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Abstract

In this paper we derive two new classes of arbitrage-free specifications within the
Dynamic Nelson-Siegel (DNS) environment to alternatively model and forecast
the term structure of interest rates. The proposed models combine (i) explicit
identification of the theoretical short rate, (ii) the imposition of no-arbitrage
dynamics and (iii) bi-directional dependencies between the macroeconomy, a supply
factor and the yield curve. Additionally, we introduce a Bayesian algorithm that
readily incorporates no-arbitrage dynamics within the Nelson-Siegel environment.
Firstly, we show that the inclusion of arbitrage-free conditions results in the desired
concavity at the yield curve’s long-end for all considered estimation methods.
Within our empirical in-sample analysis, we find that the downward pressure at
the highest maturities may be too harsh. In contrast, our out-of-sample study
shows predictive improvements to emerge from the imposition of no-arbitrage.
Secondly, we show that our Bayesian algorithm can beat classical methods within the
arbitrage-free Nelson-Siegel environment, although restrictive priors may harm its
predictive performance. Lastly, we show that the inclusion of our proposed exogenous
factors results in near-consistent improved forecasts at shorter-term and mid-term
maturities.
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1 Introduction

Adequate modelling and forecasting of the yield curve are crucial in the fields of trading,
pricing of financial derivatives, managing financial risk, allocating assets, structuring debt and
policy-making. More general, Estrella & Trubin| (2006) and |Wright| (2006) find the term structure
of interest rates to be a leading indicator for the future macroeconomic climate. In order
to capture the underlying yield curve dynamics, academics have produced a vast literature
with a wide offering of models. Literature traditionally distinguishes two approaches that are
successful for complementary reasons. The first approach is theoretically well-motivated, but
fails to deliver empirical performance due to identification issues and cumbersome estimation
methods. The second approach capitalizes on the yield curve’s statistical properties, yet lacks the
methodological inclusion of arbitrage-free conditions. Although recent offerings have unified both
approaches, it remains infeasible to explicitly identify the short rate within these specifications
and to exactly estimate those specifications in a Bayesian manner. In this paper, we overcome
both drawbacks and unify exact estimation, theoretical appeal and statistical power in a model
that is engaging from a policymaker’s perspective.

With this study, we construct a new estimation methodology and several new specifications
to capture the yield curve dynamics, both in-sample and out-of-sample. The models we propose
combine the statistical power from the Nelson-Siegel environment, the elimination of arbitrage
opportunities from traditional models and explicit identification of the theoretical short rate.
We provide a greater understanding of the bond market via bi-directional linkages between the
yield curve, a newly emerged monetary policy instrument and the macroeconomy. Beyond our
derived specifications, we extend on Bayesian estimation methodologies to readily incorporate
no-arbitrage dynamics within the Nelson-Siegel framework.

As bonds trade centralized in financial markets, the preclusion of arbitrage opportunities
finds empirical motivation and lays the foundation of vast econometric literature. This dates
back to early research by |Vasicek| (1977) and Cox et al. (1985), who assume that a single
short-term factor drives the term structure of interest rates. Subsequently, Duffie & Kan| (1996)
construct a general class of Affine Term Structure Models (ATSMs), although Dai & Singleton
(2000) find this framework to suffer from badly behaving likelihoods with nonpositive variances.
They compose a canonical representation of admissible ATSMs, i.e. a structured subset of ATSMs
with positive variances and well-identified latent factors. Although this class of models shows
adequate in-sample performance, it delivers inferior predictive quality compared to random walk
forecasts in volatile times (Duffee (2002)). This inability has initiated three developments in
econometric literature on which we base our methodology.

The first development comprises returned attention to statistically motivated models. As
the term structure of interest rates assumes a wide variety of shapes over time, [Nelson & Siegel
(1987) combine greater parsimony and flexibility in their three-factor exponential decomposition
of the yield curve. The subsequent imposition of time-varying dynamics from [Diebold & Li
(2006) in Dynamic Nelson-Siegel (DNS) emerged in the eminent workhorse of the industry,
i.e. DNS has become the standard for the European Central Bank (Svensson| (1995))) and the



Federal Reserve Board (Gurkaynak et al. (2007)). Its popularity stems from several sources.
In line with financial theory, DNS beneficially enforces underlying bond prices to approach
zero with maturity. Moreover, |Diebold & Li (2006 show the emerging latent factors to have
meaningful interpretations via a time-varying level, slope and curvature factor, respectively.
From a practitioner’s perspective, the DNS model additionally offers greater simplicity via its
stable and straightforward estimation.

Econometric literature has further iterated on the DNS model with offerings of greater
statistical freedom and modifications of the statistical Nelson-Siegel base. The former set
finds its origins in the inclusion of time-varying parameters, i.e. |Kozicki & Tinsley| (2001)
allow for a time-varying mean of the process, |[Koopman et al.| (2010)) provide support for a
time-varying rate of decay and |[Hautsch & Yang| (2012) incorporate stochastic volatility for an
in-sample distinction between low-volatile and high-volatile periods. The other set alternated the
traditional Nelson-Siegel base, either via greater flexibility or via factor rotation. Per illustration,
Svensson| (1994) constructs a four-factor model that comprises an additional curvature factor
with a second rate of decay. Subsequently, |De Rezende & Ferreira (2013) further enlarge its
resilience by suggesting a five-factor model with two distinct rates of decay for the slope and
curvature factor, respectively. In contrast, the linear transformation from Nyholm (2018) does
not allow for greater flexibility as it only changes the interpretation of DNS’s level factor to
the short rate. His proposed Rotated Nelson-Siegel (RNS) model is statistically equivalent to
DNS. Yet, RNS appears more appealing from a policy-making perspective as central banks
traditionally seek to accommodate stimuli via manipulation of the short rate.

Despite DNS’s empirical success, it misses out on one specific dimension. |Bjork & Christensen
(1999) and Filipovi¢| (1999) show its incompetence to be arbitrage-free as DNS does not
fit a risk-neutral martingale process. |Coroneo et al| (2011) comply with the presence of
arbitrage opportunities, yet degrade its impact as they formally reveal DNS and ATSMs
to be insignificantly different. Krippner| (2015) further formalizes this near-equivalence and
demonstrates both theoretical foundation and statistical evidence of DNS to be a low order
Taylor approximation of Gaussian ATSMs. (Christensen et al.| (2011)) bridge the gap and impose
no-arbitrage dynamics to the DNS model in Arbitrage-Free Nelson-Siegel (AFNS), a slightly
restricted version of the canonical representation from Dai & Singleton (2000). On the one
hand, the AFNS model circumvents the cumbersome estimation that traditionally accompanies
the class of admissible ATSMs. On the other hand, the AFNS model combines the empirical
tractability of the DNS model with theoretically appealing arbitrage-free conditions. However,
the AFNS model fails to explicitly identify the short rate process with which policymakers
traditionally seek to fulfil their mandates. As such, we combine no-arbitrage dynamics from
Duffie & Kan| (1996) with the factor-interpretation from Nyholm| (2018) in Arbitrage-Free
Rotated Nelson-Siegel (AFRNS). Our AFRNS model combines the theoretical rigour of ATSMs
with the statistical power of DNS while it replaces the level factor with the theoretical short
rate. Additionally, we find that the AFRNS model and the AFNS model closely resemble via a
linearly interchangeable arbitrage-free parameter.

The second development enriches the class of ATSMs with the inclusion of macroeconomic



factors. Before these developments, literature considered two disjoint philosophies to capture the
spot rate dynamics. The macroeconomist approach exploited the role of inflation expectations
and real economic activity measures to construct the term structure of interest rates. In contrast,
the financial economist approach evaded the involvement of such observable series and resorted
to latent factors only. |/Ang & Piazzesi (2003]) combine both strands of literature to describe the
collective dynamics between bond prices and approximates for inflation and economic activity
within the class of ATSMs. Their extension appears crucial as the observable series explain 85%
of variation on the short-end and 40% of variation on the long-end of the yield curve.

Parallel to the proposed extensions for the class of ATSMs, [Diebold et al.| (2006]) find
substantial evidence of mutual relations between the macroeconomy and the yield curve in their
generalized proposition of the DNS model. De Pooter et al.|(2007)), Yu & Zivot| (2011)) and Monch
(2012) exploit these findings in their out-of-sample exercises to find consistent improvement in
predictive power. Additionally, Nyholm (2018) link the emerged theoretical short rate with
inflation and economic activity in a Taylor rule fashion (e.g. see Taylor (1993)). However,
his proposed connections are limited to the evolution of the short rate. Thus, we combine
the methods from Diebold et al.| (2006) to allow for bi-directional dependencies between the
macroeconomy, a later described supply factor and the rotated factors from Nyholm| (2018) in
Macro-Finance Rotated Nelson-Siegel (MF-RNS). Furthermore, we generalize our AFRNS model
in Macro-Finance Arbitrage-Free Rotated Nelson-Siegel (MF-AFRNS) as Ullahl (2016) shows
the surplus of predictive performance from exogenous factors to prevail with the imposition of
no-arbitrage in a Nelson-Siegel environment.

Unusual monetary policy-making has resulted in a climate of tenacious near-zero interest
rates, which further harms existing model performance. For example, [Steeley| (2014) and Truck
& Wellmann| (2016) show that random walk models consistently outperform more advanced
methodologies in the post-crisis era. The effect is two-fold as higher persistence results in
further strengthened benchmarks and weaker conventional yield curve models. [Andreasen &
Meldrum)| (2013)), Bauer et al.| (2014) and |Christensen & Rudebusch| (2015) provide quantitative
assessments of the inferior forecast performance from traditional specifications. They show that
ATSMs imply negative nominal bond yields and implausible probabilities of negative nominal
rates when yields approach zero. These empirical findings conflict with Black (1995)), who
suggests an option-like approach on the short rate as investors face the option to hold cash
rather than to invest in a negative short rate. His theorem states that nominal yields have a
non-zero truncation, which imposes the Zero Lower Bound (ZLB) on empirical yields.

The impact of the ZLB is not limited to the term structure of interest rates as it has also
been found to diminish existing relations between the term structure and the macroeconomy.
Per illustration, the proposed linkages of the short rate to inflation and economic activity from
Nyholm/ (2018]) may have declined in explanatory power as Bernanke, (2015) finds that the Taylor
rule no longer lasts in recent times. Thus, recent advances in literature enrich their yield curve
specifications with supply factors, which is in light of the scarcity channel from [Modigliani
& Sutch| (1966) and the preferred habit view from d’Amico et al. (2012). Laubach (2009)
already finds that budget deficits and government debt significantly affect the cross-section



of yields before the Great Recession. The subsequent Quantitative Easing (QE) programs
have further strengthened the influence of supply levels on the yield curve as [Krishnamurty &
Vissing-Jorgensen| (2011)), Thrig et al.| (2012)) and |Greenwood & Vayanos| (2014) find significant
downward pressure from Large Scale Asset Purchases (LSAPs) on the long-end of the yield
curve. Additionally, [Li & Wei| (2012) explicitly involve supply levels of long-term treasuries
and Mortgage-Backed Securities (MBS) in the framework from Ang & Piazzesi| (2003). They
find a one percentage point depression on the yield curve’s long-end from LSAP2. Hence, we
account for the alternated interest rate climate as we complement the inclusion of approximates
for inflation and economic activity with the Marketable Fraction (MF) of long-term treasuries.

The third development involves the greater interest of recent literature in Bayesian estimation
methodologies, mostly due to their statistical advantages. Firstly, Bayesian analysis circumvents
the issue of problematic local maxima (Kim & Wright| (2005)), i.e. points with similar likelihoods
but vastly different interpretations of the parameter coefficients. Illustratively, | Ang et al.|(2007)
adopt a Bayesian framework to cope with burdensome estimation arising from nonlinearity
in the deep parameters of ATSMs. Secondly, Bayesian inference supports the incorporation
of basic economic intuition via sensible prior densities (Diebold et al.| (2008))). For instance,
Chib & Ergashev| (2009)) incorporate the belief of a positive term premium to support the
otherwise ill-determined parameter estimation of ATSMs, considerably enhancing out-of-sample
performance. Thirdly, Bayesian analysis demonstrates robustness to the initialization routine,
which becomes increasingly burdensome when the amount of parameters involved becomes
large. For example, Christensen et al.| (2011) stress classical estimation of the canonical
framework from Dai & Singleton (2000) to be both onerous and time-consuming and |Ullah
(2016) shows several preliminary costly initialization routines to be essential for likelihood
convergence to reasonable estimates. Bayesian analysis, however, needs no preliminary
procedures. Lastly, Bayesian methodologies beneficially come with quantitative assessment of
model-, parameter-, and forecast uncertainty. Recently, Pericoli & Tabogal (2018) implement
an exact Bayesian framework to provide a quantitative assessment of the divergence between
institutional policy-making for different monetary unions.

These Bayesian advances are not limited to the class of ATSMs as they extend to other,
statistically-inspired yield curve specifications. For example, Monch (2012)) analyzes the
predictive content of level, slope and curvature as he models the joint dynamics of macroeconomic
variables and interest data. Diebold et al.| (2008) estimate the DNS model using Bayesian Markov
Chain Monte Carlo (MCMC) techniques, where Hautsch & Oul (2008), |Caldeira et al.| (2010))
and Hautsch & Yang| (2012]) subsequently iterate via the allowance for time-varying parameters
and stochastic volatility in the DNS model. [Laurini & Caldeira (2016) provide even greater
flexibility and construct a Bayesian sampler to combine both time-varying parameters and the
inclusion of exogenous factors. More recently, Cakmakli (2020) seeks to model the post-crisis
low-volatility period with the imposition of a Dirichlet process prior.

Instead, we exploit the unrestricted real-world dynamics to reversely tie our Nelson-Siegel
specifications to the arbitrage-free framework from Duffie & Kan (1996) within a Bayesian

estimation method. To our knowledge, no advances in Bayesian methodologies have yet



been made to readily incorporate no-arbitrage dynamics within the Nelson-Siegel environment.
Traditionally, |Christensen et al.| (2011) and Ullah| (2016) opt for maximum likelihood estimation
via the Nelder-Mead simpled method (e.g. see Singer & Nelder| (2009)). However, we follow
Diebold & Rudebusch| (2013) as they debate the appealing properties of a Bayesian approach to
make DNS arbitrage-free as it hypothetically provides a natural shrinkage direction.

We consider end-of-month U.S. zero-coupon bond yields from July 2003 to February 2020
to conduct an empirical exercise on our proposed extensions. In order to isolate each of the

modelled aspects, we address the following research questions:

1. Does the allowance for correlated factor dynamics provide additional explanatory power

in our empirical framework?

2. How does the prohibition of arbitrage opportunities affect the fit and the predictive

performance of our considered specifications?

3. How does the factor rotation from Nyholm/| (2018]) affect the in-sample and out-of-sample

performance, when compared to the traditional Nelson-Siegel base?

4. Does our Bayesian estimation method provide greater explanatory power when compared

to classical estimation methods?

5. Does the inclusion of our proposed exogenous regressors grant extra performance in both

analyses, when compared to their yields-only counterparts?

We solely investigate the fourth research question for yields-only models (e.g. specifications that
do not implement observable series other than yields). More specific, [Ullahl (2016) shows that
the classical estimation of models that combine exogenous factors and no-arbitrage within the
Nelson-Siegel environment requires costly initialization routines via simulation. We consider
these procedures to be beyond the scope of this paper. Besides, we find that comparison of
our proposed methodology with the classical estimation method for yields-only specifications
already provides sufficient evidence to answer the fourth question.

Within our in-sample exercise, we find that the mean fit of the term structure is relatively
robust to all modelled aspects presented in the research questions. Specifically, we find that
the deviation in average fit maximally amounts 1.5 basis points for all modifications considered.
When we divide the in-sample fit per maturity, some deviations arise. First, we find consistent
overestimation of the yield curve’s short-end, which indicates the inadequacy of our proposed
modifications to model the near-zero yields for lower maturities during the ZLB period (Bauer
et al| (2014)). This particularly holds for the arbitrage-free models from the second research
question. On the long-end, however, we find that the statistical specifications cannot capture
the desired empirical concavity. The arbitrage-free specifications can account for the implied
flattening, yet, we find them to exert too much downward pressure for higher maturities.
This overestimation prevails with both Nelson-Siegel bases and estimation procedures from
the third and fourth research questions, respectively. This indicates that the arbitrage-free

restrictions may be too harsh to model the long-end during the ZLB period. Although the



inclusion of exogenous factors from the fifth research question does not yield improvements to
the in-sample fit, we find it to offer a greater understanding of the mutual dependencies between
the macroeconomy, the monetary policy stance and the term structure of interest rates.

