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1 Introduction

In probability theory, a statistical model is
specified and tested. The correctly specified
model gives insights in the dynamics of the
data and allows the researcher to classify new
data or predict future observations. The pa-
rameters of a specification are often estimated
using the maximization of the log-likelihood,
the maximum likelihood method.

Some specifications, however, contain ele-
ments which cannot be computed directly or
deduced analytically. Thus, approximation
methods are needed to estimate the value of the
integral. Monte Carlo simulation evaluates the
integral at many different points and computes
the average value. This method converges to
the true value of the integral.

The question arises at which points to
evaluate the integrand. Traditionally, this is
done at random points, knows as the pseudo-
random Monte Carlo (PMC) method. Quasi-
random sequences are deterministic sequences
of ”strategic” points that aim to provide a bet-
ter coverage of the dimensions and thus, pro-
vide more accurate estimation while evaluating
the integrand at fewer points.

The quasi-random sequences should have
low-discrepancy, meaning that they do not
clutter and are evenly spaced. The Halton and
Sobol sequences are compared, and a new se-
quence based on the golden ratio is introduced.
The golden ratio has a unique property that it
is the ”most irrational” number and therefore
a simple and effective way to construct well
spaced sequences.

The Mixed Multinational logit model is a
generalization of the multinomial logit model
that allows for coefficients to be randomly dis-
tributed. The individual choice probabilities
have to be estimated using a Monte Carlo
method, to obtain the simulated log-likelihood
needed for estimation.

The primary research question is:

How does the golden ratio sequence compare
to pseudo-random and other quasi-random se-
quences at the estimation of the mixed multi-
nomial logit model?

The secondary research questions are:

How can Monte Carlo methods estimate
the mixed multinomial model?

How to construct a low-discrepancy se-
quence using the golden ratio, and what are
the underlying reasons why it has such low dis-
crepancy?

Does the Monte Carlo method have to use
random points and what are the advantages of
low-discrepancy sequences?

A simulation study is done to be able to
compare methods in a controlled environment.
The data is based on field data on Catsup
but the choices made by consumers are de-
termined by a controlled DGP. 1000 pseudo-
random datasets are generated to evaluate the
different estimation methods.

Monte Carlo methods are increasingly ac-
curate as the number of points at which an
integrand is evaluated increases. However, de-
pending on the application, it may be infea-
sible to evaluate at many points as computa-
tion time increases and the estimation becomes
impractical. Thus, the motivation for find-
ing smarter sequences is being able to achieve
high accuracy estimations while evaluating in-
tegrands at less points to be more efficient.

The golden ratio sequence is a low-
discrepancy sequence with promising proper-
ties. However, for a low amount of draws,
it is outperformed by the pseudo-random se-
quence. As the draws increase, the benefits of
the golden ratio sequence become more appar-
ent. The sequence does not outperform the tra-
ditional quasi-random sequence but does spark
interest for further investigation due to the low-
discrepancy behaviour and the underlying rea-
sons why it does not perform as well.

2 Literature

The mixed multinomial logit model and the es-
timation using quasi-random methods for the
simulated log-likelihood has been first been de-
scribed in Train (1999) and Bhat (2001). The
mixed multinomial logit model and the dataset
of interest are described in Jain et al. (1994).

The quasi-random methods rely on low-
discrepancy sequences. These sequences have
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been described for a long time. The Halton se-
quence is a generalization of the van der Corput
sequence that was published in 1923. The Hal-
ton sequence was proposed by Halton (1960).
The Sobol sequence is a sequence similar to the
Halton sequence and exactly equal for certain
parameters, was introduced by Sobol’ (1967).

This research proposes the use of the golden
ratio to construct a low-discrepancy sequence.
Interest in the golden ratio dates back until
ancient Greece. An overview of the multi-
fold applications of the golden ratio is given in
Akhtaruzzaman (2011). There are many ways
to generalize the golden ratio, which is neces-
sary for multi-dimensional sequences. Schret-
ter et al. (2012) proposed a method to con-
struct a low-discrepancy sequence using the
golden ratio properties. Roberts (2018) gives
an introduction to some low-discrepancy se-
quences and proposes another method to con-
struct a sequence based on the golden ratio,
which outperforms the traditional sequences.

