

X = FΛ′ + εt, (2)

where X is the t× p matrix of observed predictors up to time t; F = [F1, ..., Ft]
′ is the t×K matrix of K common

factors extracted from X , and Fi is a K × 1 vector, i = 1, ..., t; Λ = [λ1, λ2, ...λK ] denotes the p×K matrix of factor

loadings and each λi is the p× 1 vector of loadings of factor i, i = 1, ...,K; εt is the idiosyncratic disturbance matrix.

It is assumed that disturbances and each of the common factors are uncorrelated. Also the idiosyncratic disturbances

are serially uncorrelated. Following this brief introduction of factor models, I discuss the variants of them.

2.3 Principal Component Analysis

The factors extracted from PCA are linear combinations of the predictors. Those factors can be used in a linear regression

to forecast the target variable. At time period t, estimating the factors is equivalent to solving the maximization of

Ntr(Λ̃′X ′XΛ̃) subject to Λ̃′Λ̃ = Ir, where tr(·) is the matrix trace and X denotes the matrix of all observed predictors

up to time t, with each vector of the predictors is standardized such that it has zero mean and variance equal to one. This

problem is solved by setting Λ̃ equal to the eigenvectors of X ′X corresponding to its K largest eigenvalues. Therefore,

the estimated factors are F̂t = Λ̂′X .

From the above explanation of PCA, it is easy to notice that the factors extracted from X does not consider any

correction between those factors and the variables to be predicted. The factors are merely representatives for the dataset

X , and as what Fuentes, Poncela, and Rodríguez (2015) say, we do not even know whether they have any forecasting

power over the response variable.
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2.4 Partial Least Squares

Partial least squares (PLS) is a scheme for dimension reduction inspired by Wold (1966) that extracts orthogonal

unobserved components. Similarly to PCA, PLS components are obtained from eigenvector decomposition, but in

consecutive steps. One of the differences between PLS and PCA is that not only information of the dataset is considered

in PLS, but also the correlation between the dataset and the forecasting variable. Therefore, PLS provides one possibility

to obtain better forecasting results than PCA and it is interesting to see how PLS performs in forecasting. Fuentes,

Poncela, and Rodríguez (2015) explain how PLS work in general and employ three specific PLS approaches .

To find the first PLS component, the eigenvalue decomposition is performed on the matrix:

M = X ′Y Y ′X, (3)

where the t× p matrix X is again the information up to time t and Y = (y1, ..., yt)
′ is the vector of forecasting variable

up to tome t. f̂PLSjt , which denotes the first PLS component, is computed by a linear combination of X and the M ’s

first eigenvector. To obtain the second PLS component, the first PLS components are regressed on Y and on each

predictor in X respectively. Then the eigenvalue decomposition is applied for the residuals of those regressions, where

the unexplained information is in those residuals. This procedure continues until the last PLS component is found.

I use both static and dynamic (considering the dynamics of time series) approaches of PLS used by Fuentes, Poncela,

and Rodríguez (2015) for forecasting, which are different in the ways the predictors are used. The forecasting model is

given as follows:

yt+h = β′(L)Zt + φ(L)yt + ut+h, (4)

Zt = W ′Xt. (5)

The h-step ahead forecasting equation for y is given by Equation (4), which contains yt and its lags, and the components

Zt and their lags. The unobserved components in Equation (5) are Zt = f̂PLSt , the PLS factors. Zt are linear

combinations of Xt, the p× 1 vector of predictors observed at time t, and p×K weighting matrix W . Now I introduce

one static approach and two dynamic approaches for forecasting using PLS.

The static approach (SA) applies PLS between Yt+h and the original X . The lags of yt are in Equation (4) and are not

included in Equation (5) for forming Zt. M = X ′YhY
′
hX , where Yh = (yh+1, . . . , yT+h).

The first dynamic approach, (DA1) uses PLS between Yh and Xe, which includes the lags of the target variable. The

lags of the target variables are excluded from Equation (4) and are as predictors in Equation (5).

The second dynamic approach, (DA2) first performs an AR(p) regression for the target variable Yh. Then it applies

PLS between the residuals obtained from the AP(p) process and the original X . Equation (4) includes the lags of the

target variable.

I give examples of how those three approaches are actually calculated, using a simple case where the number of PLS

components is k = 1, the number of predictors is N = 2 and the number of lags is 1. The examples for each of the

approaches are as follows.

For SA,

yt+h = β1Zt + φyt + ut+h, (6)
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Zt = w1x1t + w2x2t, (7)

where Zt = f̂PLSt . wi, i = 1, 2, denote the weights of the predictors in the PLS component. The following optimization

problem needs to be solved in order to find the direction vector x,

w = arg max
w

w′X ′tYt+hY
′
t+hXtw subject to w′w = 1 (8)

where w = (w1, . . . , wr)
′ and in this case r = 2. The objective function of optimization problem (8) is given by

max
(w1w2)

w2
1

[
T∑
t=1

x1tyt+h

]2
+ 2w2w2

[
T∑
t=1

x1tyt+h

][
T∑
t=1

x2tyt+h

]
+w2

2

[
T∑
t=1

x2tyt+h

]2
+ λ

(
w2

1 + w2
2 − 1

)
. (9)

The direction vector w of the first PLS component is obtained by solving this problem. Therefore, fPLSt = Zt can be

computed and it is used in Equation (6) as the set of explanatory variables.

For DA1 the model is given by

yt+h = β1Zt + ut+h, (10)

Zt = w1x1t + w2x2t + w3yt, (11)

where the target variables are included in X and are not in the forecasting equation.

DA2 incorporates the AR(p) process and the optimization problem for the direction vector w is

w = arg max
w

w′X ′tY Y
′Xtw subject to w′w = 1, (12)

where Y = [Yt+h − φYt]. And the objective function is given by

max
(w1w2)

[
w1

[
T∑
t=1

x1t (yt+h − φyt)

]
+ w2

[
T∑
t=1

x2t (yt+h − φyt)

]]2
+ λ

(
w2

1 + w2
2 − 1

)
. (13)

All vectors of predictors in X and Xe of these three approaches are standardized as well. One algorithm of PLS is

developed by Wold (1975) and called NIPALS. I make use of this algorithm to compute the PLS factors.