Our out-of-sample analysis shows more diverging results for each of the modelled aspects.
With regards to the first research question, we find that correlated factor specifications
offer higher predictive performance in forecasting the short-end of the term structure. This
performance slowly dissipates towards the long-end of the yield curve, where we find better
performance with independent factor models. We obtain conflicting evidence on whether the
imposition of no-arbitrage dynamics from the second research question offers better forecasts or
not. For the AFNS model, we find a near-uniform improvement compared to its no-arbitrage
counterpart. This is further strengthened by our proposed estimation method from the fourth
research question, i.e. we find that our Bayesian estimation methodology for the AFNS model
offers increased performance in a predictive setting when compared to the classical method.
Contrarily, the AFRNS model can offer greater predictive performance as opposed to its
statistical peer, yet the imposed priors from our Bayesian estimation methodology appear too
binding for this model. For the statistical models, we observe that the predictive strength of
our Bayesian approach slowly increases towards the long-end. The near-equivalence between
both statistical bases from the third research question largely prevails with our out-of-sample
exercise. Regarding the fifth research question, we find forecasting improvements for yields with
shorter-term and mid-term maturities to emerge from the inclusion of our proposed observable
factors.

We organize the remainder of this paper as follows. In Section we depart from the
traditional Nelson-Siegel environment and elaborate on our proposed extensions. Section
describes the implemented estimation procedures for all models considered. Next, Section [4]
specifies the data used in the empirical exercises from Section We conclude our findings in

Section [6] and finalize with some suggestions for further research in Section [7}

2 Econometric Methods & Techniques

We elaborate in Section on the statistical workhorse of the industry, the Dynamic
Nelson-Siegel (DNS) model. We explicitly identify the theoretical short rate as the first
latent factor while we preserve the statistical power of the DNS model with the Rotated
Nelson-Siegel (RNS) model from [Nyholm| (2018)) in Section In Section we introduce
a new specification as we impose the RNS model to the arbitrage-free structure from Duffie &
Kan| (1996). Alternatively, we combine the factor rotation from |[Nyholm| (2018) with modelled
bi-directional dependencies between exogenous factors and the latent states via [Diebold et al.
(2006) in Section Lastly, we unify the proposed extensions from Sections and within

one new specification in Section [2.5



2.1 Dynamic Nelson-Siegel

As the term structure of interest rates assumes a wide variety of shapes over time, Nelson &
Siegel| (1987) introduce greater parsimony and flexibility via Laguerre polynomial decomposition
of the forward rate fi(7;). If we define Pi(7;) as the price of a zero-coupon bond expiring at
time t+7; fori =1,..., N and y,(7;) as the annualized rate of return resulting from continuous
compounding such that P;(r;) = e %77 differential equation y;(r;) = T% o' fe(u)du implies

the yield curve at time ¢ to be defined as

1 —e A

y (1) = fie + for T

+ f31 pos
(2

_ e AT
16—6—”1], i=1,2,....N, (1)

where A governs the exponential decay rate and f;; refers to the j-th latent factor at time
t with 7 = 1,2,3. Large (small) values of A\ correspond to fast (slow) decay with maturity.
Apart from the statistical advantages the Nelson-Siegel functional form provides, it beneficially
implements empirical restrictions from financial theory as P;(0) =1 and lim, ., Pi(7;) = 0 Vt.
The introduction of time-varying dynamics from Diebold & Li| (2006) to capture bond market
movements over time in the Dynamic Nelson-Siegel (DNS) model largely increased its popularity
as it has become the yardstick among practitioners (Svensson (1995); Curves (2005)); |Glirkaynak
et al.| (2007)).

Analogue to Principal Component Analysis (PCA), |Diebold & Li| (2006) suggest to interpret
the time-varying latent factors {fi., for, fg,t}thl as level, slope and curvature, respectively.
Literature considers fi; a long-term factor as lim,, . y¢(75) = f1t. A shock thereof equally
affects the entire cross-section of modelled yields due to its unity loading. [Frankel & Lown
(1994) interpret fo; =lim, o y:(7;) — lim,, . y¢(7;) as a negative slope whose loading starts at
one and monotonically approaches zero. Sudden changes on the factor highly affect short-term
yields and induce variations in the spreads. |Rudebusch & Wul (2008) relate the first factor to
market expectations on the policymaker’s medium-term target inflation. Additionally, they show
the slope factor to comply with cyclical responses of the central bank’s short rate manipulation
to fulfil its mandate. The third latent factor portrays a medium-term factor as its loading bulks
roughly around mid-term maturities depending on ), i.e. it increases for short-term maturities
but influence fades towards the long-end of the term structure. Monch/| (2012]) shows unexpected
increments of the third factor to come before a flattening yield curve and possible economic
slowdown (Wright| (2006)). Besides, Figure [l displays the behaviour of DNS’s factor loadings as
a function of maturity, i.e. we observe the unity loading on the first factor, the gradual decay
on the second factor loading and the bell-shaped pattern on the third factor loading.

We follow Diebold et al.| (2006) who suggest to rewrite the model in state space with further

eased single-step estimation, i.e.

Yyt = Bafi + €, €t NN(Oaﬂ)a (2)
fi=(Is—F)u+Ffia+n, n~N0Q), t=12,...T, (3)

where Equations and refer to the measurement equation and state equation, respectively.

10



Equation reformulates Equation to a multivariate setting, i.e. it bundles N observed

yields and three factors at time ¢ in y; and f;. The covariance matrix on the measurement

equation is assumed to be diagonal, i.e. H = diag(o’% e ,012\,). Explicit completion of the factor
loadings yields
B l—e—AT1 l—e—2T1 Y T
s
1—e 272 1—e~ 71 —A
Bi=| 7 e (4)
. . . ’

1—e N 1—e N —A\TN
_1 ATN ATN —€ _

as an N x 3 matrix. Equation resembles either an AR(1) or a VAR(1) process on the
latent factors with coefficients captured in state dynamics matrix F' (3 x 3) and covariance
matrix @ (3 x3). An AR(1) process imposes the latent factors to be independent via a diagonal
structure on both F' and @ (Diebold & Li (2006))), whereas a VAR(1) process allows for correlated
dynamics via a fully-flexible F' and Cholesky-decomposable @ (Diebold et al.| (2006))).

T T
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Maturity (years)

Figure 1: Factor loadings acquired from the Dynamic Nelson-Siegel (DNS) model for each entry provided in the
factor loading matrix of Equation . The rate of decay A is fixed to 0.7308, which maximizes the factor loading
on the yields with 30 months to maturity (Diebold & Li (2006)).

2.2 Rotated Nelson-Siegel

The functional form of Nelson & Siegel| (1987) does not directly parametrize the overnight rate
as it corresponds to the sum of the first two latent factors by definition, i.e. lim., _, y:(7) =
f1,4+ f2,t- From a regulatory view, policymakers manipulate the short rate to reach their inflation
targets and to accommodate economic growth. Hence, explicit identification of the overnight
rate enables the interrogation of joint dynamics between the short rate and macroeconomic
factors in a Taylor Rule type fashion and possibly surpluses the explanatory power of DNS.
Besides, a plain expression on the short rate process has become increasingly important since its
purpose as traditional monetary policy instrument cuts no more slack (Rudebusch et al. (2018))
and its predictive use as liftoff indicator has gained attention (Bauer et al.| (2016)); Feroli et al.
(2017)).

To overcome this obstacle, Nyholm| (2018) augments the DNS model with rotation matrix

A after which the factor-interpretation of interest emerges in the Rotated Nelson-Siegel (RNS)

11



model. Explicit completion of A where the theoretical short rate emerges on the first latent

factor yields

1 1 0
A=|0 -1 0}, (5)
0 0 1

which alternates the parameter description from [Level, Negative Slope, Curvature] to
[Short Rate, Positive Slope, Curvature}ﬂ Hence, the yield curve expression of the RNS model

at time ¢ resolves to

1—e 7

1—
)\Ti

ye(13) = Bt + Bay + B3t

1-;” —e)‘”], i=1,2,...,N, (6)
where the proposed transition rigorously shifts the first factor from being long-term to
short-term, i.e. im,,_,, (%) = f1,+ + f2,4 = B1,+ The preservation of its unity loading inversely
constructs each modelled yield to be loaded on the theoretical short-rate instead of the level
factor. Analogue to the level-interpretation of the DNS model, a shock on the short rate
equally affects the entire cross-section of yields (Diebold & Rudebusch| (2013)). The second
factor switches sign compared to the DNS model as [Frankel & Lown| (1994) show f; = lim,. o
ye(T) — lim,, y¢(1i) = —P2+. Hence, the second factor refers to the theoretical spread and
shows inverse decay as the influence of the slope gradually increases towards the long-end of
the curve. Curvature-akin interpretation persists on the third latent factor (Nyholm| (2018])).
Additionally, Figure |2 displays the evolution with maturity of the factor loadings from the RNS
model. Comparison of Figures [I] and [2| demonstrates that the sole deviation between both bases
lies in the horizontally mirrored pattern of the second factor loading.

To further ease notation and estimation, Nyholm (2018) suggests to rewrite the static

composition from Equation @ in state space as

Yt = B;‘\/Bt + €&, €t NN((]’H): (7)
Bt:(I3_F)IJ’+FBt—1+nt7 ntNN(OaQ)u t:1727"'7T7 (8)

where Equations and refer to the measurement equation and state equation of the RNS
model, respectively. Both show great resemblance to the state space formulation of the DNS
model in Equations and , i.e. both formulations are dimensional equivalent, although the

completion of the parameters, factors and disturbances is different due to the factor rotationﬂ

"We implement the short rate as a theoretical quantity throughout our paper, i.e. the first latent factor
to emerge has maturity 7 = 0, as the resulting completion of rotation matrix A yields greater simplicity
to subsequently introduce no-arbitrage dynamics. However, Nyholm| (2018|) generalizes the completion of
transformation matrix A to define the first latent factors as an empirical approximate of the short rate that
f.e. has maturity 7 = 3 or 7 = 6 in months.

2The completion of the parameters and disturbances in Equations and (3) differ due to the factor
augmentation from Nyholm (2018). For readability purposes we only introduce new notation for the states
and the factor loadings as we wish to directly compare these two aspects between both specifications.
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Completion of the factor loading matrix from the RNS model resolves to

_l—e ™ 1—e=?1 A
L1 ATy AT1 €
1—e 272 1—e= 271 — ATy
* 1 1- ATo AT2 —€
B} = 9)
1—e N 1—e N —ATN
_1 L= ATN ATN - € J

where the entries in the second column differ from the traditional Nelson-Siegel base in
Equation . As A is involutory and BY3; = ByA"'Af, = Byf:, both the DNS model
and the RNS model are observational equivalent with identical statistical characteristics in
their measurement equations. However, this interchangeability no longer prevails with the
incorporation of exogenous variables. As the first factor embodies an alternative statistical
interpretation in both specifications, an improvement of one variant over the other resolves to
an empirical question with no statistical consensus in case we implement exogenous regressors.
For example, if the exogenous factors are closely related to the theoretical short rate (level), we

expect the RNS (DNS) model to posses greater explanatory power.

T
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Figure 2: Factor loadings acquired from the Rotated Nelson-Siegel (RNS) model for each entry provided in the
factor loading matrix in Equation @D The rate of decay A is fixed to 0.7308, which maximizes the factor loading
on the yields with 30 months to maturity (Diebold & Li (2006))).

2.3 Arbitrage-Free Rotated Nelson-Siegel

We depart from the RNS model and combine the absence of arbitrage opportunities with
direct parametrization of the short rate in Arbitrage-Free Rotated Nelson-Siegel (AFRNS).
From one perspective, the AFRNS model circumvents troublesome estimation that traditionally
accompanies the class of ATSMs (Duffee (2002); [Kim & Wright| (2005); Hamilton & Wu
(2012)). Alternatively, the AFRNS model methodologically surpluses the empirically successful
but theoretically lacking RNS model as the latter misses out on the no-arbitrage dimension
(Duffee (2002)); Kim & Wright| (2005); Hamilton & Wul (2012)) while explicit identification of
the theoretical short rate persists with the imposition of no-arbitrage.

The existence of the AFRNS model originates from two conditions. Firstly, the existence

of a riskless profit hindering Dynamic Nelson-Siegel specification stems from the work of

13



Trolle & Schwartz (2009). They show the HJM-framework to be readily represented by a
multi-dimensional Markov process with time-invariant volatility structures (e.g. see Heath et
al.| (1992)) for an explanation in greater detail). As the DNS model satisfies this requirement,
there exists an arbitrage-free three-dimensional HJM model with the traditional Nelson & Siegel
(1987) base. Secondly, the statistical equivalence of RNS and DNS philosophically ensures the
same principle to hold for a no-arbitrage variant of the RNS model (Nyholm (2018)).

The derivation of the AFRNS model is analogue to the derivation of Arbitrage-Free Rotated
Nelson-Siegel (AFNS) from |Christensen et al. (2011) and commences with the imposition of
the RNS model on the continuous-time no-arbitrage framework from Duffie & Kan| (1996).
Following (Christensen et al. (2011) we assume a three-dimensional state variable X to be
a Gaussian Ornstein-Uhlenbeck process under the risk-neutral Q-measure with Stochastic
Differential Equation (SDE)

dX; = K202 — Xi)dt + 3¢ Dy(X4)dW2, (10)

where th@ (3 x 1) is a multivariate standard Brownian motion under the risk-neutral measure
of which filtration {Z; : t > 0} is compliant with the usual conditions from |Williams| (1991)) (e.g.
we refer to his study for an explanation in greater detail). Both 09 (3 x 1) and K;@ (3 x 3)
are bounded continuous functions, which correspond to the time-varying drift and dynamics
of the process under the Q-measure respectively. The risk-neutral volatility of the process
consists of two components, i.e. a bounded continuous matrix ¥; (3 x 3) and a diagonal matrix
Dy(X3) (3x3) with elements 1/~7 + (5{)’Xt, where scalar 47 and vector 5{ (3x 1) are bounded
continuous functions for j = 1,2,3. The instantaneous risk-free rate coincides with an affine

function of the unobserved state variables as

Tt = pot + p;_,tXta (11)

which fits the RNS model via pp; = 0 and p1,¢ = [1,0,0] V¢ as lim,, o (1) = P14 (e.g. see
Section . Dutfie & Kan| (1996)) prove zero-coupon bond prices to be exponential functions of

the underlying latent factors under the risk-neutral measure, i.e.
P(t,T) = EY [ redu)] — AGD+BED) X, (12)

where A(t,T) and B(t,T) form time-invariant solutions to the following system of Riccati
Ordinary Differential Equations (ODEs)

3
dAgt’T) — po— B(t, T) (K90 ;Z (z'B(t,T)B(t,T)’z)jﬂj, (13)
dB(t,T) _ / 1 : / / )
— =P+ (KYB@,T) - 5 ]Z:; (2B@.D)B(TYS) (5)). (14)

The solutions to the ODEs in Equations and comply with boundary conditions
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A(T,T)=0and B(T,T) =0as P(T,T) = OE| Following (Christensen et al.| (2011) we suppress
the time-dependence on the parameters in Equation . Moreover, we specify the risk-neutral
evolution on the state variables to be homoskedastic with Dy(X;) = I3 Vt. Risk-neutral
pricing of zero-coupon bonds according to Equation implies closed-form computation of
the underlying yields via

logP(t,T) A(t,T) B(t,T)

t,T)=— = — — X 15

which roughly follows the structure in Equation @ An approximate match between the
three-factor affine structure from Duffie & Kan (1996) and the augmented base from |[Nyholm
(2018) yields explicit solutions to the Riccati ODEs as

BY(t,T) = —(T - t), (16)
B2(t,T) = —(T—t)+1_e_;(T_t), (17)
B3(t,T) = (T — t)e T 1o (18)

)\ 9
which we formalize with Equations , and in Appendix We obtain a formal
solution for A(t,T) via

3
Z[KQOQ /BJ(sTds Z/ >'B(s, T)B(s, T)E) ds.  (19)

= t 3.3

Hence, we obtain a near-exact one-to-one mapping of the three-factor affine model from

Duffie & Kan| (1996)) to the factor loadings of the RNS model, yet the inclusion of an extra
At,T)
T—t

Although we provided some intuition on the unification of the RNS model with the

yield-adjustment term — arises from Jensen’s inequality (Christensen et al.| (2011))).
arbitrage-free structure from Duffie & Kan (1996]), we elaborate on the construction of the
AFRNS specification in Appendix [A] Appendix clarifies the risk-neutral state dynamics
of the AFRNS model for which we provide a formal proof in Appendix i.e. we inversely
show the suggested solutions to match the ODEs and boundary conditions. To conclude our
proposition of the AFRNS model, we construct a simplified expression for the proposed bias
correction in Equation and show the yield-adjustments of the AFRNS model and the AFNS
model to be 1inearly interchangeable in Appendix

In Appendix [A.1] we show that the AFRNS model fits the risk-neutral state diffusion of

3We opt for alternative notation here of P(t, T) over P,(7) with T = t+ 7 to conform with the documentation
used by |Christensen et al. (2011). The notation is interchangeable, but further eases visual inspection of the
similarities between the derivations of the AFRNS model and the AFNS model.
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Equation (10]) via

dx} 0 —x x| | (62 X} awy,
axz =10 x A o | — | X2 || dt+Z|awg |, A>0, (20)
dx;} 0 0 A 62 X} AWy,

which has several mathematical implications. Firstly, the explicit filling of pp; and p1¢ in
Equation ensures explicit identification of the first latent factor as risk-free rate to prevail
with the imposition of no-arbitrage. In line with its role in the AFNS model, curvature’s function
as a time-varying mean for the slope factor remains with the factor rotation from Nyholm/ (2018)
under the risk-neutral measure (e.g. see the placement of A as the third element of the second
row in Equation ) However, its role expands as both slope and curvature form stochastic
additions to the risk-neutral mean of the short rate factor. Secondly, the short rate factor has
a unit root under the Q-measure as the first diagonal element of K@ in Equation is zero.
This second implication conforms with empirical evidence as Cieslak (2018]) shows the overnight
rate to be nonstationary in recent times. Thirdly, the imposition of no-arbitrage in the AFRNS
model statistically limits the risk-neutral state diffusion with a time-invariant unconditional
mean 6, a time-invariant risk-neutral volatility matrix 3 and a time-invariant rate of decay
A. The first restriction directly impacts the statistical freedom of the AFRNS model as it
becomes incompatible with the greater explanatory performance arising from shifting endpoints
(Orphanides & Wei (2012); Van Dijk et al.| (2014)); Altavilla, Giacomini, & Ragusa| (2017))).
The second constraint implies a joint incorporation of no-arbitrage and unspanned stochastic
volatility via the methods from |Kim et al.| (1998) to be infeasible. The third limitation prohibits
the implementation of the extensions with a time-varying rate of decay from Koopman et al.
(2010) in a no-arbitrage fashion.