A generalization of many low-discrepancy
sequences as pt,m, sq-nets is first given by
Niederreiter (2005). Applications of these nets
and lattice points in the MMNL model for
panel data is introduced in Sandor (2013).

Further improving low-discrepancy se-
quences by scrambling the deterministic se-
quence is demonstrated in Tan and Boyle
(2019). Combining scrambled data with
pt,m, sq-nets is introduced in Sivakumar and
Bhat (2019).

Low-discrepancy sequences are know to
perform well in lower dimension but may be-
come problematic in higher dimensions. In
Wang and Sloan (2008) consquences of high
dimensional low-discrepancy sequences are pre-
sented.

3 Data

The mixed multinomial logit model allows for
individual preferences to be drawn from a dis-
tribution rather than be fixed coefficients. A
common application is the use of panel data
to analyze the sensitivity of consumers based
on variables such as whether a product is be-
ing advertised, or fluctuations in price. Panel
data consists of multiple observations. These
observations consist of the relevant data on the

choices available at time of purchase, as well as
the choice made by the household.

To evaluate the accuracy of the estimation
methods used, a controlled experiment is nec-
essary. We will therefore define a Data Gener-
ating Process (DGP) and compare this to the
estimated parameters of the different estima-
tion methods. In order to maintain the appli-
cability of these methods, actual field data is
used as independent variables and plausible pa-
rameters for the DGP. The experimental design
and DGP will be further discussed in section
5.

The dataset of interest is the panel data
from a collection of households in Springfield,
Missouri and is collected by A.C. Nielsen. It
was first introduced by Jain et al. (1994). For
this research, the data was retrieved from the
Ecdat package and extracted as CSV.

The panel data concerns the purchase of
Catsup. Each observation the consumer makes
a choice between four products: heinz41,
heinz32, heinz28 and hunts32. At the time of
purchase the following information is collected:

• Household ID

• Brands on display

• Brands featured

• Brand Prices

The dataset contains information of 300
households that made a total of 2,798 pur-
chases.

4 Methodology

Logistic estimation is often done using the
method of maximum likelihood. First the
model of interest is specified, which is used to
define the log-likelihood function. This func-
tion takes the assumed parameters as vari-
ables, and calculates the log-likelihood of the
observed data under the current set of pa-
rameters. The aim is to maximize this log-
likelihood, resulting in the optimal set of pa-
rameters for the model of interest to explain
the observed data. A good estimation has a
set of parameters close to the parameters of
the DGP.
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The calculation of the log-likelihood has be
estimated using a sequence of standard normal
draws, as will be discuss in section 4.1. There
are pseudo-random and quasi-random methods
to determine these draws. Increasing the num-
ber of draws improves accuracy but decreases
performance. The aim of this paper is to con-
struct draws that give high accuracy without
requiring a large amount of draws so that the
estimation of the MMNL model becomes prac-
tical.

The maximization process is an optimiza-
tion problem. The field of unconstrained non-
linear optimization is complex and many algo-
rithms are available. The estimation is done
using the Broyden–Fletcher–Goldfarb–Shanno
(BFGS) algorithm. It is a quesi-newton hill-
climbing technique. BFGS does not guarantee
performance to a global minimum, yet is an of-
ten used method due to the relative reliability
and reasonable computational load.

4.1 Mixed multinomial logit model

The mixed multinomial logit model is a gener-
alization of the multinomial logit model. It al-
lows for a parameter β to be drawn from a dis-
tribution. Thus, one can interpret a consumers
preference as a distribution rather than a fixed
number. A parameter β is drawn out of a den-
sity function fpβ|θq where θ represents the pa-
rameters specifying the distribution of fpβ|θq.
In this experiment it is assumed β „ Npµ, σq,
although any distribtution is possible. Another
frequently used distribution, typically for one
sided data, is the log-normal distribution. The
unconditional probability Pqtb that household
q chooses brand b at time t is as follows:

Lqtbpβqq “
εβ
1

qxqtb

ř

j ε
β1qxqtj

,

Pqtbpθq “

ż `8

´8

Lqtbpβqfpβ|θqdpβq,

(1)

where βq is a vector of the coefficients of
household q and xqtb a vector of the indepen-
dent variables for household q and brand b at
time t. In panel data an individual makes a
sequences of choices. In the MMNL model the
random parameters are drawn per individual.