2.5 Sparse Principal Component Analysis

Proposed by Zou, Hastie, and Tibshirani (2006), sparse principal component analysis (SPCA) is a method based on

PCA, the lasso and the elastic net, which instead of giving nonzero loadings to all predictors for each component,

allows sparse loadings. The two-objective optimization problem for this method is:

(Â, B̂) = arg min
A,B

n∑
i=1

∥∥xi −ABTxi
∥∥2 + λ

K∑
j=1

‖βj‖2 +

K∑
j=1

λ1,j ‖βj‖1

subject to ATA = IK×K .

(14)

This is call the SPCA criterion. The number of predictors is p and the number of components isK. Ap×K = [α1, ..., αk]

is the matrix of loadings of factors that transforms the factors to the size of original data. And Bp×K = [β1, ..., βk]

denotes the matrix of loadings of predictors, which transforms the predictors to factors. xi is the ith row vector of X

and n is the number of observations. In this optimization problem, the term λ
∑k
j=1 ‖βj‖

2 are the ridge penalties and
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∑k
j=1 λ1,j ‖βj‖1 are the lasso penalties, which controls the sparsity of the loadings. λ > 0 should be the same for all k

components and λ1,j > 0 can be different for each component, meaning that the loadings for different components

can be penalized to different sparsities. The constraint ATA = IK×K is call the orthogonal constraint, which ensures

orthogonality of the matrix A. Moreover, standardization is also applied for each predictor in X here.

From the SPCA criterion (14) one can see that similarly to PCA, SPCA does not consider any correlation between

the dataset and the forecasting variable. Given those penalties, the goal of the SPCA criterion is to minimize the sum

of squared difference between the original data X and the transformed data. And if B is set equal to A, and λ and

λ1,j , j = 1, ...,K are all 0, then

n∑
i=1

∥∥∥xi −ABTxi

∥∥∥2 =

n∑
i=1

∥∥xi −AATxi
∥∥2 . (15)

Together with the orthogonal constraint, the minimizer of A in Equation (15) is just equal to the first K loading vectors

of PCA.

The general algorithm to finding the optimal solution for SPCA provided by Zou, Hastie, and Tibshirani (2006) solves

the optimization problem by turning it into elastic net problems, which can be solved by the LARS-EN algorithm

proposed by Zou and Hastie (2005). I make use of the MATLAB toolbox made by Sjöstrand et al. (2018), which

implements the general SPCA algorithm and the SPCA algorithm with soft-thresholding based on Zou, Hastie, and

Tibshirani (2006).

3 Empirical Application

3.1 Forecast model and subsamples

To see performances of the above approaches in forecasting the U.S inflation, I apply the Stock and Watson (2005)

dataset. The variable to be predicted is y, the U.S logarithm of the consumer price index (CPI). According to Stock and

Watson (2002a), the target variable is assumed to be integrated of order 2 such that for h-step ahead forecasting:

yht+h =
1200

h
(yt+h − yt)− 1200 (yt − yt−1) . (16)

Moreover,

zt = 1200 (yt − yt−1)− 1200 (yt−1 − yt−2) . (17)

The final forecasting model is based on regressing yht+h on a constant, zt and its lags, and the estimated factors and

their lags. Therefore, following Fuentes, Poncela, and Rodríguez (2015), the h-step ahead forecast model at time t is

given by

yht+h = µ+ φ(L)zt + β′(L)F̂t, (18)

where µ is the constant; zt is obtained from (16) and φ(L) is the lag polynomial for it; F̂t are the factors extracted at t

and β′(L) denotes the lag polynomials for them. One needs to note that the number of lags of zt and F̂t can be different

and the maximum lag is 6 both. For each approach, the numbers of lags as well as the number of factors/components

included are selected at every time period t, which means the final forecast model may change each time step, and

details are discussed in Section 3.2. Additionally, 4 forecast horizons are considered, h = 1, 6, 12, 24.
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Table 1: Estimation and forecast subsamples, for h-step ahead forecast
SS Estimation subsample Forecast subsample

M1 1960:03 to 1970:03-h 1970:03 to 1980:12
M2 1960:03 to 1980:03-h 1980:03 to 1990:12
M3 1960:03 to 1990:03-h 1990:03 to 2000:12
M4 1960:03 to 1970:03-h 1970:03 to 1990:12
M5 1960:03 to 1970:03-h 1970:03 to 2000:12
M6 1960:03 to 1980:03-h 1980:03 to 2000:12
M7 1960:03 to 1970:03-h 1970:03 to 2003:12

Given the current time period t, the factors, as well as their lags, are computed using the loadings calculated from

the predictor matrix with information from the beginning up to t. In order to compare with Fuentes, Poncela, and

Rodríguez (2015) I use the same seven forecast subsamples which are listed in Table 1. The initial beginning period of

the estimations is always March 1960, while the first and the last forecast periods can be different for each subsample.

The column "Estimation subsample" in Table 1 are the first estimation subsamples and those estimation subsamples are

expanded with the new observation every time step, namely expanding window is applied here.

3.2 Model estimation and selection

In this subsection, I describe in detail how the forecast models are estimated and selected for each approach for the

h-step ahead forecast, provided that the current time period is t.

For PCA, the first 10 principal components are always extracted using information up to t. Then I need to decide how

many components to include, and how many lags to use for zt and the components separately. Define Lz ∈ {1, ..., 6}
as the number of lags of zt, Lf ∈ {1, ..., 6} the number of lags of components, and k ∈ {1, ..., 10} the first k principal

components to be included. The forecast model (18) is estimated for all combinations of Lz , Lf and k, and the

combination with the lowest BIC (Bayesian information criterion) is chosen as the final forecast model.

For each of the three PLS approaches, two types of forecast models are estimated at each time, namely the model

using only the first PLS component and the model using both the first and second PLS component. This is done since

according to Fuentes, Poncela, and Rodríguez (2015), with the first two components most of the best forecasting results

are obtained for PLS. Therefore, for each type, the number of factors is fixed, and the lags of zt and the factors are

selected in accordance to the minimum BIC the same way as PCA. Additionally, for the second dynamic approach

(DA2) with AR(p) process, define Lz ∈ {1, ..., 6} as the number of lags of zt, Lf ∈ {1, ..., 6} the number of lags of

components, and p ∈ {1, ..., 6} the number of lags for the AR process. The combination of Lz , Lf and p with the

minimum BIC is chosen for each type of forecast model.