In line with the continuous-time representation of the AFNS model from |Christensen et
al.| (2011)), we derive the continuous-time relationship between the risk-neutral and real-world

dynamics of the AFRNS model via measure change
AWR2 = aW] + Iydt, (21)

where I'; refers to the risk premium, thQ coincides with the risk-neutral Brownian motion
from Equation and dW} (3 x 1) corresponds to a standard Brownian motion under the
P-measure. Following Duffee| (2002) we construct the risk premium to be a linear function of

the underlying latent state variables as

79 V111 ’Y112 7113 th
Pe= 19+ | e || X7 (22)
%g 7%1 7:%2 7%3 Xz?
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Table 1: AFRNS parameter restrictions on Ag(3) class of models.

AFRNS p(l)’, p}/ KYQ KYF oYt Amount of Restrictions
/{EQ =0
Independent factors pg = p{g = ,0{3 =0 K;/é(@ = K%%Q Diagonal No restrictions 12
YO _ Y0 (mya'@>
23 = Rag Y,Q
K12
k8 =0
Correlated factors oy =0 %/IQ Y,Q No restrictions No restrictions 3
Koy~ = K33

Note: This table provides the supplemental required restrictions on the canonical Ao(3) model to correctly identify both independent factor- and
correlated factor AFRNS. The same theoretical restrictions apply to the MF-AFRNS specifications. Following |Christensen et al.|(2011) we provide an
extensive derivation of these restrictions in Appendix@

which extends the affine dynamics from Equation to the P-measure, i.e.

dX} = KP[6% — Xy) + AW}

P P P P 1 1P

— P P P P | — 2 2,P

= |F21 Koz Kag 05 Xp || dt+ |oar 022 0 awp |- (23)
P P P P 3 3,P

The greater flexibility of I'; in Equation motivates the exploitation of the inverse expressions
from |[Fisher & Gilles| (1996) (e.g. see Section [3)) as the unconditional mean vector 8F and the
mean-reversion matrix K are allowed to move freely under the P-measure.

Two specific sets of models from |Christensen et al.| (2011) emerge from Equation , i.e. the
class of independent factor models and the class correlated factor models. The former provides
greater parsimony as it restricts off-diagonal elements of both K and ¥ to zero, whereas
the latter offers larger resilience with unrestricted cross-sectional state dynamics and mutual
interaction between shocks on the state variables via a lower-triangular matrix 3.

Both variants of AFRNS require several additional restrictions to conform with the canonical
Ap(3) class of no-arbitrage specifications from Dai & Singleton| (2000), i.e. a generic class
of models with a three-factor latent state diffusion, zero square-root volatility processes and
no-arbitrage. Per illustration, the acquired latent factors may rotate in absence as the probability
distribution of bond yields remains unchanged (Duffee (2011)). We elaborate on the compulsory
restrictions made by Dai & Singleton| (2000) in Appendix |B| and show these to be incapable of
identifying our considered AFRNS specifications. Consequentially, we provide supplemental
restrictions to correctly identify the system as we prohibit affine transformations to yield
equivalent representations. To clarify, we ensure an arbitrary three-factor state diffusion Y;
to be unique as we prohibit a linear transformation 7¢: Z; = C'Y; 4 € with non-singular square
matrix C (3 x 3) and vector of constants € (3 x 3) to result in an identical representation of the
same model.

Table [I] summarizes the supplemental parameter restrictions from Appendix [B| for both the
independent factor AFRNS model and the correlated factor AFRNS model. In line with the
notation from [Duffie & Kan| (1996)), p¥ and p} refer to the linear coefficients used to construct
the short rate from the underlying factors Yz, KY*@ and KY'F correspond to the risk-neutral

dynamics and the real-world dynamics of Yz, respectively, and 8Y°F coincides with the drift of
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Y; under the P-measure. In line with the compulsory restrictions on the AFNS model, jointly
restricting py = k], = 0 satisfies the absence of a constant in Equation as the first latent
factor resembles a unit process under the risk-neutral measure for both variants. Imposing
R;/é(@ = H;:é@ ensures the mean-reversion rates of the second and third factor to be equal under
the Q-measure. For the independent factor variant six more constraints arise from the implied

diagonal structure on KY'F, whereas the last restriction defines the scaling of curvature on the

Y.Q
slope under the risk-neutral measure as Ii%/é(@ = Ii;/é(@ (Ri}%@ .
K13

Discretization of the continuous-time parameters from Equation allows for statistical
inference via Gaussian state space methods (Christensen et al. (2011); Caldeira et al. (2016)).

For the continuous-time AFRNS model, the mean and variance conditional on filtration Z; are

EP[Xp|Z,]) = <I - e—KPAt) o y e KAt x, (24)
At P Py/
VP [ Xr|Z] = / e K smye (K5, (25)
0
where At = T — t in years. Consequentially, we exploit conditional moments of discrete

observations to obtain both the measurement equation and state equation for the AFRNS model

as

Yyt = a + BXB; + e, et ~N(0,H), (26)
_ P P
IBt: (I_e K At>0P+e K Atﬁt—l"i_nb T’tNN<07Q)7 t:17-~-7T7 (27)

where a (N x 1) refers to the deterministic yield-adjustment term with closed-form computation
according to Appendix B3 (N x 3) resembles the adjusted base from Nyholm| (2018)), B¢
(3 x 1) coincides with the latent states at time t to conform with the notation from Section
H (N x N) corresponds to a diagonal covariance matrix, K* and 6% coincide with the
continuous-time state dynamics and drift from Equation , respectively, and At = 1/12
refers to the annualized period between monthly observations.

Fisher & Gilles| (1996)) show that the imposition of no-arbitrage demands a special structure
of Q@ (3 x3), ie.

At P Pys
Q:/O e K smyle (K s, (28)

which bridges the gap between the P-measure and the Q-measure as it is directly tied to the
elements of 3 and K*. Moreover, we assume that the disturbances of the measurement equation
and the state equation are orthogonal.

The state space representation of the AFRNS model is analogue to the multivariate
formulations of earlier mentioned specifications. From one perspective, we obtain the RNS
model via withdrawal of yield-adjustment a from Equation while offering greater statistical

_iP . .
KAt and the state covariance matrix Q.

freedom on the structure of the state dynamics e
Alternatively, the state space representation of the AFNS model arises from two modifications
on Equation , i.e. substitution of B} with By and deterministic computation of AFNS’s

yield-adjustment instead of AFRNS’s yield-adjustment (see Equation in Appendix [A.3)).
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2.4 Macro-Finance Rotated Nelson-Siegel

The facilitation of exogenous drivers often provides supplemental explanatory power to the term
structure of interest rates. Prior to the rise of such literature, an unusually extensive gap between
macroeconomists and financial economists remained apparent in their approaches to model the
yield curve. The first group focuses on the role of inflation expectations and real macroeconomic
activity, whereas the second group avoids the involvements of such determinants and resorts to
the evolution of latent factors. Recent advances in literature unify both camps and demonstrate
subordinate modelling improvements to emerge from the inclusion of observable components
within the class of ATSMs (Ang & Piazzesi (2003); Kim & Wright| (2005)), where after others
show the surplus of explanatory power arising from the inclusion of exogenous factors to often
persist with (modifications of) the DNS model (De Pooter et al.| (2010); Yu & Zivot| (2011);
Monch| (2012)).

We bridge the gap between macroeconomist and financial economist yield curve modelling
and depart from Section to construct the Macro-Finance Rotated Nelson-Siegel (MF-RNS)
modelE] Following Diebold et al. (2006) we complement our latent state diffusion with P
observable series in a nonstructural VAR(1) representation. Our proposed specification offers
greater statistical freedom opposed to the exogenous connections from Nyholm| (2018]) as we
allow for bi-directional dependencies between the latent states and the exogenous factors on
the one hand and provide support for the exogenous factors to readily interfere with slope and

curvature on the other hand. The state space composition of the MF-RNS model comprises

BY 0 €
i e N L Y B R YT 258 (29)
Yt Opxs Ip Yt Op
B¢ K, K © K, K>| [Bi-1 un
= I3+P_ ? + + ) (30)
Yt K3z K, My K3z Ki| \7i-1 wi

where ¢ (P x 1) bundles the exogenous factors at time ¢, B (N x 3) refers to the factor
loadings from Nyholm| (2018) and covariance matrix H (N x N) remains diagonal. Matrices K7
(3x3), K2 (3xP), K3 (P x3)and K4 (P x P) describe the co-movements between the latent
states and the exogenous variables. More specific, the blocks K7 and K4 show the within-set
responses of the latent factors and the exogenous variables to their first lags, respectively, while
the cross-sectional connections between the term structure of interest rates and the exogenous
factors follow from Ko # 0 and K3 # 0. The first inequality portrays the yield curve’s
response to the exogenous factors (Kim & Wright| (2005)); Ang et al.| (2006)), whereas the second
inequality displays the term structure of interest rates as an indicator for future macroeconomic
developments (Estrella & Mishkin| (1996)); Wright| (2006)). The unconditional mean vector
consists of two partitions, i.e. pg (3 x 1) coincides with the unconditional means of the latent

states and p~ (P x 1) refers to the unconditional means of the exogenous factors. The assumed

4The nomenclature of MF-RNS stems from the lack of consensus between macroeconomists and financial
economists to model the term structure of interest rates. Our approach unites both philosophies within the
MF-RNS framework.
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error structure for the state equation of the MF-RNS model is

ur NN( 03 ’ Q O3xp ), 31)

Wt Op Opxs R

which restricts interrelated shocks on disturbances between the set of latent states and exogenous
factors to be nonexistent. Similar to Sections and we define @ (3 x 3) as the covariance
matrix for the latent factors. Additionally, we follow Diebold & Li (2006) and assume R (P x P)
to be Cholesky-decomposable via a lower-triangular matrix. The analogy with an independent
factor variant and a correlated factor variant of the MF-RNS model lies in the structure of K3
and Q. The class of independent factors imposes a diagonal structure on K7 and @ while it leaves
the structure of Ko, K3, K4 and R untouched. Contrarily, a correlated factor variant of the
MF-RNS model allows for a fully-flexible matrix K7 and a Cholesky-decomposable covariance
matrix Q.

The representation of the MF-RNS model in Equations and embodies a generalized
formulation of earlier discussed specifications. We find the RNS model from Section to be
nested within our MF-RNS specification. Jointly restricting Ko = 0 and K3 = 0 partitions the
state equation of the MF-RNS model in two sub-equations. Leaving out the VAR(1) process
on the exogenous factors results in the RNS model. Additionally, the proposed exogenous
connections of the theoretical short rate with inflation and capacity utilization from [Nyholm
(2018) fits our system via P = 2, a nonzero first row of Ko and K3 = 0. On the other hand,
one obtains the DNS-Macro model from Diebold et al. (2006) after substitution of the rotated
factor loadings with the traditional Nelson-Siegel base from Equation .

2.5 Macro-Finance Arbitrage-Free Rotated Nelson-Siegel

We proposed two separate modifications to the baseline RNS model in Sections [2.3] and
respectively, although it appears beneficial to merge both in one specification. From one
perspective, the MF-RNS model unites macroeconomist and financial economist yield curve
modelling as it involves exogenous determinants, yet it lacks the theoretical rigour of the methods
from |Ang & Piazzesi| (2003) and Kim & Wright| (2005) as it fails to be arbitrage-free (Filipovi¢
(1999); Bjork & Christensen| (1999)). Alternatively, the AFRNS model from Section 2.3|complies
with no-arbitrage and tractable estimation but ignores the possible surplus of explanatory power
emerging from the modelled bi-directional dependencies between exogenous variables and the
latent factors.

We combine both strands of literature in the Macro-Finance Arbitrage-Free Rotated
Nelson-Siegel (MF-AFRNS) model, which closely follows the formulation of the MF-RNS
specification from Section Following |Ullah! (2016) we complement the discretized latent
state diffusion of a no-arbitrage variant within the Nelson-Siegel environment with P exogenous
components while our proposed MF-AFRNS specification preserves the factor-interpretation
from Nyholm| (2018). AsNyholm|(2015) debates the entrance of observable series within the class

of arbitrage-free Nelson-Siegel specifications to be unspanned, i.e. the incorporation of exogenous
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factors should be limited to the state equation to not distort the arbitrage-free dynamics, the

state space representation of the MF-AFRNS model settles to

a By 0 €
Yt _ n A NxP Bt " t e NN(O,H), (32)
Yt 0 Opxz Ip Tt Op
_igP _ P
Bt e K18 K, 03 e K18 Ky| [Bi-1 Tt
— (Isp - + + o (33)
Yt K3 K, 0, K3 Ky \ 711 wi

where the imposition of arbitrage-free dynamics introduces three modifications relative to the
state space representation of the MF-RNS model. First, unification of the MF-RNS model with
the no-arbitrage framework from Duffie & Kan| (1996) requires the upper-left partition of the
state dynamics, that is 67K$>At (3 x 3), to be of a specific structure in accordance with the
discretization of the continuous-time state dynamics from Equation . Secondly, the imposed

arbitrage-free conditions statistically limit the composition of Q (3 x 3) via
At P Py/
Q= / e Krsmye (K1) g, (34)
0

although the assumed error distribution on the state equation of the MF-AFRNS model yields
symbolic equivalence to Equation . The construction of @ via Equation connects both
measures as it involves the continuous-time state dynamics matrix K} and the risk-neutral
volatility matrix 3. Thirdly, @ (N x 1) coincides with the deterministic yield-adjustment term
of the AFRNS model for which we provide an algebraic expression in Appendix All other
parameters within the state space representation of the MF-AFRNS model yield equivalent
interpretation and dimensionality to its counterparts from the MF-RNS model, although the
different notation for the unconditional means arises from the no-arbitrage notation by [Duffie
& Kan| (1996).

Our proposition of the MF-AFRNS model closely relates to earlier debated specifications.
The AFNS-Macro specification from |Ullah (2016), which combines the AFNS model with the
inclusion of exogenous factors, emerges from substitution of the yield-adjustment and factor
loadings with their AFNS-related counterparts (e.g. see Section[2.3)). Alternatively, the MF-RNS
specification arises from withdrawal of the yield-adjustment term while offering greater statistical
flexibility on both e_KglAt and Q. Lastly, we find the AFRNS model to be nested in Equations
and as jointly restricting Ko = 0 and K3 = 0 divides the state equation of the
MF-AFRNS model in two partitions. In line with the nested relation between the RNS and the
MF-RNS specifications, simply ignoring the VAR(1) process on the exogenous factors yields the
AFRNS model.

3 Estimation

We estimate our discussed specifications using Bayesian Markov Chain Monte Carlo (MCMC)

techniques as they overcome several caveats arising from frequentist methods. Our estimation
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approach circumvents the problematic convergence to local maxima, which traditionally
accompanies classical no-arbitrage methods (Kim & Wright (2005)). Also, it evades the
onerous and costly initialization routines for arbitrage-free specifications with the traditional
Nelson-Siegel base and exogenous factors from |Ullah| (2016). Furthermore, our approach
methodologically surpluses frequentist estimation methods as it incorporates parameter- and
stochastic uncertainty (De Pooter et al. (2007)). Lastly, our approach is exact and does not

require asymptotic distribution theory to assess the properties of the estimators.

3.1 In-Sample Posterior Simulation

We generalize notation to fit our discussed specifications from Section [2] and express a standard

linear Gaussian state space model as

Yt = d+ Zoy + €4, et ~ N (0, H), (35)
at+1:C+TOft+nt, ntNN(OvQ)a t:]-)"'7T7 (36)

where y; (N x 1) refers to the observed yields at time ¢, a¢ (J x 1) coincides with the state
vector at time t and d (N x 1), Z (N x J), H (N xN),c (Jx1), T (JxJ),Q (JxJ)
correspond to the parameters of the model respectively. The state space representation from
Equations and resolves to a time-invariant version of the model proposed by [Durbin
& Koopman| (2012) as we suppress the possible time-dependence in the parameters.