Therefore in panel data, the probability on in-
terest is Pqt where t is the observed sequence
for an individual q. This is denoted as follows:

Lqtpβqq “
ź

t

εβ
1

qxqtbt

ř

j ε
β1qxqtj

,

Pqtpθq “

ż `8

´8

Lqtpβqfpβ|θqdpβq,

(2)

where xqtbt is a vector of the independent
variables for household q for the brand b that
is chosen at time t.

The MMNL model can be represented in
the form of random coefficients. For each
choice, the utility is defined, and the option
with the highest utility is chosen. This allows
for the simple deconstruction of the probability
of a choice. The utility of household q selecting
brand b at time t is:

Uqtb “ β
1

qxqtb ` εqtb (3)

This structure separates the utility into
two elements: the non-identical and non-
independent across alternatives part β

1

qxqtb,
and the independent and identically type-1
extreme-value distributed part εqtb.

This can be rewritten with the vectors in
scalar form as:

Uqtb “
K
ÿ

k“1

βqkxqtbk ` εqtb, (4)

where k indicates the independent vari-
ables display, featured and price. As βqk „
Npµqk, σqkq this can be decomposed as:

βqk “ µqk ` σqksqk, (5)

where sqk is a standard normal variate. The
assumption of normally distributed coefficients
allows for this decomposition and the estima-
tion of µqk and σqk using equation 5.

The MMNL model does not require all co-
efficients to be randomly distributed. In the
specification for the problem of panel data for
brands of Catsup, we define the fixed coeffi-
cient αb, which represents the base preference
for a brand b and is fixed across households.
This coefficient is added to clean the randomly
distributed coefficients of the effect of brand
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preference. Arguably, one can make this co-
efficient varying across households to model
the preference of a specific household. How-
ever this would add 300 parameters to estimate
and does not add to the comparison of estima-
tion methods. As this is a controlled experi-
ment as described in section 5, this restriction
should not interfere with the results of this re-
search. Furthermore α4, the base preference
for Hunts32, is set to 0 for the identification of
all other parameters.

The utility function for this problem is
given as:

Uqtb “ αb `
K
ÿ

k“1

pµqk ` σqksqkqxqtbk ` εqtb

“ Vqtb `
K
ÿ

k“1

σqksqkxqtbk ` εqtb,

(6)

where Vqtb “ αb `
řK
k“1 µqkxqtbk

Lastly the indicator function yqt is defined
as:

yqt “

#

1 if sequence t occurs for household q

0 otherwise

The log-likelihood gives the likelihood of
the observations under the assumed model and
set of values for the parameters. The above
mentioned equations are used to arrive at:
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L “
ÿ

q

ÿ

t

yqt logPqt

“
ÿ

q

ÿ

t

yqt log

˜

ż `8

´8

Lqtpβqfpβ|θqdpβq

¸

“
ÿ

q

ÿ

t

yqt log

˜

ź

t

ż `8

´8

ż `8

´8

¨ ¨ ¨

ż `8

´8

eVqtbt`
řK

k“1 σqksqkxqtbtk

ř

j e
Vqtj`

řK
k“1 σqksqkxqtjk

dΦpsq1qdΦpsq2q ¨ ¨ ¨dΦpsqkq

¸

(7)

As the log-likelihood contains unbounded
integrals estimation methods are necessary to
compute the likelihood. The next section cov-
ers the different methods for approximating the
log-likelihood.