While principal components computed from the ordinary PCA are uncorrelated, SPCA does not restrict the sparse

components to be uncorrelated. For the ordinary PCA, the total variance is just the sum of the variances explained by

each component. But due to correlation, this is too optimistic when computing the total variance explained by sparse

components. Zou, Hastie, and Tibshirani (2006) calculate the total variance in a different way, which considers the

correlations between the sparse principal components, and this is called the adjusted total variance. Figure 1 gives an

example of how the adjusted total variance explained by the first sparse principal component changes along with λ1,1 in

8
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equation (14), estimated from the dataset from March 1960 to March 1970. We can see that the adjusted total variance

reaches its peak when λ1 is approximately 9 and has a seemingly increasing shape (not strictly).

Figure 1: Adjusted total variance explained by the first sparse principal component extracted from the sample of 1960:03
to 1970:03. The horizontal line is the adjusted variance explained by the first ordinary principal component.

Algorithm 1 : λ1,j searching

Define the wanted proportion δ, 0 < δ < 1, and the number of sparse principal components k, k > 0.
Compute the adjust total variances explained by the j-th ordinary principal component and denote them as V0,j ,
j = 1, 2, ..., k;
λ = 9;
λ1 = (0, 0, ..., 0)′ a k × 1 vector;
found = (0, 0, ..., 0)′ a k × 1 vector;
while found 6= (1, 1, ..., 1)′ do

Compute the adjusted total variances explained by the j-th sparse principal component according to λ, and denote
them as Vj , j = 1, 2, ..., k;
for i = 1 : k do

if Vj

V0
<= δ and found(i) = 0 then

found(i) = 1;
λ1(i) = λ

end if
λ1,j = λ1,j − 0.2;

end for
end while

I aim to investigate the predictive power of SPCA. However, SPCA with different sparsities gives different sparse

principal components and then different foresting results. And it is difficult to say whether a more sparse SPCA or a

less sparse SPCA will have better forecasting performance. To compare SPCA with PCA and to see how forecasting

performances differ for SPCS with different sparsities, the adjusted total variance explained by sparse components

are chosen such that they are different proportions of the adjusted total variance explained by the ordinary principal

components. Algorithm 1 summarizes the procedure. A grid search for λ1,j for the j-th sparse principal component is

9
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done, such that the adjusted total variance explained by it, divided by the adjusted total variance explained by the j-th

ordinary principal component is at most a predefined proportion δ, 0 < δ < 1. Following the suggestion from Zou,

Hastie, and Tibshirani (2006) that the ridge penalty term coefficient λ in Equation 14 should be a small positive number

and the it does not affect the output very much, so it is set to be 0.01. Empirical results with setting λ to 0.001 and 0.1

confirms that the output does not change much for varying λ.

One might have noticed that the search starts from λ = 9. This is because empirical results show that when λ1,j > 9,

the j-th sparse principal component almost always explains as 100% of the adjusted total variance as the j-th ordinary

principal component explains (see Figure (1)). One might also doubt about why λ1,j decreases by 0.2 every step and

not a smaller number. This choice is due to that although the SPCA algorithm developed by Zou, Hastie, and Tibshirani

(2006) and implemented by Sjöstrand et al. (2018) is said to be efficient, it is still relatively computationally expensive.

Choosing 0.2 but not some other smaller number does result in more impreciseness, but I have to compromise to the

very limited time and the computational power of my devices. Because of the same reason stated above and the fact

that the first 2 sparse principal components can explain a large proportion of the total variance explained, I restrict

k ∈ {1, 2}, meaning that only the first 2 sparse principal components are extracted. Moreover, four different values of δ

are used ranging from the case where sparse PC explains most of the adjust total variance explained by PC to the case

where the proportion is less than a half, namely δ ∈ {0.50, 0.65, 0.80, 0.95}. For each δ, Algorithm 1 is performed to

determine the corresponding λ1,j , j = 1, 2 , then the number of components and numbers of lags of components and zt
included in the forecast model are determined by the same way of PCA by BIC. It needs to be mentioned that although

compensated with impreciseness, for each value of δ the entire computation of SPCA is still about 10 hours.

3.3 Evaluation methods

This subsection explains how the forecasting performances are evaluated. As the benchmark, I perform the following

AR(4) model for each h-step forecast:

yht+h = µ+ φ1zt + φ2zt−1 + φ3zt−2 + φ4zt−3. (19)

Then I apply the relative mean-squared forecast errors (RMSE) as a measure for the forecast performance, which is

computed as follows:

RMSE(approach) =
MSE(approach)

MSE(AR(4))
(20)

Therefore, a RMSE less than 1 means that the forecasting performance of the corresponding approach is better than that

of AR(4).

The Diebold and Mariano test, proposed byDiebold and Mariano (1995) tests the null hypothesis that the two models

have equal forecast accuracy. Suppose there are two forecasts {ŷ1t}Tt=1 and {ŷ2t}Tt=1 for the time series {yt}Tt=1,

and the corresponding forecast errors {e1t}Tt=1 and {e2t}Tt=1. The loss functions are defined as g(e1t) = e21t and

g(e2t) = e22t. Then the loss differential is

dt ≡ [g (e1t)− g (e2t)] . (21)

10
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The null hypothesis of equal forecast accuracy is equivalent to the null hypothesis that the loss differential series’

population mean is zero. Under the assumption of short memory and stationary covariance of the loss differential series

√
T (d− µ)

d→ N (0, 2πfd(0)) , (22)

where µ is the population mean of the loss differential and

d =
1

T

T∑
t=1

[g (eit)− g (ejt)] (23)

is the sample mean of the loss differential series. And

fd(0) =
1

2π

∞∑
τ=−∞

γd(τ) (24)

denotes the spectral density of the loss differential with 0 frequency and γd(τ) is the autocovariance. When the sample

is large enough, d d→ N (µ, 2πfd(0)). Then the null hypothesis has the N(0, 1) test statistic equal to

S1 =
d√

2πf̂d(0)
T

. (25)

In macroeconomic forecasting, not only prediction errors are essential, forecasting directions of changes in the time

series can also be of interest. Pesaran and Timmermann (1992) develop a non-parametric and distribution-free test for

the null hypothesis that given two time series xt and yt, Xt has no predictive power in forecasting yt. First the indicator

function if defined as

I(·) =

{
1 if · > 0

0 otherwise
(26)

Then

P̂ = n−1
n∑
t=1

I (ytxt) (27)

is the proportion that xt predicts the sign of yt correctly. And the estimator of P̂ ’s expectation is

P̂∗ = P̂yP̂x +
(

1− P̂y
)(

1− P̂x
)

(28)

under the null hypothesis, where P̂y = n−1
∑n
t=1 I (yt) and P̂x = n−1

∑n
t=1 I (xt). Moreover, the variances of P̂ is

V̂ (P̂ ) = n−1P̂∗

(
1− P̂s

)
(29)

and the variance of P̂∗ is

V̂ (P̂∗) = n−1(2P̂y − 1)P̂x(1− P̂x) + n−1(2P̂x − 1)2P̂y(1− P̂y) + 4n−2P̂yP̂x(1− P̂y)(1− P̂x) (30)

Then the test statistic is calculated as

Sn =
P̂ − P̂∗[

V̂ (P̂ )− V̂
(
P̂∗

)] 1
2

, (31)

which follows the standard normal distribution.