Our Bayesian MCMC algorithm exploits Gibbs sampling and Data Augmentation to first
account for stochastic uncertainty in the latent factors conditional on the sampled parameters.
Hereafter, we reverse the procedure to sample the parameters from their full conditional marginal
posterior distributions given the latent states (Geman & Geman (1984)); [Tanner & Wong| (1987));
Carter & Kohn (1994))E] We define © = {d,Z,H,c,T,Q} as the set of parameters, a.1 as
the latent states and yi.7 as all in-sample observations. Then, Bayes’ rule implies the joint

posterior of © and a1, to be of the form

(0, ar.7|y1.T) x p(O)p(y1:7, a1.7|O)
X p(G)p(ylzT‘alva @)p(altT‘®)7 (37)

where p(©) refers to a product of independent prior densities, p(y1.7, a1.7|0©) coincides with
the complete data likelihood and p(aq.7|©) allows the researcher to impose prior knowledge
on the states. With Data Augmentation posterior inference simplifies to standard regression
results for both the measurement equation and the state equation as it requires us to evaluate
p(y1.7|a1.1, ©), i.e. the likelihood conditional on the latent factors. If we define O(m) and a(lm%
as the m-th draw of the model’s parameters and states respectively, the Gibbs sampler of joint

posterior p(©, a.7|y1.7) takes the following shape:

SWe follow [Hautsch & Yang (2012) and |Cakmakl| (2020) in their approaches and explicitly omit the first
observation in the construction of the posterior kernel for the state equations. This omission yields greater
simplicity as it preserves the validity of the Gibbs sampler over the Metropolis-Hastings algorithm (see Hastings
(1970)).
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(0)

e Initialize parameters ©(©) and states a;.p- Then, at the m-th iteration:

1. Sample 0‘1 T from p
Sample H™ from p H]Z m=1) g(m=1) Q(m_l),T(m_l),c(m_l),a(linT),ylzT).

d(m 1) Q(m—l)’T(m—l)’c(m—l) (m) )

Sample Z (M) from p(Z » Oy Y1:T )

(
(
(
Sample d™) from p(d|H™, Z(m Q=1 T(m=1) cm=1) o) 4 1
(
(
(

E

Sample Q™ from p QH (m) z(m) g(m) qp(m=1) (m-1) 04(1 %,yl T).
Sample T™ from p T\H(m Zm) dm Qm) elm=1) 04(1:1)17 Y1.T)-
Sample ™ from p(c|H™, Z(™) d™) Q™) T(m) 04(1771)17 Y1.T)-

S A S

e Repeat (1)-(7) for a user-specified amount of M times.

We resort to the simulation smoother from Durbin & Koopman| (2002) for posterior inference
on the latent states in the first step of our algorithm. Their multivariate method is highly efficient
as it suffices to run both the Kalman Filter and the Kalman Smoother once per iteration (e.g. see
Appendixfor an explanation in greater detail). Meanwhile, it also results in faster convergence
of the MCMC chains as it reduces the autocorrelations of the sampled states in comparison to the
element-wise recursive techniques from Carter & Kohn (1994) and |[Frithwirth-Schnatter| (1994).
For steps (2)-(6) of our algorithm, we resort to multivariate sampling distributions as |Chib &
Greenberg (1995)) find joint sampling of strongly correlated parameters to account for rapid
movement towards regions of high posterior probability. The sampling algorithm complies with
the order from Hautsch & Yang| (2012)) as we chronologically sample the states, the measurement
equation and the state equation. Per equation, we first sample the covariances after which we
sample the state dynamics.

In Appendices [D] and [F} we admit both the RNS and the MF-RNS specifications to the
general notation from Equations and while we also provide the full conditional marginal
posteriors for all parameters considered. The sampling procedures for both specifications fit
the Gibbs sampler via the elimination of two steps, i.e. we exclude steps (3) and (4) as the
deterministic matrix B} takes the place of Z in Equation and both models feature no
constant in their measurement equationsﬁ

The imposition of no-arbitrage results in a deviating fit for both the AFRNS and the
MF-AFRNS model to the Gibbs sampler. In line with the mappings of our sole statistical
specifications, we exclude step (3) from the respective sampling schemes of the AFRNS and
the MF-AFRNS model as the deterministic completion of B3 extends to our arbitrage-free
specifications. The difference lies in the handling of step (4), i.e. both the RNS and the MF-RNS
model exclude this step from their sampling schemes as they have no constant in their respective
measurement equations. The imposition of no-arbitrage does add a constant to the measurement
equation in form of the yield-adjustment. However, randomly drawing the yield-adjustment from
the posterior density of step (4) is invalid as its completion is deterministic conditional on the
risk-neutral volatility matrix ¥ and the rate of decay A\ (e.g. see Appendix . Hence, we

5The deterministic property of B3 follows from the fact that we plug-in A via the two-step estimation method
from |Diebold & Li| (2006) and hold it fixed throughout the entire sampling routine (e.g. see Section [3.3).
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exploit the untethered P-dynamics of both the AFRNS and the MF-AFRNS model to ex post
compute the yield-adjustment as an additional step to the Gibbs sampler. More specific, we
omit step (4) while we inversely compute the continuous-time state dynamics and the risk-neutral
volatility matrix with the freely-sampled discretized state dynamics and covariance matrix from
steps (5) and (6) respectively.

We illustrate our Bayesian approach with the incorporation of no-arbitrage dynamics in the
AFRNS model, although we refer to Appendix [E] for an explanation in greater detail. Following
the steps of the Gibbs sampler, we randomly draw samples of e K At ang Q in steps (5) and (6).

P
—K At Hereafter, we compute

Next, we extract KT via element-wise inverse operations on e
3 via the inverse formulation of Equation . We subsequently insert the computed X in
Equation to compute the yield-adjustment term as a final step of the Gibbs sampler, which
reversely ties the no-arbitrage property to the AFRNS modelm

Our Bayesian completion on the imposition of no-arbitrage within the Nelson-Siegel
environment corresponds to an opposite approach of frequentist methods. Classical estimation
suggests treating K¥ and ¥ as arguments to enter the Nelder-Mead derivative-free optimization
routine (e.g. see Singer & Nelder| (2009)) for an explanation in greater detail). Consequentially,
the elements of 3 enter the yield-adjustment via Equation , e KA follows numerically from
the scaling and squaring method with Padé approximations by |Al-Mohy & Higham (2010) and
Q follows from Equation . In Appendix we elaborate on the estimation methods from
Christensen et al.| (2011]) and Ullahl (2016|) with which we additionally estimate our specifications
to evaluate the adequacy of our proposed Bayesian techniques.

Our Bayesian manner to unify the (MF-)RNS model with no-arbitrage dynamics has its
limitations. Although the methods from |[Al-Mohy & Higham| (2010) can be successfully
implemented to extract a non-diagonal matrix K* from e~ & PN, Fisher & Gilles (1996) show no
exact solution to exist for subtracting a lower-diagonal matrix ¥ from a Cholesky-decomposable
matrix Q. More specific, a hypothetical inverse formulation of Equation requires 3 and
e~ (E")s to commute Vs. As this assumption does not hold for correlated factor variants of the

(MF-)AFRNS model, we leave the latter’s implementation for further research.

3.2 Forecast Composition

Opposed to classical methods, Bayesian inference sustains the incorporation of parameter-,
forecast-, and stochastic uncertainty via predictive densities rather than to rely on point forecasts
solely. Given the generalized Gaussian state space model from Equations and , a

closed-form expression for one-step-ahead predictive density p(yr41|y1.7) yields

P(Yr+1lyrT) = //p(yT+17@,041:T|y1:T)d@d041:T

—//p(yTJrﬂ@,a1:T,ylzT)p(@,al:T!yLT)d@daLT, (38)

P
"The same principle applies to the MF-AFRNS model, i.e. we extract K} from e~ ¥12! while we compute X
via the inverse formulation of Equation with a freely-sampled covariance matrix Q (e.g. see Appendix for

an explanation in greater detail).
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where p(yr+1|©, a1.1, y1.17) resembles the one-step-ahead forecast distribution conditional on
the parameters and latent factors and p(©, aq.p|y1.7) refers to the in-sample joint posterior
density from Section[3.1] Unfortunately, the obtained algebraic expression for the one-step-ahead
forecast density from Equation has limited practical scope as it relies on diffuse or natural
conjugate priors and there is no such expression for larger forecast horizons.

Hence, we resort to the simulation techniques from |Litterman| (1986|) as he offers wider
applicability while accounting for parameter- and stochastic uncertainty. Following his methods,

we construct predictive density p(yr+n|y1:1) via additional steps to our algorithm, i.e.

e Obtain parameters ©(™ and states a(lqu from steps (1)-(7). Then, for i =1,2,...hA:

8. Compute agﬁzi =cm + T(m)oéiqii_1 + ngrii, where 77;?2@ ~ N(0,Q™).
9. Compute yé?_?z = Z(m)agﬁii + Egﬁi, where EEF_L&Z ~ N(0, H™).

e Repeat (1)-(9) for a user-specified amount of M times.

We refer to the m-th draw of predictive density p(yr4:|y1.7) with ygr_?z We involve parameter

uncertainty in the construction of our forecasts as the point estimates to be reported refer to the
posterior means of the respective predictive densities. Additionally, we account for stochastic
uncertainty as we randomly draw ngﬁzz ~ N(0,Q"™) and sgrii ~ N (0, H™) in steps (8) and
(9) for all iterations and forecasts considered.

3.3 Initialization Routine & Prior Distributions

We exclude A from the set of parameters to preliminary compute it via

T
!
o argmin/\,{ﬁt}tT:1 Z (yt - B;Bt) (’yt — B;ﬁt>7

t=1

T
& argminy ) (yéyt — YB3} <B§'B§> _1B§'yt>, (39)

t=1
where the optimization reduction follows from orthogonal projectors. A deterministic plug-in of
A simplifies identification while it provides greater robustness for the posterior results (Cakmakl
(2020)). The initialization of our routine follows from the two-step estimation method by Diebold
& Lil (2006), i.e. we construct ©(?) via the OLS estimates of the measurement equation and the
state equation, respectively. Additionally, we ensure the state equations for all specifications
considered to be covariance stationary, i.e. we constrain the real moduli of the state dynamics’
eigenvalues to be larger than zero for our arbitrage-free specifications while we constrain the
eigenvalues of the state dynamics matrices for sole statistical specifications to be below one. For
arbitrage-free configurations, we forge augmented starting values via alignment of the two-step

estimates with the specified structure of e K A and Q.

Although inconsistent with the true spirit of Bayesian analysis we follow [De Pooter et al.
(2007)), Diebold et al.| (2008) and Hautsch & Ou/ (2008)) to design prior densities with knowledge

s . . . _KPF
8We use the same procedures as within our Bayesian sampling routine to extract K* and X from e ¥ 2¢

and Q respectively
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on the empirical behavior of the latent states. Although all other priors are set diffuse, we
follow Diebold et al.| (2008) and impose a A'(3,0.01) prior on the unconditional means, where
B refers to the sample means of the latent factors from the initial two-step approach. We
found the imposition of these data-driven priors on the unconditional means to greatly facilitate
estimation. Absence of these priors have been found to result in unusual behavior of the sampled
unconditional means as large posterior variances emerged from high degrees of persistence. The
true nature of Bayesian analysis would be preserved if we calibrate the prior parameters via
pre-sample data. However, a similar setting appears infeasible to our empirical exercise as
there is no pre-sample data available for our supply factor (e.g. see Section [4)). Besides, the
advantages of data-driven priors are multi-fold. The imposition of these supports a replicate
manner to strengthen the acquired estimates, whereas alternative prior selection may resolve to
mere guesswork. Moreover, one could argue if the implementation of prior research is indeed in

the true spirit of Bayesian analysis if the examined sample periods overlap.

4 Data

In Section we elaborate on the merged construction of our empirical yield data set, which
combines observed components from two databases. We find the prolonged period of near-zero
rates to have alternated many of the stylized facts on the yield curve. Nevertheless, a data-driven
exercise provides empirical support for our discussed specifications to adequately capture the
changed dynamics. Our constructed set of observed variables finds inspiration in the suggested
exogenous regressors from Diebold et al|(2006). They use the Federal Funds Rate (FFR) as a
monetary policy variable in addition to approximates for inflation and economic activity. We
replace the FFR with the proposed monetary policy instrument from Section because the
FFR is limited to the Zero Lower Bound (ZLB) in recent times and monetary institutions seek
to accommodate further stimulus via the constructed supply factor from Section 4.2 For the
other two variables, we follow Diebold et al.| (2006) and complement the set of exogenous factors

with empirical approximates for inflation and economic activity, respectively, in Section [4.3

4.1 Yields

If the U.S. Department of Treasury were to supply a continuous spectrum of zero-coupon bonds,
the yield curve would be observed. However, the issued amount of distinct maturities is limited
and coupon bonds arise. Even though the latter follows the interpretation of a basket with
modest zero-coupon securities and a final principal payment, methods as bootstrapping do not
suffice as the observed discrete securities do not span the entire maturity spectrum.

Therefore, we obtain end-of-month zero-coupon yields from July 2003 to February 2020 with
maturities from three months up to ten years, i.e. 7; € {3, 6, 12, 24, 36, 60, 84, 120} in monthsﬂ
The Federal Reserve publishes both observable yields and U.S. Treasury OLS estimates for the

Svensson curve daily in their |Gurkaynak et al. (2007) database, where we extract the visible

9The short in-sample period stems from limited availability of our supply factor, i.e. the first releases of both
the SOMA and MSPD reports were in July 2003 (e.g. see Section for an explanation in greater detail).
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Figure 3: Time series of U.S. yields over the period July 2003 up until February 2020 for the merged empirical
data set with maturities 7; € {3, 6, 12, 24, 36, 60, 84, 120} in months. Maturities greater or equal to one year
stem from the Giirkaynak et al.| (2007) database, whereas we extract the shorter-term yields from the H.15 series.

components with maturities greater than six months. For shorter-term maturities, we follow
(Christensen & Rudebusch/ (2016)) and resort to the H.15 series of the Federal Reserve boardm

Panel A of Table [2] shows many stylized facts to hold for our empirical exercise, although

the ZLB period changed some dynamics for the entire cross-section of observed yields. We
find an upward sloping concave shape on average and a near-decreasing pattern of standard
deviations with maturity, i.e. the largest (smallest) standard deviations locate in the short-end
(long-end) of the term structure. Contrarily, three features of our observed set of yields indicate
the unusual interest rate environment. First, we observe a decreasing pattern of first-order
correlations as maturity increases, whereas an increasing evolution is to be regularly expected.
The unusual pattern arises from the persistent short-end of the term structure and finds graphical
support in Figure 3| Secondly, we find the short-end of the term structure to approach the ZLB
from November 2008 to October 2015 in response to unconventional monetary policy-making,
although the positive minima in Table [2| assure our data set does not conflict with the non-zero
truncation . Thirdly, we find the upward sloping concave shape of the mean yields
to not extend to the observed maxima as Figure [3] shows the historically-high flat yield curve
before the Great Recession to be its cause.

Panel B of Table|[2|elaborates on the summary statistics for the empirical approximates of the

RNS model’s latent factors. An observed estimate for the first latent factor stems from the rate

'The nominal NSS yields from |Giirkaynak et al| (2007) stem from here, whereas the H.15 series may be
assessed |here. Missing observations were replaced with nearest available end-of-month yields.
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Table 2: Descriptive statistics on the yield curves

Maturity Mean St. dev. Min. Max. p(1) p(12) p(24)

Panel A: Observed yields

3 1.318 1.570 0.000 5.160 0.993 0.738 0.267

1.435 1.598 0.030 5.240 0.994 0.754 0.306
12 1.547 1.534 0.099 5.210 0.993 0.769 0.354
24 1.725 1.438 0.188 5.130 0.989 0.789 0.433
36 1.946 1.333 0.306 5.058 0.985 0.800 0.487
60 2.391 1.178 0.627 5.008 0.979 0.802 0.557
84 2.775 1.110 1.007 5.052 0.975 0.796 0.611
120 3.205 1.096 1.149 5.172 0.973 0.799 0.681

Panel B: Empirical approrimates

Short rate 1.318 1.570 0.000 5.160 0.993 0.738 0.267
Slope 1.886 1.244 -0.550 4.375 0.973 0.554 -0.116
Curvature -1.074 0.852 -2.691 0.366 0.957 0.632 0.279

Note: This table contains the means, standard deviations, minima, maxima and several periodical
autocorrelations for each maturity and empirical approximate considered over the period July 2003 up until
February 2020. All statistics are computed with yields in percentages and maturities in months. The periodical
autocorrelations are given in months, i.e. p(1) refers to the monthly autocorrelation, p(12) corresponds to the
annual autocorrelation and p(24) coincides with the two-year autocorrelation. The empirical approximates follow
the construction provided in the main text.

with the lowest maturity, i.e. the three-month yield in our empirical data set. The conjecture
on the slope follows the opposed sign relation from |[Frankel & Lown| (1994) (e.g. see Section
, where we subtract the empirically observed short rate from the ten-year yield. Lastly, we
construct an approximate curvature factor via 2 x y(24) — y(3) — y(10) where y(i) denotes the
time series of the yields with ¢ months to maturity (Diebold & Li (2006)).