Computationally, this implementation of
the log-likelihood might lead to error due to
small numbers and precision loss in comput-
ers. The likelihood function can be rewritten
to prevent this. The transformation is as fol-
lows:

ź

t

Prryit “ jsIryit“js “ ε
ř

t Iryit“js logPrryit“js

The used optimization algorithm BFGS, is
an unconstrained algorithm. As standard devi-
ations σqk are non-negative, a transformation
is done to bound the values without the need
of a more complex constrained optimization al-
gorithm. The transformation is as follows:

σqk “ εγqk , (8)

where γqk is the parameter estimated by the
algorithm. In the log-likelihood function stan-
dard deviations are replaced by the equation
above and the original parameters are retrieved
in the same manner.

4.2 Estimation using low-discrepancy
sequences

The estimation of the log-likelihood function
is done by approximating the integrand using
Monte Carlo simulation. By evaluating the in-
tegrand at R different points and taking the
average an approximation is obtained. Thus,
one needs to generate a sequence of R standard
variates in K dimensions, denoted as sqkr. The
approximation of Pqt is as follows:

P̌qt “
1

R

ź

t

εVqtbt`
řK

k“1 sqkxqtbtk

ř

j ε
Vqtj`

řK
k“1 sqkxqtjk

(9)

Ľ “
ÿ

q

ÿ

t

yqt log P̌qt

“
ÿ

q

ÿ

t

yqt log
´ 1

R

ź

t

εVqtbt`
řK

k“1 sqkxqtbtk

ř

j ε
Vqtj`

řK
k“1 sqkxqtjk

¯

(10)
Equation 10 is the simulated log-likelihood.

The matrix s can be constructed in many ways.
The aim is to implement a that required lit-
tle draws R for an accurate approximation of
the coefficients αb, µqk and σqk. R approxi-
mately linearly affects the computation time
of the simulated log-likelihood, but increasing
R improves the accuracy and thus the ability
for an optimizer to estimate good parameters.

When performing a minimization, it is im-
portant to use the same matrix s for all itera-
tions of the minimization algorithm.

The pseudo-random Monte Carlo (PMC)
method is the simplest way of constructing ma-
trix s, by drawing each value from the standard
normal distribution randomly, this will be elab-
orated on in section 4.2.1 and is the baseline of
estimation performance.

The quasi-random Monte Carlo (QMC)
method uses quasi-random sequences with the
aim to construct a deterministic sequence of
cleverly crafted points, rather than random
points. With a good sequence QMC, needs
less points R to achieve the same accuracy as
the PMC method, and thus, yields computa-
tional gains. This sequence should be a low-
discrepancy sequence. Discrepancy refers to
the clustering of points. A low-discrepancy se-
quence has little clustering and aims to be dis-
tribute over the dimensional space uniformly,
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which is also know as ”Blue Noise.” The dif-
ferent types of sequences can be categorized by
the method of construction of their parameters
as follows:

• Irrational fractions: Kronecker, Richt-
myer, Ramshaw

• (Co)prime numbers: Van der Corput,
Halton, Faure

• Irreducible Polynomials : Niederreiter

• Primitive polynomials: Sobol

The Halton and Sobol sequences will be com-
pared to the pseudo-random sequence and a
new sequence based on the golden ratio intro-
duced.

Quasi-random sequences are typically uni-
formly distributed. As the desired matrix s
contains standard normal variates, the uniform
sequences need to be transformed. This is done
using the inverse CDF and is denoted a follows:

sqk “ Φ´1pqqkq, (11)

where qqk is the kth dimension of the qth
point in a quasi-random sequence and a scalar
between 0 and 1. This transformation is done
for each element to obtain the desired matrix
s of standard normal variates.

4.2.1 Pseudo-random Monte Carlo
method

The random coefficients are assumed to be nor-
mally distributed but the mean and variance
are to be estimated. By rewriting the coef-
ficients as shown in equation 6, the random
behaviour is separated from the shape param-
eters that are to be estimated. Thus, the most
straightforward way of approximating the inte-
grand is by drawing numbers from the standard
normal distribution. The estimator is unbiased
of the individual choice probabilities, the vari-
ance decreases as R increases.

As computers cannot generate truly ran-
dom numbers but only sequences that are
seemingly random based on the properties of a
given sequence, random numbers from a com-
puter science perspective are ”pseudo-random”
and reproducible using a user-defined starting
seed.