11
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3.4 Forecast results

In this subsection, the forecast results are exhibited. Table 2 gives the average ratios of the adjusted total variance

explained by the first two sparse PC over those explained by the first two ordinary PC for each δ. All ratios are smaller

than but close to from the corresponding δ, which is expected due to the nature of the applied algorithm. Table 3 shows

the average number of variables with non-zero weights of the first two sparse principal components selected by sparse

principal component analysis for each δ. The average number of variables in the first components is greater than that in

the second components. Especially when δ = 0.50, the average number of variables in the second components is less

than half of that in the first components.

Table 2: The average ratios of the adjusted total variance explained by the first two SPC over those explained by the
first two ordinary PC.

δ

0.95 0.80 0.65 0.50

1st sparse PC 0.9106 0.7651 0.6220 0.4761
2nd sparse PC 0.9315 0.7842 0.6337 0.4867

Table 3: The average number of variables for each δ for the first two sparse principal components
delta

0.95 0.80 0.65 0.50

1st sparse PC 108.34 88.59 69.33 46.29
2nd sparse PC 94.95 60.39 36.89 20.78

Table 4: RMSE, h = 1

PLS SPCA

period PC SA DA1 DA2 δ = 0.50 δ = 0.65 δ = 0.80 δ = 0.95

70.3-80.12 0.9688 1.1050 1.7096 1.0118* 0.9632 0.9687 0.9716 0.9689
80.3-90.12 0.9534 0.9854 1.0201 0.8966 0.9516 0.9585 0.9577 0.9524
90.3-00.12 0.8951 0.9268* 1.309* 0.9262* 0.9163 0.9139 0.9026 0.8971
70.3-90.12 0.9754 1.0553 1.3845 0.9758 0.9711 0.9777 0.9789 0.9748
70.3-00.12 0.9632 1.0334* 1.3706 0.9755 0.9638 0.9686 0.9676 0.9631
80.3-00.12 0.9395 0.9691 1.0921 0.9049 0.9450 0.9488 0.9450 0.9393
70.3-03.12 0.9535 1.0217 1.3471 0.9628 0.9569 0.9590 0.9580 0.9535
Note: The table shows the RMSE of PC, PLS and SPCA over the benchmark model for 1-step ahead forecast. For each approach of PLS,

the results are only shown for the number of components k (k = 1 or 2) which gives the best RMSE. An asterisk means k = 2 and those
bold entries are the best RMSE for each forecast subsample.

Table 4-7 give the RMSE for all the approaches I applied for the seven subsamples and h =1, 6, 12 and 24. It is obvious

that except the first dynamic PLS approach (DA1), all the other seven approaches outperform the simple AR(4) model

in most (192 out of 196) of the cases. for h = 1 PC, DA2 and SPCA(δ = 0.50) yields respectively two of the 7 best

RMSE and SPCA(δ = 0.95) gives one best result. For h = 6, 12, and 24, 76.2% (16 out of 21) best results are obtained

from SA, while DA2 yields three smallest RMSE for h = 6 and 1 for h = 12, and one best result is from PC for h = 24.

Totally, SA alone brings 57% best results. Forecasting performance generally gets better when the forecast horizon

12
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Table 5: RMSE, h = 6

PLS SPCA

period PC SA DA1 DA2 δ = 0.50 δ = 0.65 δ = 0.80 δ = 0.95

70.3-80.12 0.7117 0.7047 1.8324 0.6532 0.6723 0.6726 0.6724 0.6713
80.3-90.12 0.6867 0.6353 1.5013 0.6319 0.6848 0.6947 0.6900 0.6922
90.3-00.12 0.7195 0.6252 1.9068 0.6751 0.6462 0.6518 0.6528 0.6606
70.3-90.12 0.7234 0.7007 1.7358 0.6749 0.7014 0.7070 0.7046 0.7059
70.3-00.12 0.7139 0.6821 1.7431 0.6655 0.6881 0.6936 0.6915 0.6941
80.3-00.12 0.6786 0.6184 1.5533 0.6252 0.6675 0.6764 0.6726 0.6767
70.3-03.12 0.7208 0.6795 1.7458 0.6681 0.6842 0.6896 0.6880 0.6948
Note: The table shows the RMSE of PC, PLS and SPCA over the benchmark model for 6-step ahead forecast. For each approach of

PLS, the results are only shown for the number of components k (k = 1 or 2) which gives the best RMSE. An asterisk means k = 2
and those bold entries are the best RMSE for each forecast subsample.

Table 6: RMSE, h = 12

PLS SPCA

period PC SA DA1 DA2 δ = 0.50 δ = 0.65 δ = 0.80 δ = 0.95

70.3-80.12 0.7320 0.6728 1.7135 0.6982 0.6752 0.6738 0.6770 0.6809
80.3-90.12 0.6187 0.5887 1.4561* 0.5881 0.6406 0.6414 0.6410 0.6425
90.3-00.12 0.7941 0.6572* 1.9807 0.6794 0.7069 0.7137 0.7146 0.7185
70.3-90.12 0.6683 0.6193 1.6848 0.6312 0.6472 0.6467 0.6476 0.6503
70.3-00.12 0.6745 0.6175 1.7205 0.6289 0.6488 0.6488 0.6497 0.6523
80.3-00.12 0.6378 0.5907 1.7017 0.5912 0.6445 0.6461 0.6458 0.6474
70.3-03.12 0.6764 0.6191 1.7454 0.6286 0.6524 0.6531 0.6544 0.6570
Note: The table shows the RMSE of PC, PLS and SPCA over the benchmark model for 12-step ahead forecast. For each approach of

PLS, the results are only shown for the number of components k (k = 1 or 2) which gives the best RMSE. An asterisk means k = 2 and
those bold entries are the best RMSE for each forecast subsample.