Although the current environment relegated some of the stylized facts on the term structure,
we find empirical evidence for a three-factor state diffusion to sufficiently capture the underlying
yield dynamics. Litterman| (1991) and |Wright| (2011) mention that a three-factor latent state
diffusion adequately captures time-variation in the cross-section of U.S. treasures. Indeed, we
find that the first three principal components account for 99.9% of the total variation in term
structure movements (see Figure [19|in Appendix for an explanation in greater detail). As
these follow the interpretation of DNS’s latent factors and RNS yields observational equivalence

to DNS, we postulate (variations of) RNS to be well-suited for our empirical exercise.

4.2 Supply Factor

In the aftermath of the Great Recession, it initially posed a challenge to further combat the
deteriorating economic outlook. The Federal Funds Rate (FFR) cut slack as the target for the
overnight rate had been set to a range of 0 to 25 basis points by the Federal Open Market
Committee (FOMC) in November 2008. Consequentially, the Federal Reserve started acquiring

vast quantities of bonds with medium-term and long-term maturities via Large Scale Asset
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Purchases (LSAPs). The programs intended to additionally suppress private borrowing costs
and to revitalize the economy via improved credit market conditions. Three weeks later, the
FOMC announced purchases of mortgage-backed securities (MBS) and housing agency debt of
up to $600 billion. By March 2009, the FOMC declared a broad expansion of their purchases
in agency-related securities and long-term treasuries as it held $1.75 trillion in notes, MBS
and bank debt. In response to anemic economic growth and naturally falling holdings as debt
matured, the FOMC embarked on the second round of Quantitative Easing (QE) in November
2010 and announced a further $600 billion expansion of long-term treasuries by Fall 2011. The
third round of purchases was announced in September 2012 to increasingly restrain mortgage
rates and to jolt the housing market via a monthly purchase program of $40 billion in MBS.
In October 2017, the Federal Reserve Board declared a balance sheet normalization program
to significantly lower the magnitude of reserve balances over the next few years (Bonis et al.
(2017)).

The literature considers related expansionary monetary policy controversial and questions
its effectiveness via a revitalized interest in a previously occurred comparable phenomenon.
Operation Twist, a 1961 initiative undertaken by the Kennedy Administration and the Federal
Reserve Board, aimed to clock-wise rotate the yield curve via enhancement of the short-end and
suppression of the long-end. Ross|(1966|), Modigliani & Sutch|(1966) and Holland| (1969) consider
the effectiveness of Operation Twist moderate at best, where [Solow et al. (1987)) and Blinder
(2000) mention the insufficient size of the purchase programs to be the root cause of its lack of
success. Similar findings are in line with no-arbitrage literature, which implies nonexisting supply
effects as treasuries can be replicated using similar assets. Modern re-evaluation of Operation
Twist yields significant but mild effects on the term structure of interest rates. Swanson et al.
(2011) exploit intra-day data to find a statistically substantial but mediocre fifteen basis points
reduction on the long-end of the term structure. They blame the found statistical insignificance
of early research to have suffered from inherent lower-frequency problems.

Various researches show quantitative assessments of emerged supply effects in modern-day
successors of Operation Twist, even though the current LSAPs limit their focus on the long-end
of the yield curve. [Laubach| (2009) already discovered significant effects of government deficits
and debt on interest rates before the Great Recession. Krishnamurty & Vissing-Jorgensen| (2011)
and [Thrig et al| (2012) find statistical evidence of significant downward pressure on long-term
rates by LSAPs. Alternatively, Li & Wei| (2012) explore the effects of supply factors on the term
structure in the framework from |Ang & Piazzesi (2003) to find a one percentage point reduction
on ten-year treasury yields from the first two LSAPs. These findings suggest the incorporation
of supply levels to possibly offer greater comprehension of future term structure advances.

Theorems on asset-specific supply and demand mechanisms provide a rationale for these
significant findings as they contradict existing no-arbitrage literature. Specifically, the preferred
habitat view from|d’Amico et al.| (2012) and the scarcity channel from Modigliani & Sutch, (1966)
motivate the use of LSAPs as a monetary policy instrument. The preferred habit view states
that investors possess maturity in-elastic preferences due to their risk aversion, i.e. investors wish

to be compensated for investing in deviating horizons as it exposes them to interest rate risks.
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Per illustration, pension funds prefer to hold long-term bonds for their long-term liabilities and
money market mutual funds prefer to hold short-term bonds to provide liquidity within their
portfolio. The scarcity channel, or equivalently portfolio balance effect, states bonds to be
isolated per maturity. A change in the supply of bonds with a particular maturity only affects
yields of bonds with similar characteristics. As there exists no perfect substitution for yields
with dissimilar maturities, a respective shock in supply or demand can not be arbitraged away.

Additionally, the alternated market expectations emerging from unconventional
policy-making provide further theoretical support for QE. Markets not only respond to actual
supply or demand shifts as bond prices can also fluctuate via changed expectations on
policymakers’ future proceedings. Specifically, recent LSAP announcements suppress the entire
cross-section of yields via the signalling channel or the forward guiding principle, i.e. regulatory
statements of extended LSAPs exert further downward pressure on long-term rates via an
expanded period of future near-zero short rates (Bauer & Rudebusch| (2013)). Incorporation
of these alternated market expectations gives rise to the involvement of more lags. Nevertheless,
we insist on the parsimony from the (V)AR(1) structure in traditional DNS modelling.

Following these empirical and theoretical underpinnings, we construct the Marketable
Fraction (MF) of long-term treasuries as the monetary policy instrument within our set of
Variablesﬂ Its construction follows from monthly releases of the Treasury’s Monthly State
of the Public Debt (MSPD) and the System of Open Market Account (SOMA). The former
announces the total amount of outstanding treasuries, whereas the latter reports the amount
of public debt in the Fed’s portfolio. We filter both reports on CUSIPs with maturities greater
than 9.5 years to compute the absolute amount of long-term public debt available via the MSPD
while we compute the absolute amount of long-term public debt in the Fed’s portfolio via the
SOMAE Then, a time series on the MF follows from one minus the ratio of the absolute amount
of long-term securities on the Fed’s balance sheet to the absolute amount of long-term treasuries
publicly availableE

Figure [4] shows the Fed’s response to accommodate further economic stimuli as the FFR
reached its ZLB. Between the announcement dates of LSAP1 and LSAP2 the MF appears
stable as both the long-term holdings in the SOMA and the long-term holdings in the MSPD
approximately show the same relative growth. Beyond the announcement date of LSAP2, we
find the relative growth of the long-term assets in the SOMA reports to outpace the growth of
the publicly available debt in the MSPD reports, which lead to an approximate fifteen percentage
point reduction of the MF by the announcement date of LSAP3. The MF ultimately decreases
to 60.4% by August 2014, whereafter it rises due to stable long-term holdings in the SOMA
reports and rising long-term holdings in the MSPD reports respectively.

11¥We limit our focus on the relative holdings of bonds with maturities greater than 9.5 years as LSAPs were
originated to exert downward pressure on the long-end of the curve.

12 A web-scraping tool to filter both reports on long-term securities was readily available at Rabobank in R,
although it required to be updated. Hence, we would like to thank Rabobank for the permission to use their tool
in this paper.

13The series appears to be stationary as we reject the null-hypothesis of the Augmented Dickey-Fiiller (ADF)
test at a 95% confidence level with no lags included.
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Figure 4: This figure consists of two partitions. The first partition shows the time series of long-term securities
in the System of Open Market Account (SOMA) and the time series of long-term securities in the Monthly State
of the Public Debt (MSPD). The second partition shows the time series of our monetary policy variable, the
Marketable Fraction (MF) of long-term securities, which follows the construction mentioned in the main text.
The vertical lines with subscript LSAPi, ¢ € {1,2,3}, refer to the respective announcement dates of the Large
Scale Asset Purchases (LSAPs). All time series are obtained over the period July 2003 - February 2020.

4.3 Macro Factors

We complement our set of variables with approximates for economic growth and inflation, as we
wish to include traditional dependencies of these macroeconomic variables with the short-end
of the term structure in our models (Nyholm| (2018])).

We consider annual logarithmic changes of inflation via the Core Consumer Price Index
(CCPI), which circumvents instability via the exclusion of volatile price components (Clark et
al.| (2001)) and theoretical nonstationarity via its transformation (Charemza et al.| (2005))). As
an approximate for economic activity, we follow Bech & Lengwiler| (2012) and seek resort to
annual logarithmic growth of NonFarm Payroll (NFP). The obvious candidate would be GDP
growth. However, the practicality of measures for GDP is limited due to quarterly publications
that usually come one month after their respective reference quarters. NFP, on the other hand,
is published every month with a public delay of four days. Moreover, |Altavilla, Giannone, &
Modugno| (2017) show that 98% of evaluated Treasury bond market participants set an alarm
for a newly scheduled release of the NFP figure in Bloomberg, which portrays its use among
practitioners as an approximate for economic activity. Thus, we obtain the series on the CCPI
and the NFP from the Federal Reserve Economic Data (FRED) databaseE

Figure |5 shows plummeting NFP and deviating CCPI from the 2% trend with the fall
of Lehman Brothers in 2008. Subsequently, policymakers sought to accommodate economic
growth and to achieve their inflation targets via depression of the overnight rate. Originally, the

monetary mechanism between these macroeconomic quantities and the policy rate was described

“The monthly time series on logarithmic growth rates of both CCPI and NFP may be obtained from |here
and herel
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Figure 5: Logarithmic annual growth series on Core Consumer Price Index (CCPI) and NonFarm Payroll (NFP)
over the period July 2003 - February 2020 with the empirical short rate from Table E}

by Taylor’s rule of thumb (e.g. see Woodford (2001) for an explanation in greater detail). In
contrast, this stylized relation appears to be broken from November 2008 to October 2015 as
the overnight rate was bounded by the ZLB (Bernanke (2015])).

5 Results

In this part of the paper, we bring the yield curve models from Section 2] to the data from Section
[l For readability purposes, we categorize our models in two sets. The first set comprises
the yields-only specifications, which refer to the models from Sections and The
second set consists of the macro-finance specifications, i.e. the models proposed in Sections
and respectively. We analyze the in-sample fits in Section [5.1] where we compare the
yields-only specifications in Section [5.1.1| and the macro-finance specifications in Section [5.1.2
Then, we assess the predictive performance of each specification in Section with the same

categorization.

5.1 In-Sample Analysis

In this Section, we elaborate on the posterior in-sample results using the methods from Section 3]
We follow Monch| (2012)) and run the sampling routines for 125,000 iterations, where we discard
the first 25,000 observations and solely store every 10th sample to obtain near-independent
draws. To quantify our results, we seek to minimize the quadratic loss functions concerning the
posterior densities, i.e. the reported point estimates correspond to posterior means. Furthermore,
we provide posterior standard deviations, 95% Highest Posterior Density Intervals (HPDIs) and
single chain convergence diagnostics from |Geweke et al. (1992)@ The tests can not be rejected
for most parameters with 95% confidence levels. We additionally assure the MCMC chains to
be converged beyond our proposed diagnostic with a visual inspection of traceplots, sampled

histograms and Empirical Auto-Correlation Functions (EACFs).

15As a result of almost eliminated empirical auto-correlations, the proposed diagnostic converges to a more
general equal mean test, which asymptotically follows a standard normal distribution. We follow |Geweke et al.
(1992) to compare the first 10% with the last 50% of effective random samples.
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Figure 6: Time series of the latent factors from the (AF)RNS models over the period July 2003 - February
2020. The red-dotted lines correspond to the respective empirical counterparts as mentioned in the second panel
of Table

5.1.1 Yields-Only Models

We start our in-sample analysis with an examination of the latent factors from the yields-only
specifications. Figure [6] demonstrates that the latent factors of the (AF)RNS models follow the
movements of their respective empirical approximates (e.g. see panel B of Table . Moreover,
we find that the evolution of the three factors from both RNS specifications coincide over time.
We observe a slight deviation for the latent factors of the AFRNS model, which is due to the
imposed bias correction from the yield-adjustment. Interestingly, the acquired theoretical short
rates do not comply with Black (1995)) as they fail to respect the ZLB at the announcements
of LSAP1 and LSAP2, respectively. Moreover, the found negative spread at the collapse of
Lehman Brothers in 2007 provides further support to an inverted yield curve portraying future
economic downturn (Estrella & Mishkin (1996)); Mendez-Carbajo| (2019)).

Several empirical properties of the DNS model persist with the factor rotation from [Nyholm
(2018)) in our empirical exercise. In line with recent advances in literature as Hautsch &
Ouf (2008) and Koopman et al. (2010), we observe fierce but gradually declining degrees of
persistence for both RNS models in Table [5| from Appendix The short rate is close to being
nonstationary for both models, which finds empirical support from |Cieslak (2018]). Also, Figure
provides parametric evidence that underpins the inclusion of both correlated dynamics and
correlated disturbances within the RNS framework. The need for correlated factor dynamics
stems from the fact that both Fj o and Fj 3 do not feature zero in their respective 95% HPDI
domains, which substantiates the role of slope and curvature in the evolution of the theoretical

short rate. Similarly, the requirement for a non-diagonal covariance matrix Q arises from the
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Figure 7: In-sample posterior densities of the state dynamics and disturbance correlations for the correlated
factor RNS model, where the values coincide with the posterior means. The red lines correspond to fitted normal
distributions with means equal to the respective posterior means and variances equal to the squared respective
posterior standard deviations for all parameters considered.

absence of zero in the 95% HPDIs of p; 2 and pa 3, respectively.

We present our posterior in-sample results of the AFRNS model in Table [6] from Appendix
[H.1] while we additionally assure the convergence of the continuous-time parameters with Figures
from Appendix[H.2] Firstly, an inspection of the discretized state dynamics and covariance
matrix in the first panel of Table [f] reveals similar values across the independent factor RNS
and AFRNS models. More specific, the differences between the acquired state dynamics of both
specifications fall within one hundredth as the similarities emerge from AFRNS’s unrestricted
P-dynamics. Secondly, the evidence that the continuous-time parameters from the AFRNS
model have converged is two-fold. On the one hand, we find that all convergence diagnostics
from |Geweke et al| (1992)) can not be rejected with 99% certainty. On the other hand, visual

inspection of Figures shows traceplots fluctuating around their posterior means, posterior
densities aligning with their sampled histograms and near-zero EACFs.

The first panel of Figure |8 shows that the imposition of arbitrage-free dynamics in both
the AFRNS and AFNS model is a disruptive factor for the in-sample fit. Precisely, we find
near-identical mean fitted yield curves within the set of arbitrage-free specifications and within
the set of models that allow for arbitrage opportunities. Comparison between the two groupings

shows deviations at both ends. All specifications fail to model the near-zero short-end during the

ZLB period as we find overly high modelled values for low maturities (Andreasen & Christensen

(2015)). This inability further increases with our arbitrage-free models. At mid-term maturities,
the fitted yields follow a near-identical pattern, whereas the behavior between the two groupings
diverges at the long-end. Here, the yield-adjustment exerts downward pressure on both AFRNS
and AFNS to achieve the desired concavity which RNS and DNS both lack. Nonetheless, the
implied flattening appears too rigid as the fitted curves of both arbitrage-free models fall below
the observed empirical mean of the ten-year treasuries. This especially holds for the AFRNS
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Figure 8: The left partition shows the mean zero-coupon yield curves for all yields-only specifications over
the period July 2003 to February 2020. The right partition shows the estimated yield-adjustments of both
arbitrage-free Nelson-Siegel models. The estimated parameters in this figure are acquired via the Bayesian
estimation procedures from Section El

model.

The second panel of Figure [§| shows the yield-adjustments of both the AFRNS model and
the AFNS model from |Christensen et al. (2011) to have a similar evolution with maturity. More
specific, both yield-adjustments are smooth and strictly negative functions that monotonically
decrease towards the long-end of the yield curve. The modelled concavity they bring in the first
panel of Figure [§ advocates the inability of both standard RNS and DNS to be arbitrage-free
(Christensen et al.| (2011); Coroneo et al| (2011)). Suppose that one takes a bullish approach
towards long-term bonds and seeks to hedge his position with a slightly sooner expiring security.
In that case, the yield curve must ultimately slope downwards due to Jensen’s inequality. Both
RNS and DNS models lack this decelerating feature for higher maturities.