4.2.2 Halton sequence

The Halton sequence introduced by Halton
(1960) is a generalized version of the one-
dimensional low-discrepancy sequence intro-
duced by van der Corput in 1935. A one-
dimensional sequences is constructed by first
picking a prime number r which is the base.
The gth number in the sequence is defined as:

g “
K
ÿ

l“0

blr
l,

0 ď bl ď r ´ 1, rL ď g,ď rL`1 (12)

ϕrpgq “
K
ÿ

l“0

blr
´l´1

A Halton sequence is uniformly and effi-
ciently distributed on the (0,1) domain for any
prime , and induces negative correlation over
the observations. Extending the Halton se-
quence to K dimensions is done by simply gen-
erating K sequences with different coprimes r.
In practice, usually the first K primes are cho-
sen. In the case of the Catsup problem with
K “ 3, the Halton sequence is defined as:

Ψg “ pϕ2pgq, ϕ3, pgq, ϕ5pgqq (13)

The individual choice probability integrand
may be sensitive to the starting point of the
Halton sequence, as described in Morokoff and
Caflisch (1995). Therefore the first 10 items of
the sequence will be discarded. The generated
sequence will thus have shape:

pQ ¨Rq ` 10ˆK,

where G = pQ ¨ Rq ` 10. After discarding
the first 10 items, the matrix is partitioned in
Q sub-matrices to obtain the RˆK draws for
each household.

4.2.3 Sobol sequence

The Sobol sequence was first introduced by
Sobol’ (1967). It is an S-dimensional sequence
that aims to divide each dimension in increas-
ingly smaller uniform partitions of the unit in-
terval, and thus, models the uniform distribu-
tion. This is done using a complex algorithm
with primitive polynomials and XOR opera-
tions on base 2. A Sobol sequence can be
initialized with many different initial values,
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which influence the efficiency. The Sobol se-
quence can be written in a generalized form
as:

ts “
s
ÿ

i“1

deg pi ´ 1 where,

p1 “ x P Z2rxs,

pi`1 “ ith polynominal over Z2

ordered by degree

(14)

There are many packages available to gen-
erate the Sobol sequences. They typically in-
clude best practice intial values for the se-
quences up to a certain amount of dimensions.
For this research, the Python package sobol seq
is used which is made available at the PyPI
repository and includes initializations for up to
40 dimensions.

4.2.4 Golden ratio sequence

Sunflowers grow seeds in a pattern of spirals.
This is done by rotating a certain amount after
each seed has grown. They aim to optimize the
space available by evenly covering it. If a rota-

tion of a fraction is done, say
1

n
, the coverage

is limited to n spokes as depicted below:

Figure 1: Rotional points with
1

5

Clearly, a spoke pattern develops as all the
steps of a fraction sum up to 1. Irrational
numbers cannot be split up in perfect frac-
tions as the decimals are infinitely long. The
expected behaviour is thus that no straight

spokes should emerge as the steps do not add
up exactly to 1. One of the most well known
irrational numbers pi or 3.14... gives the fol-
lowing pattern:

Figure 2: Rotional points with π

The points have a spiral shape as they are
no longer straight extended spokes. The points
are slightly more evenly distributed but still
have clear spokes. This raises the question of
which irrational number performs optimally at
covering the circle. The golden ratio is ob-
served in many applications in both art and
nature as described in Akhtaruzzaman (2011).
The golden ratio is an irrational number and
the solution to equation:

x2 “ x` 1, (15)

which has the value:

ϕ “
1`

?
5

2
“ 1.618...

The golden ratio is the most irrational num-
ber in the sense that is as far is it can be from
any fraction. For example π is very close to

3`
1

7
“ 3.1428.... and thus has 7 spokes. The

golden ratio has the special property that it
can be written as:

ϕ “ 1`
1

ϕ
(16)

This leads to the following infinite expan-
sion:

9



ϕ “ 1`
1

1`
1

1`
1

1` ¨ ¨ ¨

(17)

Therefore the golden ratio is the following
pattern:

Figure 3: Rotional points with ϕ

This is the same pattern as seen in sun-
flowers and optimizes the coverage of the space
available as there are no gaps between points.