Table 7: RMSE, h = 24

PLS SPCA

period PC SA DA1 DA2 δ = 0.50 δ = 0.65 δ = 0.80 δ = 0.95

70.3-80.12 0.7212 0.5274 1.2923* 0.5510 0.5450 0.5496 0.5671 0.5817
80.3-90.12 0.5209 0.5451 1.1678* 0.5464 0.6114 0.6212 0.6527 0.6494
90.3-00.12 0.7192 0.5993 1.8272* 0.6001 0.8125 0.7621 0.7418 0.7373
70.3-90.12 0.6335 0.5387 1.2516* 0.5536 0.5864 0.5948 0.6185 0.6244
70.3-00.12 0.6409 0.5436 1.2955* 0.5577 0.6054 0.6089 0.6290 0.6338
80.3-00.12 0.5496 0.5530 1.2577* 0.5547 0.6421 0.6428 0.6667 0.6629
70.3-03.12 0.6456 0.5477 1.3403* 0.5624 0.6067 0.6105 0.6303 0.6356
Note: The table shows the RMSE of PC, PLS and SPCA over the benchmark model for 24-step ahead forecast. For each approach of

PLS, the results are only shown for the number of components k (k = 1 or 2) which gives the best RMSE. An asterisk means k = 2
and those bold entries are the best RMSE for each forecast subsample.
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increases. For PLS approaches, only 3 best RMSE are obtained from k = 2 for SA, and 2 from DA2. However, for DA1

9 out of 28 best RMSE are from k = 2.

Concerning the PLS approaches, it is crucial to address and easy to notice that the first dynamic approach (DA1), which

includes the lags of the target variable in the dataset, always underperforms the AR(4) model. The best RMSE result

for DA1 is 1.0201 and the worst is almost as double (1.9807). The reason for its bad performance is that as relatively

important independent variables, the lags of the respond are given their weights by DA1 in a different way than the

others since DA1 does not include them in the forecasting model directly. On the country, the other two PLS approaches

which capture the dynamics of the target variable by including the lags of target variables directly in the forecasting

model provide much better results. They together give 79% of the best RMSE.

With regard to the SPCA approaches, all of them outperform PC in at least half of the 28 cases. When δ = 0.50, SPCA

performs best in terms of the comparison to PC, which gives 19 out of 28 better results than PC. In general, PC is more

precise for 1-step ahead forecasts and SPCA is preferred for h = 6, 12,and 24. Among the four SPCA approaches, 20

out of 28 smallest RMSE lie on the case where δ = 0.50. It is important to note that with δ = 0.50, the average adjusted

total variances explained by the first and second SPC are only 47.61% and 48.67% of the total variances explained by

the first two ordinary PC. And the average numbers of variables with non-zero weights are only 46.28 (35.07% of the

132 variables) and 20.78 (15.74% of the 132 variables) respectively for the two sparse PC’s.

Fuentes, Poncela, and Rodríguez (2015) also make use of PCA and the same approaches of PLS on the those subsamples,

but different RMSE are obtained by them. One possible reason is that they use different way to calculate the factor

and its lags in Equation (18). For example, at each time period t I compute the factor F̂t as well as its lags F̂t−1,..., F̂1

all using the weights calculated at time t, namely the factor and its lags are updated every time period, but Fuentes,

Poncela, and Rodríguez (2015) might only update F̂t and keep the lags unchanged. Although we get different values of

RMSE, similar patterns are present concerning PCA and the three approaches of PLS. Fuentes, Poncela, and Rodríguez

(2015) also find that DA1 has the worst performance in all cases and its RMSE is as more than twice of the values

of SA for h = 6, 12 and 24. Another similar pattern is that they also find that SA has the most accurate forecasting

performance among the four methods, and DA2 is the second best, followed by PC.

3.5 Results of the Diebold and Mariano test

Table 8 and 9 show the test statistics of the Diebold and Mariano test under the null hypothesis of equal forecast accuracy

between SPCA and each of the other four approaches. These tables indicate for each δ, at most four and at least two

entries are greater than 1.96 among all cases. This suggests that there is no significant difference in forecast accuracy

between SPCA and the other approaches, except for DA1. Due to the symmetry of the applied error function g(·), the

large negative test statistics for DA1 suggests that its forecast accuracy is worse than that of SPCA, which has already

been seen from the results of RMSE. In general, the predictive power of SPCA is not worth than the other approaches.

Moreover, I also find that different δ does not make many differences to SPCA’s forecast accuracy, according to the

Diebold and Mariano test.
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Table 8: Diebold and Mariano test for δ = 0.95 and 0.80
δ = 0.95 δ = 0.80

period PCA SA DA1 DA2 PCA SA DA1 DA2

h=1
70.3-80.12 0.1824 −2.0422 −2.0061 −0.6686 0.7650 −2.0224 −1.9998 −0.6293
80.3-90.12 −1.0639 −0.7075 −0.4688 2.1670∗∗ 1.0091 −0.6020 −0.4311 2.3313∗∗

90.3-00.12 1.6595∗ −0.7259 −3.0470 −0.9902 1.5730 −0.5925 −3.0123 −0.8558
70.3-90.12 −1.0082 −1.9833 −1.9358 −0.0251 1.1749 −1.9008 −1.9167 0.0721
70.3-00.12 −0.3040 −1.8127 −2.2741 −0.4724 1.6395 −1.7146 −2.2492 −0.2994
80.3-00.12 −0.2880 −0.8348 −1.3446 1.6446 1.5803 −0.6860 −1.2921 1.9049∗