Table 3: In-sample performance of yields-only specifications with our Bayesian approach

Rotated Nelson-Siegel (RNS) Dynamic Nelson-Siegel (DNS)

Independent Correlated Arbitrage-Free Independent Correlated Arbitrage-Free

Maturity Mean RMSE Mean RMSE Mean RMSE Mean RMSE Mean RMSE Mean RMSE

3 -11.52 21.61 -12.44 22.27 -18.52 26.63 -10.94 21.91 -12.00 2191 -13.93 23.62
6 -2.64 9.17  -3.40 9.45 -7.12 11.85 -2.16 9.71 -3.04 9.26 -4.24 10.56
12 1.20 2.43 0.70 1.53 0.00 0.03 1.52 3.33 0.94 1.98 0.72 3.08
24 -0.10 2.03 -0.28 2.11 0.72 231 -0.00 1.83 -0.19 2.09 0.21 1.81
36 -0.00 0.01 -0.00 0.01 0.00 0.00 -0.01 0.06 -0.00 0.00 0.00 0.15
60 0.33 2.48 0.41 2.55 -1.78 3.07 0.28 2.34 0.37 2.52 -0.73 2.56
84 0.00 0.01  -0.00 0.01 0.01 0.01 0.00 0.05 0.00 0.01 -0.14 1.23
120 -1.63 9.05 -1.82 9.26  11.72 14.57  -1.51 8.69 -1.73 9.18 6.06 11.14
All -1.80 5.85 -2.10 5.90 -1.87 731 -1.60 5.99 -1.96 587  -1.51 6.77

Note: This table contains the mean residuals (Mean) and Root Mean Squared Errors (RMSEs) in basis points (bp) over the period July 2003 to February
2020 for all yields-only specifications and maturities considered. The maturities are reported in months. The mean residuals are constructed as the
difference between the realized yields minus the fitted yield. Italic (Bold) entries correspond to the cross-sectional absolute lowest mean residual (RMSE)
for that maturity. Additionally, green cells correspond to lower absolute mean residuals or RMSEs in comparison to TableE

In Table [3) we estimate our yields-only specifications with the Bayesian methodologies from
Section [3| to compare the average in-sample fits for all maturities. We propose two measures
to assess the adequacy of the in-sample fit. Under Mean, we plug-in the estimated parameters

to construct the mean residuals as the difference between the realized yields and the fitted
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yields. Thus, a value larger (smaller) than zero indicates underestimation (overestimation)
on average for that specification and maturity. An italic entry corresponds to the absolute
lowest mean residual for that maturity. Under RMSE, we construct the Root Mean Squared
Errors (RMSEs) for all maturities and specifications considered. A bold entry indicates the
lowest RMSE for that particular maturity. Additionally, we compare the in-sample fit of our
Bayesian approach with the in-sample fit from classical methods (e.g. see Appendix . As
such, a green entry corresponds to a lower absolute mean residual or RMSE generated with our
Bayesian approach (e.g. see Table |§| in Appendix for the reported criteria of assessing the
in-sample fit with classical methods).

A cross-sectional comparison among our yields-only specifications shows competitive
in-sample fits in Table We find that the overall RMSEs of the RNS, AFRNS, DNS and
AFNS models all lie close with values of 5.85, 5.90, 7.31, 5.99, 5.87 and 6.77, respectively. In
line with |Christensen & Rudebusch| (2016), we find near-zero mean residuals and RSMEs for
some maturities. This indicates that that respective model loads on that particular yield. The
findings from Figure [§] find quantitative support in Table [3| Specifically, we observe relatively
strong negative mean residuals and relatively large RMSEs at short-term maturities, which
indicates the inadequacy of all specifications considered to model the near-zero short-end during
the ZLB period (Bauer et al,| (2014); |Christensen & Rudebusch! (2015)). This primarily holds
for the arbitrage-free models with lower mean residuals and higher RMSEs compared to their
statistical counterparts. At the long-end of the yield curve, we find both RNS and DNS unable
to model the desired concavity as we find negative mean residuals and relatively large RMSEs.
In contrast, both AFRNS and AFNS exert too much downward pressure on the long-end with
high positive mean residuals and larger RMSEs. Also, we find the compression at the long-end
to be more rigid with the AFRNS model.

Table [3] also shows that the greater flexibility from correlated factor dynamics does not
necessarily result in an improved in-sample fit. We observe that the overall RMSE of the
correlated factor RNS model is 0.05 basis points higher than the overall RMSE of its less flexible
counterpart, which contradicts the evidence from Figure The opposite holds for the DNS
model, i.e. we find an overall reduction of 0.12 basis points in RMSE to arise from the allowance
for correlated dynamics. Yet, the observed differences between independent factor dynamics and
correlated factor dynamics are small within our in-sample study.

Next, we shift focus in Table [3] to compare the in-sample results from the Bayesian method
with the classical Nelder-Mead simplex method (e.g. see Table E[) First, we find that Bayesian
estimation yields promising results for the statistical specifications as we find the overall RMSEs
of both RNS and DNS models to be highlighted in green. This surplus of explanatory power
largely stems from the acquired in-sample fits at the short-end, i.e. we find slightly lower RMSEs
for low maturities and approximately equal fits at mid-term and long-term maturities with
the Bayesian approach. In contrast, we find less in-sample adequacy to arise from Bayesian
estimation of arbitrage-free specifications. Comparison between the overall RMSEs of the
arbitrage-free models in Tables[3|and [J] yields a 0.91 basis point increase (+12.5%) for the AFRNS
model and a 0.27 basis point increase (+4.15%) for the AFNS model. Still, the differences
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between both estimation methods fall within the range of one basis point and may therefore be

considered small.

5.1.2 Macro-Finance Models

Many empirical findings on the statistical models from Section |5.1.1|remain with the inclusion of
our proposed macro-finance factors. Firstly, Figure 23| from Appendix shows that the latent
factors of the macro-finance models closely follow the evolution of their respective empirical
approximates (e.g. see panel B of Table . Secondly, we find the high degree of persistence on
the latent factors to prevail with the statistical macro-finance models, i.e. Table [7] in Appendix
shows the autoregressive coefficients of both MF-RNS models to have values above 0.9.
Thirdly, we find Bayesian support for a correlated variant of the MF-RNS model in Figure
as K13, p1,2 and pa 3 do not feature zero in their respective 95% HPDIs. This implies the need
for a non-diagonal structure on both K7 and Q, respectively (e.g. see Equation ) Lastly,
the coefficients of the independent factor MF-RNS model from Table [7] and the discretized
state dynamics from the MF-AFRNS model in the second panel of Table [§ resemble due to
MF-AFRNS’s unrestricted P-dynamics.

We find the deviating fit at the cross-sectional tails for no-arbitrage specifications to remain
with the macro-finance models. Inspection of the first panel from Figure [0] demonstrates that
the inclusion of exogenous factors does not result in a better mean fit for the yields from the H.15
series (e.g. see Section[4.1)). Moreover, we recognize the same distinction between statistical and
no-arbitrage specifications as in Section i.e. the arbitrage-free models tend to increasingly
overestimate the short-end of the yield curve. Both groupings show similar mean fitted yield
curves at mid-term maturities, whereas we find the same diverging behavior from Section [5.1.1
at long-term maturities. In line with their yields-only counterparts, both variants of MF-RNS
and MF-DNS lack the ability to model the desired downward pressure at the long-end of the
yield curve. In contrast, the negative tilt of both the MF-AFRNS and MF-AFNS model appears
too rigid for larger maturities. Yet, we find that the difference in average fit with the ten-year
treasuries between the MF-AFRNS and MF-AFNS models is smaller than the found difference
between the AFRNS and AFNS models.

Table [] quantifies the findings from the previous paragraph and compares the in-sample
fits from our macro-finance specifications. We find that the inclusion of exogenous factors does
not result in overall in-sample improvements for statistical models. Specifically, we obtain a
difference in overall RMSEs of +0.02 and +0.07 basis points for the MF-RNS models and +0.00
and +0.07 for the MF-DNS models when compared to the findings from Table Similar to
Section we find the macro-finance specifications to be loaded on maturities with near-zero
mean residuals and RMSEs (Christensen & Rudebusch| (2016))). We find opposing evidence for
the arbitrage-free specifications, i.e. we find the RMSE of the MF-AFRNS model to decrease
with 0.20 basis points and the RMSE of the MF-AFNS model to increase with 0.20 basis
points compared to their yields-only counterparts. More general, the differences between our
yields-only specifications and our macro-finance specifications in terms of in-sample fit appear

small. Besides, we find the ambiguity between independent factors and correlated factors to
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Figure 9: The left partition shows the mean zero-coupon yield curves for all macro-finance specifications over
the period July 2003 to February 2020. The right partition shows the estimated yield-adjustments of both
arbitrage-free Nelson-Siegel models. The estimated parameters in this figure are acquired via the Bayesian
estimation procedures from Section

Table 4: RMSE (in basis points) for macro-finance specifications with our Bayesian approach

Macro-Finance Rotated Nelson-Siegel (MF-RNS) Macro-Finance Dynamic Nelson-Siegel (MF-DNS)

Independent Correlated Arbitrage-Free Independent Correlated Arbitrage-Free
Maturity Mean RMSE Mean RMSE Mean RMSE Mean RMSE Mean RMSE Mean RMSE
3 -11.57 21.72  -12.42 22.33  -17.27 25.65 -11.06 21.98 -12.42 22.33  -16.37 24.78
6 -2.68 9.25 -3.38 9.54  -6.44 11.32  -2.26 9.72  -3.39 9.54  -5.81 10.72
12 1.18 2.43 0.71 1.84 0.03 0.16 1.46 3.26 0.71 1.83 0.28 1.32
24 -0.11 2.02 -0.27 2.07 0.48 2.29 -0.02 1.82 -0.27 2.07 0.44 2.07
36 -0.00 0.01 0.00 0.00 -0.01 0.01  -0.01 0.04 0.00 0.01  -0.00 0.02
60 0.33 2.47 0.41 2.52 -1.50 3.01 0.29 2.34 0.41 2.52 -1.26 2.80
84 0.00 0.01  -0.00 0.01  -0.05 0.05 0.00 0.06  -0.01 0.01  -0.03 1.12
120 -1.64 9.04 -1.81 9.18  10.90 14.37  -1.53 8.70 -1.81 9.18 9.05 12.91
All -1.81 5.87  -2.09 594  -1.73 711 -1.64 599  -2.10 594 -1.71 6.97

Note: This table contains the mean residuals (Mean) and Root Mean Squared Errors (RMSEs) in basis points (bp) over the period July 2003 to February
2020 for all macro-finance specifications and maturities considered. The maturities are reported in months. The mean residuals are constructed as the
difference between the realized yields minus the fitted yield. Italic (Bold) entries correspond to the cross-sectional absolute lowest mean residual (RMSE) for
that maturity. Additionally, blue cells correspond to lower absolute mean residuals or RMSEs in comparison to Table E

prevail with the macro-finance specifications. For the MF-RNS model we observe a slight decline
in overall performance with increasing RMSEs, whereas we find a minimal overall increase in
performance for the MF-DNS model.

correlated factors continue to be small with our macro-finance specifications.

Yet, the differences between independent factors and

Although the inclusion of exogenous factors does not necessarily yield in-sample
improvements for all specifications, it does provide a greater understanding of the modelled
bi-directional dynamics between the latent factors and the observed series in the MF-(AF)RNS
We follow Diebold & Li (2006) and provide the Forecast Error Impulse Response
Functions (FEIRFSs) in Figure [10|of the VAR(1) process on the state equationsm We distinguish

the behavior of four groupings: exogenous responses to exogenous shocks, exogenous responses

models.

to term structure shocks, term structure responses to exogenous shocks and term structure

16Within econometric literature, there appears to be three popular options of impulse response functions, i.e.
Forecast Error Impulse Response Functions (FEIRFs), Orthogonal Impulse Response Functions (OIRFs) and
Generalized Impulse Response Functions (GIRFs) (e.g see [Koop et al.| (1996]) and |[Pesaran & Shin| (1998)). Due
to its popularity, uniform interpretation and robustness to the order of variables we opt for FEIF.
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responses to term structure ShOCkSE

Preliminary inspection demonstrates that the impulse responses are relatively robust to the
exclusion of arbitrage opportunities and the allowance for correlated factors. The plotted lines for
the independent factor MF-RNS and MF-AFRNS models follow similar silhouettes. In contrast,
those for the correlated factor MF-RNS model slightly deviate in magnitude compared to the
former two. We find the most substantial deviations in the off-diagonal responses from partition
K3 as the independent factor models restrict these coefficients to be zero.

Interpretation-wise, the impulse responses refer to reactions of the variable shown on the
left of a respective row to ceteris paribus unit (e.g. percentage) shocks of the variable presented
above that column in Figure For example, the fourth entry of the first row corresponds to
the impulse response of the modelled theoretical short rate to a unit shock on annual CCPI
growth. Here, we observe a prompt negative adjustment of the short rate to a unit shock of
inflation with a further decline over the next 30 months. An inverse response is to be expected as
the Fed traditionally seeks to combat rising inflation with incremental changes on the overnight
rate. Within our in-sample analysis, however, the overnight rate possesses no more slack, and
hence the Taylor Rule appears to be broken (Bernanke| (2015))).

Analogue to the interpretation of our example, we first consider the within-set responses
of the macro-finance factors. All show great persistence as shocks gradually fade out. In
confirmation with |[Phillips| (1958), inflation shows clear positive adaptation to shocks on labour
supply. Its effectiveness slowly dissipates towards longer-horizons as a sequential decrease of the
MF in response to declining NFP shows the Fed’s reaction to achieve its inflation target via
QE’s widening purpose (Blinder et al. (2010)). As a unit shock of MF has minimal impact on
inflation, the effectiveness of LSAPs for other aims than its original goals also appears prone
to their magnitudes (Solow et al.| (1987)); Blinder| (2000)). Indeed, this shows the alternated
landscape of interest rates where the stimulating abilities of the traditional FFR no longer
prevail. Instead, the Fed turns the knobs on the MF of ten-year treasury yields, among other
things (Diebold et al.| (2006)).

Interaction with the term structure provides new insights into the evolution of the
macro-finance factors. In line with traditional findings from Rudebusch & Svensson| (1999),
we find endogenous shocks on the modelled theoretical short rate to negatively coerce future
development of inflation and NFP. Incremental shocks on the first latent factor indicate the
balance sheet normalization program with a sequential decrease of the MF (Bonis et al. (2017))).
The same principle applies to shocks on the slope factor, i.e. the Fed seeks to loosen its policy
grip as a steepened slope indicates future macroeconomic prosperity (Estrella & Mishkin (1996))).
Similarly, future economic upswing with the growth of NFP and CCPI arises from a unit
shock on the slope factor. However, an initial short-term decline emerges from the model’s

noncontemporaneous nature[|

1"The behavior of these groupings is explicitly modelled in Tables [7] and [8]in partitions K4, K3z, K2 and K

respectively (see Sections and .

18Tn our studies we implement the exogenous factors as annual growth rates. As a direct consequence, the
monthly values of the latent factors may have limited impact on the exogenous factors as they do not affect the
first eleven months of the growth figure.
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Figure 10: Forecast Error Impulse Response Functions (FEIFs) for mixed latent and exogenous factor
specifications. Each partition coincides with the affection of the variable left to the respective row as a result to a
unit shock to the variable presented above that respective column. The ordering of the (J + P)2 = 36 partitions
coincides with matrices K in Tables Iﬂ and@



Next, we examine term structure responses to shocks on the macro-finance factors. As
mentioned before, our in-sample analysis suggests that the Taylor Rule is broken since causal
incremental changes to the short rate from positive shocks on inflation no longer last. Increments
of the term structure’s short-end do emerge from shocks on NFP, but they do not necessarily
result in increased inflation. In line with Diebold & Li (2006, we find similar responses to the
slope factor from shocks on the exogenous factors, i.e. an increase of the MF directly exerts
downward pressure to clock-wise rotate the curveP;g] Besides QE’s original purpose to negatively
coerce the long-end via the scarcity channel from [Modigliani & Sutch| (1966), a broad surplus
of liquidity arising from LSAPs adversely adjusts future evolution of the short rate. Apart
from escalating money supply, the signalling channel from Bauer & Rudebusch (2013)) further
strengthens downward pressure on the short-end of the term structure.

Lastly, we consider term structure responses to lagged term structure shocks. All three
exhibit subordinate but declining persistence from the first to the third latent factor. The
modelled shadow short rate shows positive adaptation to unit shocks on the slope factor,
indicating future improvement of the macroeconomic climate (Estrella & Mishkin| (1996)).
Indeed, the opposite causal effect also holds as positive shocks on the short rate indicate escape
from the ZLB. Furthermore, we find shocks on the curvature factor to flatten the yield curve

and possibly predict future economic downturn (Monch| (2012)).

5.2 Out-of-Sample Performance

In addition to the in-sample fit, predictive performance has often been ought to resemble
modelling adequacy of term structure specifications (Ang & Piazzesi (2003)); Hautsch & Ou
(2008); Monch| (2012)). Advantages arising from an increasing amount of parameters often no
longer prevail in an out-of-sample exercise as the greater flexibility could be prone to overfitting
(Diebold & Li| (2006)); (Cakmakly (2020)). Thus, we extend our research questions towards an
out-of-sample exercise and follow the order from Section First of all, does the statistical
support for cross-sectional latent factor dynamics yield better forecasts? Secondly, how does
the inclusion of no-arbitrage affect predictive ability? Thirdly, does the factor rotation from
Nyholm (2018)) produce better out-of-sample performance? Lastly, how does our Bayesian
estimation approach perform compared to classical estimation methods in a predictive exercise?
We answer these questions in Section We subsequently extend the first three questions
to our macro-finance models, whereas we additionally investigate the difference in predictive
performance between our yields-only and macro-finance specifications.