This result leads to the question if the
golden ratio can be used to construct a low-
discrepancy sequence. Roberts (2018) pro-
poses an adaption of the golden ratio to
construct a low-discrepancy sequence. Since
multi-dimensional sequences are required, a
generalized form of the golden ratio is needed.
There are many ways to achieve this. The fol-
lowing definition is used: ϕd is the unique pos-
tive root to xd`1 “ x ` 1. ϕ2 is also known
as the plastic number, named Dutch architect
and monk Hans van der Laan in 1928.

The golden ratio sequence is denoted as
Rdpϕdq and has the following specification:

tn “ s` nα, n “ 1, 2, 3, ...

where α “
` 1

ϕd
,

1

ϕ2
d

¨ ¨ ¨
1

ϕdd

˘

,
(18)

where s is a seed or starting point. This
is typically set to 0. however Roberts (2018)
found optimal results for seed 0.5.
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4.2.5 Illustration of sequences

The different methods, illustrated as two-dimensional , are depicted below:
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Figure 4: Comparison of 400 points in low-discrepancy sequences

The pseudo-random sequence has no clear
patterns. The points are not evenly spaced and
a lot of clustering occurs. This sequence is not
a low-discrepancy sequence.

The Halton sequence is more evenly spaced
but does have clusters of points that are not
spaced.

The Sobol sequence is also more evenly
spaced than the pseudo-random sequence.
However, it does show some string patterns
which suggest some correlation and thus, less
random behaviour. One should note the
straight diagonal line going through the Sobol

graph. Such patterns suggest lesser results
than of the Halton sequence.

The golden ratio based sequence is the most
equally spaced, and well distributed over the 2-
dimensional space. However their appear to be
vertical line patterns in the graph.

5 Simulation study

To evaluate capabilities of estimation methods
one needs to control the experiment by know-
ing the true values of the estimated parame-
ters. As explained in section 3, field data is
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used as basis, with the choice made for an ob-
servation being determined by the controlled
DGP. This results in what is know as ”pseudo-
simulated” data.

As this is a simulation study including ran-
domness, it is important to generate multi-
ple datasets to be able to make claims regard-
ing the performance of the various estimation
methods for all datasets. This allows to for
the evaluation of the mean and standard de-
viation of the perfomance measures of inter-
est. For this experiment, 1000 datasets have
been generated, all of which are available in
the code provided. As the number of draws
for an estimation increases, estimation slows
down. Therefore the amount of datasets used is
a trade off between reliability and practicality.
In section 4.2.5 the influence on the amount of
datasets used will be elaborated on.

To create these datasets one must first de-
fine the paramaters of the DGP. The param-
eters are in the same range as the parameters
found in exploratory analysis on the original
data, in order to accurately simulate field data.
The parameters are set as follows:

α

Heinz41 0.8
Heinz32 0.2
Heinz28 -0.5
Hunts32 0

µ σ

Display 0.9 0.1
Featured 1.1 0.5
Price -0.5 0.25

Table 1: Parameters for DGP

With these parameters, a 3-dimensional ar-
ray can be constructed containing coefficients
for each household for each dataset. In this
simulation, the Python package Numpy is used
to generate an array of standard normally dis-
tributed draws in the desired shape using seed
1234. Next, the coefficient matrix is obtained
for each draw computing the appropriate coef-
ficient:

βqkr “ µk ` σksqkr, (19)

Please note that in this equation, r repre-

sents the number of the dataset, and is not be
confused when using r to represent the number
of the draw in estimation.

To simulate the choices made in the
datasets, the utility is computed for each of the
four choices, and the brand with the highest
utility is chosen by the household. The utility
of a brand b at time t for household q in dataset
r is:

Uqtb “ αb `
3
ÿ

k“1

βqkrxqtbk ` εqtr (20)

The generated independently and iden-
tically distributed standard type-1 extreme
value error term εqtr, is included to account
for the unexplained part of a choice. This al-
lows for the complete the specification of the
unconditional choice probabilities given by the
mixed logit model. The error term is required
to make the utility latent variables that make
choices following a logistic distribution. With-
out this error term, the model will not only be
incorrect but estimation will fail as it allows
the estimated parameters to explode.