70.3-03.12 0.0071 −2.1691 −2.4286 −0.3868 1.8327∗ −2.0496 −2.4015 −0.1991
h=6
70.3-80.12 −1.1246 −0.6203 −2.2673 0.3732 −1.0862 −0.5941 −2.2666 0.3881
80.3-90.12 0.1161 0.9706 −2.3119 1.4552 0.0701 0.9470 −2.3304 1.4275
90.3-00.12 −1.2466 1.3026 −2.3379 −0.5431 −1.3699 1.2885 −2.3659 −0.8588
70.3-90.12 −0.5113 0.1212 −3.0832 0.9779 −0.5571 0.0925 −3.0942 0.9457
70.3-00.12 −0.6418 0.3161 −3.4548 1.0158 −0.7355 0.2504 −3.4717 0.9295
80.3-00.12 −0.0477 1.1984 −2.8611 1.4942 −0.1547 1.1330 −2.8890 1.3978
70.3-03.12 −0.9019 0.4140 −3.6698 1.0141 −1.1173 0.2379 −3.7011 0.7689
h=12
70.3-80.12 −0.7126 0.3129 −1.9385 −0.4148 −0.7683 0.1732 −1.9349 −0.5176
80.3-90.12 0.4336 1.0265 −1.7114 1.2393 0.4001 0.9868 −1.7167 1.1846
90.3-00.12 −0.8390 0.5541 −1.6638 1.4349 −0.8585 0.5161 −1.6628 1.2636
70.3-90.12 −0.4008 1.0195 −2.5422 0.6164 −0.4573 0.9328 −2.5449 0.5289
70.3-00.12 −0.5287 1.2593 −2.8188 0.8361 −0.5865 1.1669 −2.8210 0.7420
80.3-00.12 0.1955 1.2879 −2.0272 1.5225 0.1610 1.2388 −2.0320 1.4560
70.3-03.12 −0.4801 1.4225 −2.9785 1.0314 −0.5408 1.3276 −2.9808 0.9361
h=24
70.3-80.12 −0.8146 0.6133 −1.4945 0.7644 −0.8764 0.4409 −1.4856 0.4360
80.3-90.12 1.0041 0.9489 −1.5602 1.0508 1.0889 1.0071 −1.5592 1.1129
90.3-00.12 0.1552 1.3143 −1.2002 1.4349 0.1870 1.2697 −1.1922 1.3812
70.3-90.12 −0.0810 1.1613 −2.0896 1.2669 −0.1342 1.0947 −2.0760 1.2046
70.3-00.12 −0.0677 1.3136 −2.3046 1.4584 −0.1151 1.2565 −2.2869 1.4125
80.3-00.12 1.0126 1.1427 −1.8838 1.2600 1.1044 1.2140 −1.8795 1.3356
70.3-03.12 −0.0991 1.3291 −2.4847 1.4551 −0.1527 1.2628 −2.4668 1.3962

Note: The table shows the Diebold and Mariano test statistics. H0 is rejected at the 10% level with a test statistic greater than
1.65 and at the 5% level with a test statistic greater than 1.96 . Bold entries show the test statistics that are larger than 1.96. *
means H0 is rejected at the 10% level and ** means H0 is rejected at the 5% level.

3.6 Results of the Pesaran-Timmermann test

The Pesaran-Timmermann test is performed and the test results are shown in Table 10. Table 10 indicates that except

DA1, the null hypothesis of no predictive power is rejected at 5% level for all other approaches with all subsamples. At

the 1% significance level, the null hypothesis is rejected for all subsamples with DA2 approach and is rejected for all

but one case with each of the other approaches, except DA1. Thus, PCA, SA, DA2 and the four approaches of SPCA

are all able to predict the direction of change in almost all cases, under small significance level.

3.7 Forecasting performance when p > n

The general SPCA algorithm developed by Zou, Hastie, and Tibshirani (2006) is efficient to deal with datasets where

the number of observations n is larger than the number of variables p, but it is computationally expensive for the case
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where p� n. In the latter situation, Zou, Hastie, and Tibshirani (2006) find that the computation can be boosted when

λ→∞ in Equation (14), which results in a soft-thresholding problem instead of the elastic net problem. To investigate

the forecasting performance of SPCA using soft-thresholding, the subsamples in Table 11 are used. The computation is

much faster using soft-thresholding and is done within half an hour. Note that I do not have a dataset where p� n, but

all subsamples in Table 11 satisfy that p > n. Note also that because of the proven poor forecasting performance of the

first dynamic PLS approach (DA1) and poor RMSE for PCA for the new subsamples, the forecasting results of them are

not present.

The resulting RMSE are presented in Table 12, from where we can see that SPCA with soft-thresholding outperforms

the alternative methods in 14 out of 20 cases. Comparing to the results in Table 4 to 7 where 3 out of 28 smallest RMSE

are obtained from SPCA, SPCA seems to be more appropriate in the cases where p > n than in the other case.

Table 9: Diebold and Mariano test for δ = 0.65 and 0.50
δ = 0.65 δ = 0.50

period PCA SA DA1 DA2 PCA SA DA1 DA2

h=1
70.3-80.12 −0.0353 −2.0863 −2.0080 −0.6758 −0.8380 −2.1970 −2.0225 −0.7590
80.3-90.12 0.6489 −0.6061 −0.4250 2.4784∗∗ −0.1951 −0.7727 −0.4729 2.2703∗∗

90.3-00.12 1.4255 −0.3289 −2.9158 −0.4545 1.6868∗ −0.2507 −2.9183 −0.3981
70.3-90.12 0.4718 −1.9663 −1.9223 0.0440 −0.7042 −2.1584 −1.9538 −0.1144
70.3-00.12 1.1223 −1.7225 −2.2431 −0.2637 0.1071 −1.8725 −2.2704 −0.4497
80.3-00.12 1.3247 −0.5999 −1.2558 2.1840∗∗ 0.6987 −0.7201 −1.2926 2.0751∗∗