We construct h-step ahead forecasts with h € {1,3,6,12} in months using simulation to
involve both parameter- and forecast uncertainty (e.g. see Section for an explanation in
greater detail). Our prediction sample comprises fifty monthly observations, i.e. it starts in
January 2016 and ends in February 2020. We generate posterior predictive densities from
ten-year rolling windows with an identical sampling procedure as to our in-sample exercise.

Hence, the point forecasts correspond to the posterior means of these predictive posterior

9The signs mentioned by [Diebold et al. (2006) are the opposite to what we find, but the interpretation remains
equivalent as the slope switches sign for RNS compared to DNS (Frankel & Lown| (1994)); Nyholm) (2018))
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densities. We evaluate the predictive accuracy of our discussed specifications via the difference in
Root Mean Squared Forecast Errors (RMSFES)E Additionally, we isolate each of the research
questions via the assessment of relative RMSFEs. A value smaller (larger) than one indicates
that the first-mentioned model in that partition’s title performs better for that horizon and
maturity.

Tables [I0] and [II] in Appendix provide the RMSFEs for each specification, maturity
and forecast horizon considered. With Table [12] in Appendix we also grant the RSMFEs
for our yields-only models acquired via classical estimation. Additionally, Figures in
Appendix show the forecasts for all horizons, maturities and RNS specifications examined.
The paths for short-term horizons, i.e. one-month-ahead and one-quarter-ahead, closely follow
the evolution of each observed underlying cross-sectional component with RMSFEs often within
the range of 25 basis points. However, incremental deviations from the observed data emerge
at larger forecast horizons. This is due to the announced balance sheet normalization program
by the Fed in November 2017, where the considered rolling windows for larger forecast horizons
base their forecasts on a persistent near-zero outlook. Similarly motivated, most specifications
fail to forecast the falling rates in 2019 at larger horizons as their parameters were estimated

using rolling windows with relatively optimistic rates.

5.2.1 Yields-Only Models

First, we address the difference in predictive performance between independent factors and
correlated factors within the yields-only Nelson-Siegel environment. In both partitions of Figure
[[1], we observe two recurring patterns. Firstly, we observe a bell-shaped silhouette per forecast
horizon, where the relative performance of the correlated variants first increases and then
gradually decreases towards the long-end of the curve. Secondly, we find the relative performance
of both independent factor RNS and DNS to grow with the forecast horizon, i.e. the intercepts of
the bell-shaped patterns decrease with expanding forecast horizons@ For forecast horizons up
to six-months-ahead, we find the correlated factor variants of both Nelson-Siegel specifications
to yield additional performance. For larger maturities and the one-year-ahead forecasts the
opposite holds, i.e. we see consistent improvement in forecast ability of independent models
for ten-year maturities and the largest horizon. These findings extend the clash between both
variants of the DNS model from |Christensen et al. (2011]) to both bases in the post-crisis era.
Figure shows contrasting consequences to arise from the imposition of no-arbitrage
dynamics to RNS and DNS, respectively. In the left partition, we find that the independent factor
RNS model largely exceeds the AFRNS model in terms of predictive performance. For example,
we find that the independent factor RNS model has 62% more accurate predictions for the
one-year-ahead forecasts of the ten-year treasuries on average. This indicates that the preclusion

of arbitrage opportunities within the AFRNS framework does not result in better forecasts,

20Tn a Bayesian context, Bayes factors or marginal likelihoods often function as a toolkit for model comparison.
As the former does not allow for diffuse prior comparisons and the second yields no straightforward computation
in a state space setting, we resort to RMS(F)Es.

21The term intercept is mathematically invalid here, as the shortest yield considered has a maturity larger
than zero months. Yet, it provides greater comprehension on the difference in forecast performance between both
methods.
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Figure 11: Relative RMSFEs to assess the difference in predictive performance between independent factors
and correlated factors for our yields-only specifications.

which finds support with Nyholm & Vidova-Koleval (2012) and Diebold & Rudebusch| (2013)).
Contrarily, we find Bayesian estimation of the AFNS model to near-consistently dominate the
independent factor DNS model with relative RMSFEs well below one in the right partition
of Figure This finds empirical backing from Christensen et al.| (2011) as they also show
an improvement of forecast performance to emerge from the freedom of arbitrage in AFNS.
Despite their differences, both partitions have one commonality. We find a recurring pattern
that increases towards the long-end of the term structure. This contradicts the same pair-wise
comparison from Christensen et al.| (2011]), who find the most substantial relative performance
of the AFNS model at higher maturities. This may be due to the different sample periods
considered, i.e. the inferred yield-adjustment at higher maturities may be too harsh during the
ZLB period.

AFRNS/Indep. factor RNS AFNS/Indep. factor DNS

+o

1M ahead
N 3M ahead

16 1.05 6M ahead

x _ 12Mahead

Maturity (years) Maturity (years)

Figure 12: Relative RMSFEs to assess the difference in predictive performance between arbitrage-free and
statistical yields-only specifications.

Next, we observe the predictive difference between the traditional Nelson-Siegel factors and
the adjusted base from |[Nyholm| (2018)) in Figure We find that the observational equivalence
between RNS and DNS largely remains within our out-of-sample study (Nyholm (2018)), i.e.
we find relative RMSFEs within the range of 0.99 and 1.012 in the first two partitions of Figure
Still, we observe that the predictive power of the factor rotation from Nyholm (2018)
decreases along the forecast horizon. This near-equivalence in out-of-sample ability ends with
the imposition of arbitrage-free dynamics. Specifically, we find all relative RMSFEs to lie above
one in the third partition of Figure Hence, we find consistent improvement in forecast
performance when we consider the AFNS model over the AFRNS model. Moreover, we find the
difference in forecast performance between both arbitrage-free specifications to increase with the

forecast horizon considered. This resolves to the formulation of two hypotheses, i.e. the AFNS
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model provides a better way to incorporate no-arbitrage dynamics within the Nelson-Siegel

environment and/or the performance of the AFRNS model depends on the estimation method

considered.
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Figure 13: Relative RMSFEs to assess the difference in predictive performance between the factor rotation from
Nyholm| (2018) and the traditional Nelson-Siegel base from |Diebold et al.| (2006)) for our yields-only specifications.

In Figure we quantitatively assess the influence of our Bayesian method, as we directly
compare the constructed forecasts with the classical Nelder-Mead simplex method (e.g. see
Appendix . Two relations arise from visual inspection of the left four partitions. Firstly,
we observe that the classical method better copes with the short-end of the yield curve, apart
from the one-month-ahead forecasts. Secondly, we find that the relative performance of our
Bayesian method for statistical models increases along the maturity dimension. These findings
find further support in Table i.e. we find green entries at one-month-ahead forecasts of
the short-end and we find green entries for one-year-ahead forecasts of the long-end from our
statistical specifications.

The last column of Figure provides conflicting evidence for the Bayesian estimation
approach in a no-arbitrage setting. The lower left partition shows our proposed estimation
method to be an effective means to incorporate no-arbitrage dynamics within the Nelson-Siegel
environment. We find that most relative RMSFEs are valued below one, such that our
newly constructed Bayesian approach outperforms the classical method on most horizons and
maturities considered. Yet, the upper right partition tempers our enthusiasm. Specifically,
we find a substantial improvement in predictive adequacy to arise from the estimation of the
AFRNS model with the classical method as all relative RMSFEs are valued above one.

Consequentially, we seek to identify the root cause of the contrasting predictive performance
between both arbitrage-free specifications. We demonstrate via Figure [29]in Appendix that
the predictive failure of the AFRNS model in our out-of-sample study is not model-specific.
Precisely, we extend the clashes that involve the AFRNS model from Figures and [L3] to
the classical approach. The left partition of Figure [29 shows that the imposition of no-arbitrage
dynamics can enhance performance within the RNS framework. Additionally, the right partition
shows that the predictive performances of both arbitrage-free specifications are competitive in
maximum likelihood setting.

Hence, we investigate the limitations of our Bayesian method using our empirical
out-of-sample study. Figure in Appendix shows that the techniques from Section

44



15 Bayesian/ML: Indep. RNS 14 Bayesian/ML: Corr. RNS 18 Bayesian/ML: AFRNS
i R ¢ 1Mahead
t x +  3Mahead
1.4 137« . 6M ahead
* . . 1.6 X 12Mahead
+ 4
13 1.2
<
1.2 . 1,0, 1.4
o ¢
- ¢ 14
1.1 ° * L o
3 ° o 1.2 19,
T — ————- 0.9 fo MRS o
¢ o
¢
0.9 0.8 1
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
Maturity (years) Maturity (years) Maturity (years)
13 Bayesian/ML: Indep. DNS 15 Bayesian/ML: Corr. DNS 115 Bayesian/ML: AFNS
S i
1.2 141" 11
e t " . x
1.1 1.3 105 !
IS . : - 4
< 1ro—=——— g T T
1= - - 1.2 R o o
K3 % * + t 0.95
09t b *
: | 3 * 0.9 to
+ 3 FY 4
0.8 . L 0.85
¢
07 09 08
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
Maturity (years) Maturity (years) Maturity (years)

Figure 14: Relative RMSFEs to assess the difference in predictive performance between our proposed Bayesian
estimation method and classical estimation methods.

offer limited statistical freedom for the estimation of the continuous-time drift processes from
Equation . We find that the acquired posterior results per rolling window from the Bayesian
method differ slightly from the imposed respective prior means. In contrast, we observe that the
unconditional means obtained via maximum likelihood are much more volatile. This indicates
that the data-driven prior from Diebold et al. (2008) may be too restrictive for the AFRNS
model and that more flexibility may be desired. Besides, |Christensen & Rudebusch (2015)
demonstrate that forecasts for longer horizons quickly converge to their unconditional means,
which also explains the diverging performance at longer horizons between both arbitrage-free
specifications in the right partition of Figure The second limitation of our method lies in
the fixation of A via the preliminary two-step method. Yet, Nelson & Siegel (1987)) mention
the value of A to have little impact on the results and (Cakmakli (2020) show destabilization of
the MCMC chains to emerge from freely sampling A\. Hence, we postulate the restrictive priors
on the unconditional means of the AFRNS model to be the driving forces behind its lacking

forecast performance.

5.2.2 Macro-Finance Models

Table [11] and Figure 15| address the predictive influence of including inflation, economic activity
and our suggested supply factor in the term structure specifications. Two relations show up
after visual inspection of the left four partitions, although the upper left partition forms an
exception. Firstly, we find a near-consistent surplus of predictive performance to arise for
short-term and mid-term maturities with our macro-finance models, i.e. most relative RMSFEs
for maturities between six months and seven years are valued below one in Figure Hence, the

implementation of inflation, economic activity and a monetary policy instrument appears crucial
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for those yields (De Pooter et al.| (2007)); Yu & Zivot (2011)). The one-step-ahead forecasts on
the yields with three months to maturity are exempted from this pattern as the inclusion of
macro-finance factors possibly distorts the persistent nature of the short-end during the ZLB
period. The second stylized relation emerges from increasing relative forecast performances
along the horizon for most macro-finance specifications considered. For the arbitrage-free
specifications, we obtain an opposing influence of the proposed observed factors. On the one
hand, we find near-uniform improvement in forecast performance of the MF-AFRNS model,
which may also be due to its lesser dependence on the unconditional means. On the other hand,
we find the predictive performance of the MF-AFNS model to be near-uniformly lower than its

yields-only counterpart.
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Figure 15: Relative RMSFEs to assess the difference in predictive performance between macro-finance
specifications and yields-only specifications.

Next, we portray the difference in predictive performance between independent factor
macro-finance specifications and their more flexible counterparts in Figure[TI6] At first glance, we
observe a similar bell-shaped pattern from Figure [11] per horizon considered. Insensitive to the
selected Nelson-Siegel base, we find correlated factor models to near-consistently dominate for
maturities up to seven years (e.g. only the one-year-ahead forecasts from the MF-DNS model are
exempted from this pattern). In line with Figure we see a gradual improvement in the relative
predictive performance of independent factor macro-finance models towards the long-end of the
curve. For our yields-only specifications, this resulted in exceeding ability of the independent
factor variants for yields with seven and ten years to maturity, respectively. Yet, Figure [16]
shows this outperformance to only endure for the MF-DNS model.

The predictive abilities of our macro-finance specifications are relatively robust to the
imposition of no-arbitrage dynamics. In Figure we observe that the freedom of arbitrage
provides an advantage for both MF-AFRNS and MF-AFNS in predicting the long-end of the
yield curve, which coincides with the findings from Christensen et al. (2011). We find the
relative RMSFEs to lie within the range of 0.95-1.05 for all other maturities, which indicates
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Figure 16: Relative RMSFEs to assess the difference in predictive performance between independent factors
and correlated factors with macro-finance specifications.

near-equivalent performance between statistical macro-finance specifications and arbitrage-free

macro-finance specifications in our empirical exercise.
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Figure 17: Relative RMSFEs to assess the difference in predictive performance between statistical and
arbitrage-free macro-finance specifications.

Next, Figure [18| shows contradictory evidence on the possible equivalence between MF-RNS
and MF-DNS in our empirical exercise. The first partition shows that the performance
between both statistical bases diverges. Although we obtain comparable one-step-ahead
forecasts, we find that the relative performance of the independent factor MF-DNS model
uniformly increases with the forecast horizon considered. In contrast, we find near-identical
performance between both Nelson-Siegel bases when we consider correlated factor dynamics in
our macro-finance specifications. More specific, we find relative RMSFEs valued between 0.975
and 1.02, which largely coincides with the yields-only findings from Figure We find that
the performance between both arbitrage-free specifications has converged compared to their
yields-only counterparts. If we compare the last partitions of Figures and we see a
consistent lowering of all relative RMSFEs considered. This finds support in Figure ie.
the inclusion of macro-finance factors fares well with the MF-AFRNS model and lowers the

predictive performance of the MF-AFNS model.
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Figure 18: Relative RMSFEs to assess the difference in predictive performance between the factor rotation
from |[Nyholm| (2018) and the traditional Nelson-Siegel base from [Diebold et al.| (2006) for our macro-finance
specifications.

6 Conclusion

Both modelling and forecasting of the yield curve are fundamental to trading, asset allocation
and risk management. An improved understanding of the underlying term structure dynamics
results in improved execution of the tasks as mentioned earlier. As |Duffee| (2002) shows that
the traditional class of ATSMs fails to provide adequate predictive performance, we focused on
three developments that emerged in literature afterwards.

Firstly, we resorted to the statistical power from the Nelson-Siegel framework. We departed
from the factor rotation by Nyholm| (2018), which is observational equivalent to DNS and
explicitly identifies the short rate. The RNS model and the class of ATSMs have their advantages
for complementary reasons. The class of ATSMs provides the theoretical no-arbitrage restrictions
but lacks empirical success. In contrast, the RNS model fits and predicts the yield curve to a
greater extend, yet fails to meet the arbitrage-free conditions (Bjork & Christensen (1999);
Filipovi¢ (1999)). Hence, we combined RNS’s factor-interpretation with the arbitrage-free
framework from Duffie & Kan| (1996) in the AFRNS model. The AFRNS model combines
the advantages that come with the Nelson-Siegel environment and the class of ATSMSs. At
the same time, it becomes more appealing from a policymaker’s perspective since central
banks traditionally manipulate the short rate to fulfil their mandates. Moreover, we found
that the AFRNS model closely relates to the AFNS model from |Christensen et al| (2011) as
both are restricted versions of the canonical three-factor affine structure from Dai & Singleton
(2000). Besides, we have shown that the yield-adjustments of both specifications are linearly
interchangeable.

Secondly, we departed from Diebold & Li| (2006) and Nyholm| (2018) to specify a yield curve
specification that incorporates the rotated factors (short rate, slope, curvature) and observed
series (inflation, economic activity, monetary policy stance) in MF-RNS. Most papers bring the
federal funds rate as a monetary policy variable to the yield curve. However, it is limited in
the ZLB period, such that we resorted to the marketable fraction of long-term yields instead.
Its influence on the yield curve stems from theoretical sources, i.e. the scarcity channel from
Modigliani & Sutch| (1966) and the preferred habit view from d’Amico et al.| (2012), while several
event studies demonstrate its impact to remain in practice. The state space representations of

these macro-finance specifications greatly ease estimation and allow to identify relations between
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the latent factors and the observed series via impulse response functions. Nonetheless, the
MF-RNS model lacks theoretical rigour as it does not comply with the arbitrage-free conditions.
Hence, we followed the AFNS-Macro specification from |Ullah| (2016)) and combined no-arbitrage
dynamics, the inclusion of exogenous series and the rotated factors from |[Nyholm| (2018]) in the
MF-AFRNS model.