This procedure is used to create 1000
unique datasets with the same underlying
DGP. Thus completing a controlled environ-
ment to evaluate the performance of the esti-
mation methods.

6 Results

6.1 Background

The estimation process has been implemented
using Python. The log-likelihood is evalu-
ated using Numba, a just-in-time compiler for
Python that works with a small subset of
Python and Numpy. At the first log-likelihood
evaluation, Numba has a similar performance
to plain python, but after the first iteration the
function is compiled to machine code. This re-
sults in a highly optimized log-likelihood func-
tion and evaluation time is around 100 times
faster. As the log-likelihood is evaluated for
each iteration of an optimization algorithm this
is a very useful performance gain.

For the optimization, the SciPy Minimize
package is used, with the log-likelihood func-
tion provided and as stopping requirement that
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the gradient norm is smaller than 10´5. The
initial parameters are random draws from the
uniform distribution.

The minimization algorithm is single
threaded. As each model is to be estimated
1000 times for multiple methods and amounts
of draws, the process has been parallelized us-
ing the Joblib package. The class Mixedlogit is
initialized with all datasets. It implements the
four draw methods to perform the estimation
on all datasets. If parallelization is enabled, it
spans estimations across all available cores.

The results and estimation steps are all
stored, and can be analyzed using the class An-
alyzer. As the true parameters are known one
can track the evaluation of the performance
measures for each iteration of the optimization.

All computing has been done on the AWS
Sagemaker platform. The instance type used is
ml.c5d.18xlarge. This instances uses multiple
Intel Xeon Platinum 8000 series (Skylake-SP)
processors with a clockspeed of 3.4GHz. The
system has 72 virtual processors and thus is
able to perform estimations on 72 datasets si-
multaneously. The system has 144 GB of RAM
storage.

All four methods have been estimated for
5,10,25,50,75 and 100 draws for 1000 datasets.
The Halton and pseudo-random sequences
have also been estimated at 250 draws on 200
datasets, as it becomes infeasible to estimate
all 1000 datasets. The pseudo-random method
was also estimated on 200 datasets using 500,
1000 and 2000 draws.

Between 1% and 2% of the estimations
failed due to various errors, mainly division by
zero failures. This could occur when the opti-
mization algorithm is too far from the optimal
solution. In the results table, the amount of
successful estimations is included.

6.2 Performance measures and re-
sults

To evaluate the performance of the PMC and
QMC methods, their ability to recover the true
parameters of the DGP are of interest. As this
is a controlled experiment and the true param-
eters are known, the performance is measured
using the root mean square error (RMSE). The
RMSE measures the proximity of all parame-
ters to the true values. The optimal value for

RMSE is 0, in case the estimated parameters
are exactly the true parameters. The time to
estimate a dataset has been included in the sec-
tion below RMSE.

For both the RMSE and time, the mean
and standard deviation of the estimation of a
dataset are given. The standard deviation de-
picts how stable the performance of a method
is. Lastly, the number of successful estimations
is included. The results can be found in table
2 below:
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Table 2: Results of estimations of the MMNL model using PM and QMC methods
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As the amount of draws R increases the
accuracy improves for any method. This is in
line with the amount of draws improving the
approximation of the individual choice proba-
bilities in the log-likelihood function. The only
exception is the pseudo-random method at 100
draws. However this appears to be an outlier
compared to the other results of the method,
and in the range of the standard deviation thus
not necessarily significant. The method is ran-
dom both in draws and the steps of the opti-
mization algorithm. Therefore this is an aber-
ration in a stable trend.

As the DGP includes a random term, esti-
mating the parameters perfectly is highly un-
likely. There is a soft lower limit of the best
achievable RMSE, which is around 0.119. As
the amount of draws increases, all methods
converge to this accuracy. The QMC meth-
ods converge faster than the PMC method, be-
cause of the additional draws are strategically
chosen.