70.3-03.12 1.2438 −2.0593 −2.3952 −0.1610 0.6347 −2.1387 −2.4088 −0.2490
h=6
70.3-80.12 −1.0419 −0.5792 −2.2646 0.3808 −1.0377 −0.5911 −2.2643 0.3766
80.3-90.12 0.1740 1.0439 −2.3419 1.5088 −0.0409 0.8534 −2.3394 1.2861
90.3-00.12 −1.3665 1.2290 −2.3651 −0.8656 −1.4101 0.9115 −2.3685 −0.9836
70.3-90.12 −0.4817 0.1507 −3.0983 0.9976 −0.6309 0.0175 −3.0987 0.8260
70.3-00.12 −0.6616 0.3083 −3.4768 0.9793 −0.8197 0.1597 −3.4769 0.7898
80.3-00.12 −0.0562 1.2299 −2.9040 1.4752 −0.2790 1.0205 −2.8983 1.2308
70.3-03.12 −1.0518 0.2861 −3.7080 0.8109 −1.2042 0.1311 −3.7089 0.6072
h=12
70.3-80.12 −0.8262 0.0454 −1.9343 −0.6130 −0.7963 0.0962 −1.9348 −0.5615
80.3-90.12 0.3925 0.9623 −1.7201 1.1431 0.3612 0.9055 −1.7250 1.0664
90.3-00.12 −0.8571 0.5056 −1.6618 1.2053 −0.8959 0.4396 −1.6634 0.9638
70.3-90.12 −0.4750 0.8866 −2.5470 0.4905 −0.4499 0.8589 −2.5503 0.4847
70.3-00.12 −0.6030 1.1164 −2.8230 0.7000 −0.5864 1.0606 −2.8273 0.6679
80.3-00.12 0.1611 1.2058 −2.0355 1.4029 0.1246 1.1205 −2.0416 1.2927
70.3-03.12 −0.5698 1.2636 −2.9837 0.8806 −0.5712 1.1839 −2.9893 0.8243
h=24
70.3-80.12 −0.9456 0.2394 −1.4790 −0.0391 −0.9570 0.1880 −1.4714 −0.1501
80.3-90.12 1.4046 1.1554 −1.4954 1.3076 0.0000 1.1823 −1.3995 1.0890
90.3-00.12 0.3320 1.2372 −1.1687 1.3275 0.6759 1.272 −1.1202 1.3334
70.3-90.12 −0.3804 0.9527 −2.0441 1.1524 −0.4969 0.8395 −1.993 0.8702
70.3-00.12 −0.3384 1.1790 −2.2428 1.4871 −0.4018 1.1428 −2.1753 1.2892
80.3-00.12 1.4445 1.5002 −1.7962 1.6814∗ 0.0000 1.6514∗ −1.6743 1.5511
70.3-03.12 −0.3854 1.1768 −2.4188 1.4466 −0.4558 1.1344 −2.3495 1.2426

Note: The table shows the Diebold and Mariano test statistics.H0 is rejected at the 10% level with a test statistic greater than
1.65 and at the 5% level with a test statistic greater than 1.96. Bold entries show the test statistics that are larger than 1.65. ∗
means H0 is rejected at the 10% level and ∗∗ means H0 is rejected at the 5% level.
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Table 10: The Pesaran and Timmermann test
PLS SPCA

Period PCA SA DA1 DA2 δ = 0.95 δ = 0.80 δ = 0.65 δ = 0.50

h = 1
70.3-80.12 2.2500∗ 2.5151 −2.3168∗ 2.6731 2.2500∗ 2.2500∗ 2.2500∗ 2.2500∗

80.3-90.12 3.3423 2.2044∗ 0.8388∗∗ 3.5668 3.3423 3.2045 3.0671 2.9802
90.3-00.12 3.7261 3.0042 1.7409∗ 2.9243 3.7261 3.7261 4.2571 3.9479
70.3-90.12 3.9157 3.2235 −0.9007∗∗ 3.4365 3.9157 3.8197 3.7237 3.6529
70.3-00.12 4.9995 3.8187 −0.6756∗∗ 4.9747 4.9995 4.9194 5.166 4.9194
80.3-00.12 4.5702 3.8118 0.6831∗∗ 4.3099 4.5702 4.4704 4.7558 4.4704
70.3-03.12 5.3290 4.6063 −0.0287∗∗ 5.1402 5.3290 5.2502 5.4702 5.1249
h = 6

70.3-80.12 5.2913 4.9389 0.0371∗∗ 4.9389 5.1090 5.1090 4.9280 4.7481
80.3-90.12 6.5834 5.7939 2.8760 6.3581 6.6875 6.6875 6.5011 6.6875
90.3-00.12 6.8708 6.8657 5.1225 6.6900 6.8632 6.5107 6.3326 6.3326
70.3-90.12 7.8980 7.3377 2.1609 7.6072 7.8462 7.8462 7.7122 7.7122
70.3-00.12 10.4240 9.9667 4.7983 10.0896 10.3931 10.1845 9.9708 9.9708
80.3-00.12 9.5189 8.9834 5.6732 9.2473 9.6209 9.3669 9.1106 9.2385
70.3-03.12 11.0610 10.7883 5.4281 10.8168 10.9121 10.7127 10.5052 10.6012
h = 12

70.3-80.12 5.7929 6.1258 −0.0452∗∗ 5.8498 5.8498 5.8498 5.8498 6.0596
80.3-90.12 4.9630 4.4553 2.4656 4.8117 4.9630 4.9630 4.9630 4.9630
90.3-00.12 6.5544 7.9186 5.0827 7.3849 6.6855 6.5048 6.5048 6.6855
70.3-90.12 7.4708 7.0946 0.5673∗∗ 7.2170 7.3449 7.3449 7.3449 7.4731
70.3-00.12 9.7837 9.8843 3.3415 10.0933 9.7803 9.6759 9.6759 9.8850
80.3-00.12 7.9805 8.1961 3.2693 8.5659 8.1520 8.0353 8.0353 8.1520
70.3-03.12 10.4290 10.6252 4.2968 11.0234 10.6261 10.5260 10.5260 10.7264
h = 24

70.3-80.12 7.8487 7.9137 3.8915 6.6050 6.2673 6.2673 6.2673 6.2673
80.3-90.12 4.9731 5.3993 3.6065 5.0448 4.7298 4.8872 5.0448 5.0853
90.3-00.12 5.8151 7.4252 3.1662 7.4252 7.3048 7.1394 6.9740 6.4476
70.3-90.12 8.5716 9.0893 5.0687 8.0592 7.6753 7.8033 7.9313 7.9334
70.3-00.12 9.9684 11.4345 5.7765 10.6050 10.2184 10.2184 10.2184 9.9115
80.3-00.12 7.0385 8.7435 4.4009 8.4884 8.1908 8.1908 8.1908 7.8456
70.3-03.12 10.7200 12.2245 6.5565 11.3368 10.9799 11.0856 11.0856 10.7962

Note: The table shows the Pesaran and Timmermann test statistics. H0 is rejected at the 5% level with a test statistic greater than 1.65
and at the 1% level with a test statistic greater than 2.33. Bold entries show the test statistics that are smaller than 2.33. ∗ means H0 is not
rejected at the 1% level and ∗∗ means H0 is not rejected at the 5% level.