All methods have a very stable standard
deviation. For 5 draws, the standard deviation
varies between 0.042 and 0.048. For all other
amounts of draws, for all methods, the stan-
dard deviation varies between 0.047 and 0.051.
This indicates that the amount of draws does
not affect the reliability of the method, as un-
expected results are not likely.

The Sobol and Halton sequences give very
similar results. They both outperform the
PMC method and converge closer to the min-
imum with the same amount of draws. At 5
draws, Halton performs better with 0.142 com-
pared to 0.148. For all other amounts of draws,
the methods differ at most 0.001. They use the
same principle to construct a low-discrepancy
sequence, and thus have very similar results.
The Halton sequence is more simple in con-
struction and therefore often preferred over the
Sobol method. The results supports this as
they yield similar performance and initializing
the Sobol method is tedious.

The golden ratio method at 5 draws has
the worst performance of all methods. This is
likely because 5 is not enough draws to reach
the spread of points which is the value of a
golden ratio sequence. As the amount of draws
increases, the golden ratio method proves to be
the fastest of all methods. At 50 draws it per-

forms comparable to the PMC method and at
75 draws it is comparable to the Halton and
Sobol methods. From 75 to 100 draws it fol-
lows the same performance as the other QMC
methods. As it never outperforms them and
performs the worst for lower number of draws,
it is not a more accurate method than the Hal-
ton and Sobol sequences. However, the perfor-
mance for higher amounts of draws is similar
and thus further research is suggested.

The computation time is approximately lin-
early related to the amount of draws. The time
does not vary much between methods, as the
standard deviation is about 40% of the com-
putation time. This makes the difference be-
tween computation time insignificant. Thus,
all methods have comparable performance.

As the amount of draws , the performance
increase of all methods becomes smaller while
computational time increases linearly. A trade
off is to be made between desired accuracy and
computational time for all methods. The Hal-
ton method, for example, has the same per-
formance for 25 draws as the PMC method
for 75 draws. This implies a 3 times perfor-
mance increase to estimate with the same ac-
curacy. The Sobol method has an accuracy
of 0.120 RMSE for 100 draws while the PMC
method has 0.126. Only when increasing the
number of draws to 250 and further, does the
PMC method have the same performance as
the QMC methods at 100 draws, illustrating
the benefit of the QMC methods.

7 Conclusion

This paper describes the process of integrand
estimation using the Monte Carlo method with
different sequences. The application for which
the comparison is made, is the MMNL model
which allows for the modelling of consumer
preference to be randomly distributed. This
is done using a pseudo-random sequence and
three quasi-random sequences. The Halton
and Sobol sequences outperform the random
sequence, and the Halton sequence is preferred
due to its simplicity.

The golden ratio is used to make a low-
discrepancy sequence. It does not perform as
well as the other quasi-random sequences for
lower draws but as the amount of draws in-
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crease it becomes a valid method to estimate
the simulated log-likelihood.

Due to the performance of QMC methods,
it is concluded that a sequence need not be
random, but strategically crafted points offer a
faster and more efficient way to estimate inte-
grals accurately.

8 Discussion

The addition of a brand specific term αb was in-
troduced as level of complexity that may have
lead to less large performance differences than
found in Bhat (2001). A next step could be
discarding this parameter from the estimation
and compare results to see the influence it has
on performance.

Research has been done on the properties
of randomized low-discrepancy sequences by
Tan and Boyle (2019). It shows promising re-
sults in maintaining the low-discrepancy of the
quasi-random sequences, while simulating ran-
domness in what is theoretically a random se-
quence. As vertical patterns emerged, a fur-
ther extension could be investigating scram-
bled golden ratio sequences.

Niederreiter (2005) describes the construc-
tion of pt,m, sq-nets, which are a generaliza-
tion of many low-discrepancy sequences such
as Sobol and Halton. Finetuning these nets
and scrambling them has shown promising re-
sults to further increase the accuracy as shown
in Sivakumar and Bhat (2019).

A Code of research

The source code for this paper is made
publicly and may be retrieved from
https://github.com/timellemeet/mixedlogit
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