Table 11: Estimation and forecast subsamples, p > n

SS Estimation subsample Forecast subsample

M1 1960:03 to 1966:03−h 1966:03 to 1970:03
M2 1970:03 to 1766:03−h 1976:03 to 1980:03
M3 1980:03 to 1986:03−h 1986:03 to 1990:03
M4 1990:03 to 1996:03−h 1996:03 to 2000:03
M5 1993:03 to 1998:03−h 1993:03 to 2003:12

To see that the good performance of SPCA in Table 12 is not because that using soft-thresholding is generally better for

both situations where p > n and p < n, I apply SPCA with soft-thresholding with δ = 0.50 for the seven subsamples in

Table 1. The resulting RMSE are presented in Table 13, showing that obviously for those subsamples where p < n,

SPCA with soft-thresholding gives much worse RMSE than setting λ to a small positive number.
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Table 12: RMSE for subsamples where p > n

SA DA2 SPCAST SA DA2 SPCAST

h = 1 h = 6
M1 1.0131 1.1105 0.8707 M1 1.0462 0.9703 0.9025
M2 1.1983 1.2368 1.0000 M2 1.2121 1.1342 1.0130
M3 1.0795 1.0294 0.9573 M3 0.9234 0.9613 0.9806
M4 1.1631 1.1040 1.0567 M4 0.8430 0.9445 0.8207
M5 1.0343 1.0016 1.1068 M5 0.8626 1.1705 0.8275
h = 12 h = 24
M1 1.1465 1.0426 0.8681 M1 1.3308 1.0257 0.9514
M2 0.9461 0.8005 1.1030 M2 0.3948 0.3720 1.0614
M3 0.8709 0.8840 0.9795 M3 0.3949 0.9345 1.0498
M4 1.0483 1.1444 0.9170 M4 0.9152 0.8225 0.7916
M5 1.1828 1.4341 1.0458 M5 1.2403 2.2822 0.9221

Note: The table shows the RMSE for the subsamples where p > n, of the static and the second
dynamic PLS, and SPCA using soft-thresholding (SPCAST ) with δ = 0.50. Bold entries are the best
RMSE for the subsamples.

Table 13: RMSE for SPCA using soft-thresholding, δ = 0.50.
SPCAST

Period h = 1 h = 6 h = 12 h = 24

70.3-80.12 1.0161 1.0209 1.0265 0.9959
80.3-90.12 1.0038 0.8821 0.9726 0.9905
90.3-00.12 0.9486 0.7710 0.8250 0.8790
70.3-90.12 1.0094 0.9432 0.9985 0.9929
70.3-00.12 0.9995 0.9256 0.9846 0.9838
80.3-00.12 0.9894 0.8658 0.9527 0.9745
70.3-03.12 0.9927 0.9111 0.9728 0.9762

4 Discussion and Conclusion

In this paper, I examine the performance of the sparse principal component analysis for forecasting U.S inflation, and

compare it with the performances of principal component analysis and three different approaches of partial least squares.

Empirical results show that for estimation subsamples where the number of observations is larger than the number of

variables, the static and the second dynamic approach of the partial least squares are the two best forecast methods

for the subsamples with n > p in terms of RMSE. The failure of the first PLS dynamic approach suggests that in

forecasting the U.S inflation, the lags of the predicting variable is important and should be included directly in the

forecast model.

The sparse principal component analysis generally performs better than the ordinary principal component analysis.

Especially, when adjusted total variances explained by the sparse components are less than half of those explained

by the ordinary principal components, the predicting accuracy is still better than PCA. This indiactes that the factors

extracted by PCA do contain useless information for forecasting and variable selection is of importance. The Diebold

and Mariano test (Diebold and Mariano (1995)) indicates that the forecasting accuracy of SPCA is as good as the others

and the Pesaran and Timmermann test (Pesaran and Timmermann (1992)) show that SPCA can predict the direction

correctly under small significance levels. SPCA with soft-thresholding performs exceptionally well for the subsamples

with p > n and the computational efficiency of soft-thresholding has been seen.
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Although encouraging results concerning SPCA are found, some limitations have restricted my investigation for it.

In practice, my time limitation does not allow a complete and careful grid search of the choices of the lasso penalty

coefficients λ1,j , due to the expensive computation of SPCA. Instead of a grid search, one can also employ a cross-

validation. Additionally, the limited number of variables in the dataset does not allow me to make further research for

the performance of SPCA in the case where p� n.

All in all, based on my research it is reasonable to say that with respect to forecasting the U.S inflation, sparse principal

component analysis performs better than the ordinary principal component analysis, while it also enjoys the proven

advantage of interpretability for its components.
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Appendix

A MATLAB code

The programming part for this thesis is done by MATLAB and the MATLAB code used are in the file "MATLAB

code_Ruoyu Zhi 424107", which contains four files "large subsample", "small subsample" "tests" and "SpaSM—-

Sjöstrand, Karl et al. (2018)". Here I provide an explanation of each program in the files.

File "large subsample"

Programs in the file "large subsample" are for computations of AR, PCA, PLS and SPCA for the subsamples where

n > p.

AR_4: forecast using the benchmark AR model.

get_index: gets indices of starting and ending period of the forecast subsample in the dataset.

main: main program for all computations.

nipals: PLS algorithm proposed by Wold (1975).

PCA_factor_estimation_k: computes principal components for different k.

PCA_forecast: computes MSE of forecasting results of PCA.

PCA_k_selection: selects the best number of principal components included according to BIC.

PCA_lag_estimation: selects the best numbers of lags to include in PCA according to BIC.

PLS_ARp_residual: calculates AR coefficients for different number of lags.

PLS_forecasting: computes MSE of forecasting of PLS.

PLS_lag_estimation: selects the best lags of the forecasting variable and PLS components according to BIC for the

three PLS approaches.

PLS_XY _obtaining: computes X and Y for the three different PLS approaches.

SPCA_factor: computes sparse principal components.

SPCA_forecast: computes MSE of forecasting results of SPCA.

SPCA_k_selection: applies Algorithm 1 and computes estimates the SPCA forecast model.
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SPCA_lag_estimation: selects the best lags of sparse components and forecasting variable according to BIC.

Programs in the file "small subsample" are for computations of AR, PCA, PLS and SPCA for the subsamples where

p > n. Each program with "_short_period" does the same thing to the programs in "large subsample" without

"_short_period", but is designed for the cases where p > n.

File "small subsample"

Programs in the file "Tests", performs the Diebold and Mariano test and the Pesaran-Timmermann test.

DM_test: performs the Diebold and Mariano test.

PT_test: performs the Pesaran-Timmermann test.

File "SpaSM—-Sjöstrand, Karl et al. (2018)"

Programs in the file "SpaSM—-Sjöstrand, Karl et al. (2018)" are programs implemented by Sjöstrand et al. (2018) and

are used in the computations for SPCA. For details please refre to Sjöstrand et al. (2018).
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