Thirdly, we extended on the greater interest shown by econometric literature in Bayesian
estimation methodologies. Bayesian analysis has several statistical advantages, i.e. it does not
suffer from convergence to local maxima (Kim & Wright| (2005))) or costly initialization routines
via simulation studies (Ullah (2016])). There are numerous advances in Bayesian modelling to
estimate models within the Nelson-Siegel environment. However, no advances have been made
to allow for no-arbitrage dynamics in a Bayesian domain. Hence, we composed a method that
exploits AF(R)NS’s unrestricted P-dynamics to reversely tie the Nelson-Siegel specifications to
the arbitrage-free framework from Duffie & Kan| (1996]).

Additionally, we brought our methodology to empirical data via two analyses, i.e. an
in-sample study and a forecasting exercise. We used a monthly series of end-of-month U.S.
zero-coupon bond yields from July 2003 to February 2020 to answer the five research questions
from Section [II With our in-sample analysis, we empirically showed that the average fit of the
yield curve is robust to each of the proposed modifications from the research questions. More
specific, we found that the maximal difference in mean in-sample errors was 1.5 basis points
among all modelled aspects. Nevertheless, we found some deviations between the proposed
specifications when we segmented along the maturity dimension. Although all specifications
failed to model the low persistent short-end during the ZLB period, we found this to primarily
hold for the arbitrage-free models from the second research question. On the other end, we
found that the arbitrage-free specifications were able to model the concavity for high maturities.
However, the implied flattening from these models was too rigid on average at the long-end
of the yield curve. This prevailed with both Nelson-Siegel bases and estimation methods from
the third and fourth research questions, respectively, which contributes to the statement that
arbitrage-free specifications may be overly restrictive to model the term structure’s long-end
during the ZLB period. Lastly, we found that the inclusion of our observed factors from the
fifth research question did not improve the average fit. Nonetheless, they have shown to offer a
greater comprehension of the bi-directional relations between the macroeconomy, the yield curve
and the decisions of a monetary policymaker.

We found more varying results with our out-of-sample analysis. Regarding the first research
question, we observed that correlated factor models yield predictive improvement on the
short-end of the yield curve. However, the advantage seemingly faded towards the long-end of the
term structure. We found that the imposition of no-arbitrage dynamics from the second research
question had inconsistent effects in terms of predictive performance. For the AFNS model, we
observed a near-uniform increase in forecast ability relative to its no-arbitrage counterpart. This
further strengthened with our newly constructed Bayesian method. For the AFRNS model, we
found the opposite to hold. On the one hand, we found that the AFRNS model did offer greater

predictive performance relative to its statistical counterpart within a classical estimation method.
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On the other hand, this advantage vanished with our Bayesian method. Hence, we found that the
imposed priors in our Bayesian method were too binding for the AFRNS model. For statistical
specifications, we found a more evident pattern between the two estimation methods, i.e. we
observed that the predictive performance of our Bayesian method slowly increased towards the
long-end of the yield curve. Concerning the third research question, we found that the statistical
equivalence between both Nelson-Siegel bases prevailed in our out-of-sample exercise. Besides,
we found additional forecast ability on shorter-term and mid-term maturities when we considered

our macro-finance specifications from the last research question.

7 Discussion

Going forward, we present various ideas for future research in this Section. A first extension
arises with the implementation of the correlated factor (MF-)AFRNS models. We derived
the required yield-adjustments for those specifications, yet left the implementation for further
research as our algebraic Bayesian approach to construct the continuous-time parameters from
Duffie & Kan| (1996)) is limited to independent factors. A second extension emerges from the
gap in predictive performance between the AFRNS model and the AFNS model. Although
the Bayesian estimation of the AFNS model shows improvement over the classical method in
the conducted out-of-sample exercise, it would be interesting to see if similar achievements
can be obtained via different priors for the AFRNS model. Another idea for future research
lies in the statistical limitations that arise from the imposition of no-arbitrage. That is,
the imposed freedom of arbitrage prohibits the implementation of a time-varying covariance
matrix (Hautsch & Yangl (2012)), a time-varying rate of decay (Koop & Korobilis (2010))
and a time-varying unconditional mean (Kozicki & Tinsley| (2001))). Comparison between the
imposition of arbitrage-free conditions and the implementation of time-varying dynamics within
the RNS framework provides a greater insight into the opportunity costs of applying no-arbitrage

restrictions.
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A Derivation of AFRNS

This part of the appendix provides greater comprehension on the unification of the RNS model
with the arbitrage-free framework from |Duffie & Kan| (1996). In Appendix we derive
the risk-neutral state dynamics of the AFRNS model for which we provide a formal proof
in Appendix as we inversely show the suggested solutions to comply with the Ordinary
Differential Equations (ODEs) from |Duffie & Kan (1996)). Appendix concludes with an
algebraic expression for the yield-adjustment of the AFRNS specification, which linearly relates
to the yield-adjustment term of the AFNS model from Christensen et al.| (2011)).

A.1 Proposition AFRNS under Q-measure

Following the notation from Duffie & Kan (1996), we assume X; (3 x 1) to be a Gaussian
Ornstein-Uhlenbeck process under the Q-measure with Stochastic Differential Equation (SDE)

dX; = K202 — X,)dt + 3¢ Dy(X4)dW2, (40)

where thQ (3 x 1) is a multivariate standard Brownian motion under the Q-measure whose
filtration is compliant with Williams| (1991]). We assume a bounded continuous time-varying drift
and state dynamics matrix in 09 (3 x 1) and K? (3 x 3) respectively. The process’ volatility
embodies two bounded continuous components, i.e. risk-neutral volatility matrix 3 (3 x 3) and
diagonal matrix D¢(X¢) (3 x 3) with elements /77 + (52)’Xt, where scalar 4/ and vector 5{
(3 x 1) are bounded continuous functions for j = 1,2, 3. Following |Christensen et al.| (2011)) we
suppress the possible time-dependence on the parameters from Equation and assume the
risk-neutral evolution on the latent factors to be homoskedastic, i.e. Dy(X¢) = Is Vt.
Dufhe & Kan(1996)) construct the risk-free rate as an affine function of the underlying latent
factors such that
re = po + p1 X+, (41)

where the risk-neutral evolution of the theoretical short rate for the RNS model fits the
framework via pg = 0 and p; = [1 0 0)’. Additionally, Duffie & Kan| (1996]) show zero-coupon

bond prices to resolve to exponential functions of the latent states under the QQ-measure, i.e.
P(t,T) = E2 |:€(_ftT rudu)] _ ART)HB®T) Xy (42)

where A(t,T) and B(t,T) refer to time-invariant solutions to the following system of Riccati
ODEs

n

WD - BTy (KY0° - i; (FBEDBETYE)
BT+ (K9 B,T). (34)
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with boundary conditions A(T,T) = 0 and B(T,T) = 0. Equation implies the underlying
yields to be defined as
logP(t,T) A(t,T) B(t,T)

t,T) = — S - X 45
y(t.T) T—t T—t T-t " (45)

which roughly resembles the structure from Equation @ Following |Christensen et al. (2011)),
a closest match of the three-factor affine structure from [Duffie & Kan| (1996]) and the factor
rotation from Nyholm/ (2018)) yields

(6, T) = X} + |1- 2 . (‘;_A_(i)_t)] X2 1;(€T_A_(Tt)_t) S P G AT(t’_];)a (46)
where we obtain explicit solutions to the Riccati ODEs via
_B;(t_’?:L & BYt,T)=—(T —t), (47)
_B;(t_vi:): _W o Bz(t,T):—(T—t)—Fl_e_;(T_t), (48)
_B;(i ? _1 ;(2: A_(:)_t) —e M) o B3, T) = (T — t)e M0 — 1_6;% (49)

We obtain a nearly-exact fit, which is distorted by the time-invariant yield-adjustment. Its

algebraic expression is given by
3
-y [ K9%9), / BI(s,T) ds Z/ >'B(s,T)B(s,T) 2) ds.  (50)
s ¢ 3.

We refer to Appendix for explicit completion of Equation . In the remainder of
this appendix, we explicitly compute the risk-neutral state dynamics from Equation (40)).
Accordingly, we compute the left-hand-side of Equation via the partial derivatives of
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Equations — with respect to t. Hence, we derive the rows of (K@) as

dB'(t,T) d
_— = — —(T-t)| =1 51
= |- =1, (51)
B, 7) d | 1 — e AT AeNT=)
—a a | Tt T
[ e ATt _ 141 1 — e~ ANT—1)
—14+A| = k) c F(T—t)— (T —t)
A A
[ _ o= MT—t) . )
=A f—(T—t) +-AN—(T—-1t)]==-AB(t,T)+ \B“(t,T), (52)
aB¥t,T) d | ey 1= e T T
) — T — r-ty - —% -~ - — T — AT —t)
% % ( t)e 3 A( t)e
I 1 — e MT—=t) 1 _ o=ANT—1)
= A T — t 7)‘(T7t) —
(T'—t)e 3 + 3
[ _ e—MT—0)
=) f+(T—t) — (T —t)| + A\B3(t,T)
= — ABY(t,T) + AB*(t,T) + \B*(t,T). (53)
Hence, explicit filling of Equation yields
1 0 0 0| (B'Y(t,T)
dB(t,T
Eit’)— o]+ |-Xx X 0| | B*¢t,7) |- (54)
0 —A A A\ B¢, T)

Additionally, the insertion of K@ in Equation demonstrates X; to be Markovian with

dx} 0 =X —x||[6Y X} dwy,
dx2| =10 X A 6| — | x2 || dt+=[awd |, rA>o0. (55)
ax} 0 0 63 X} AWy,

A.2 Proof

In this part of the appendix we assume the system of ODEs from Equation for which we
inversely show the suggested solutions from Equation — to emerge. Because

% [e(K@)'(T—t) B(t,T)] _ e(K@y(T—t)‘w C(KYY KD T-0B@ Ty, (56)

it follows from Equation that

T d Qs T Qv
/ ds[ew ><Ts>B(s,T)]d3: / (KO (T-9) 5 4 (57)
t t
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which further simplifies to

Qy T KQy
B(t,T) = e (K9(T-1) / (KO (T=5) 5 4 (58)
t

using boundary conditions A(T,T) = 0 and B(T,T) = 0. We construct both (K©@)" and p; via
our proposition on the risk-neutral state dynamics on the AFRNS model from Appendix [A.T] as

0 0 O 1
(KQ)/ =1-X X 0f, pP1L=|0], (59)
A A A 0
where explicit solutions for the matrix exponentials e Oy (1) and e*(KQ)/(T*t) reside. Hence,

we resort to the non-diagonal generalization of Sylvester’s formula (e.g. see Rinehart| (1955)) for
an explanation in greater detail). Eigenvector decomposition of (K Q)' yields eigenvalues ¢; = 0

and go = A, such that linearization of e(KQ)/(T_t) settles to

KR (T-t) _ B1,1eT7Y 4 By o(T — t)e! + Bp1e2T™) 4 By o(T — t)e2T
= B1,1 + B1,2 (T — t) + Bg,le/\(Tft) + Bz,z (T — t)e/\(Tit), (60)

where closed-form solutions for the coefficient matrices {B; j}i j—1,2 solve the linear system.
Accordingly, we identify the system via the first three differentials of Equation with respect
toT —t, i.e.

(KQ))eED T — By 1+ ABy 1T & (T — 1) + 1) By pe T, (61)
[(KQ),}Qe(KQ)/(T_t) _ )\2B2’16)\(T—t) + )\(2 + )\(T o t))Bz,zeA(T_t), (62)
[(KQ)I}Z’)e(KQ)/(T—t) — A3B2’16>\(T_t) + /\2(3 + )\(T _ t))Bz,2€)\(T_t), (63)

where inserting 7" = t provides analytical solutions for the coeflicient matrices {B; j}ij—1,2 as

it simplifies Equations — to

I3 =B+ B2 & By, =13 - Bz, (64)

Q =Byj2+ABy1+ Bap & B2 =0, (65)
1

0?2 = )\2B2’1 + 2)\32’2 =4 B2’1 = F(QQ — 2)\B2’2), (66)

Q% =\Ba1 +3)\?Ba s &  Baa= ﬁ(ni’) —2Q?). (67)

Thus, from Equation we obtain algebraic expressions for the matrix exponentials via

1 0 0
SED (Tt _ | A1) AT—1) 0 (68)

—\NT —t)eMT=) \(T — t)eMT=1) AT
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and

1 0 0
QM=) _ | Ay e~ AT—1) 0 . (69)

AT — t)e_A(T_t) —\T — t)e_A(T_t) e MT=1),

Hence, all components of Equation are known. Explicit filling yields

1 0 0 . 1
B,T)=—| 1—e T e-NT—0) " / L_ M5 | ds
¢
MT —t)e MT=) _\(T — t)e AT = AT—t), —\T —t)eMT—9)
(70)
where the integrals simplify to
T
/ ds =T —t, (71)
¢
T 1 — eMT—t)
/ 1—T=9)ds =T — ¢ + % (72)
t
T 1— e/\(Tft)
/ NI AT s = (T AT AT (73)
t
Thus, a final expression for Equation resolves to
1 0 0 Tt
B(t,T)=—| 1-¢ NI 0 Tt 12200

_ _ _ _ _ _ _ _eMT-1)
NT —t)e MT=D —N(T —t)e M0 e~ AT=D |\ (T — )M — Iz

—(T-1)
. _e—AT—t)
= —(T —t) + =5 ’ (74)
(T _e—MT—-1)
(T —t)e MT=H) — %

which coincides with the proposed solutions to the system of ODEs from Equations —.
Hence, the proposition on the risk-neutral state dynamics of the AFRNS model from Appendix

is proved.
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A.3 Yield-Adjustment Term under the (Q-measure

We identify the AFRNS model by restraining its risk-neutral drift to be nonexistent, i.c. 82 = 0,
which further simplifies Equation to

A®T) 1

T—¢t 2T —t/ Z 3'B(s,T)B(s, T)E) ds

011 012 013 Bl<37T)
2T—t Z 021 022 023 B2(8aT) (Bl(SaT) BQ(SaT) BB(&T))

o31 032 o33 \B3(s,T)

011 012 013

0921 022 023 ds

031 032 033 .
3.
C

1
Bl(s,T) S B%(s,T B3 T)?
2T—t/ (s, d8+2T—t/ (s, )ds+2T_t (s, T)“ds

+DT_/ B(s, T)B(s, T)ds+E/ Bl (s, T)B3(s, T)ds

+F/ B%(s,T)B?(s, T)ds. (75)

The alphabetic coefficients are functions of the risk-neutral volatilities such that

A= ot +ofp + 0, (76)
B = 03, + 0%, + 033, (77)
C = 03 + 03y + 033, (78)
D = 011021 + 012022 + 013023, (79)
E = 011031 + 012032 + 0130733, (80)
F = 021031 + 022032 + 0230733. (81)

Christensen et al.| (2011) accordingly, we obtain a closed-form expression for the yield-adjustment

term of the AFRNS model after solving the six smaller integrals. Hence, the first is

1 T
—— [ BY(s,7)%s

I >
- T _ —
T—t/t ( s)“ds

RNS
Il

(T —t)% (82)

o |

64



The second 1is

2
B 1 T 1— e MT=9)
B 1 T ) T 1— e—/\(T—s) T 1 _ e~ MI'=5)\2
B _r1 1 11—e M)
- (T — 2—B7T— S XT-t) -
("= [2)\( D+ 5ze N T ¢ }
B 1 11— e*/\(Tft) 11— e*ZA(Tft)
+Bloe w1 Tov T (83)
The third is
~ T
IS = ng—t/t B3(s,T)%ds
2
A T 1 — o= MT—s)
= gT—t/ (T =)™ - —= ds
_al b o gy L @y 3 oy
=C 532 —i-)\Qe 1 (T —t)e 4)\Qe
92 1 — e~ MI-0) 51— e—2M(T-1)
TN T—t Tew 1ot (84)
The fourth is
B T
IRNS — TD_t/ Bl(s,T)B2(s,T)ds
t
D /T 1— 6—>\(T—S)
= — —(T—-s)) x| —-—(T-s)+ ds
i) |(FT=9)x (- =9+ )
D /T ) /T 1— e—)\(T—s)
= — T — s)“ds — T—s ds
7| ) @ [ (-0 [—5—])
D o ml L L gy 11—
= (T -1) D[2>\(T 0+ e s ] (85)
The fifth is
RNS E T 1 3
I5 = ﬁ ) B (S,T)B (S,T)ds
E T _ _ ]_ — e_)‘(T_t)
- [« e =),
_ 5|3 .l Ay _ 3 1—e MY
=F )\26 +2 (T —t)+ —(T —t)e 3 T3 (86)
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The sixth is

F T
IS = —— | B*(s,T)B*(s,T)ds
T—t),
F T 1— e—)\(T—s) N 1— e—)\(T—t)
_ (T e MT—t) _
1), ( (T —s)+ 3 ) X ((T t)e y ) ds
Al B, Lp oy L pyoamey 31—
=F 2¢ +2/\(T t)+>\(T t)e BT
11 1 31— M0 31— AT
Rl Aty - L ey 2 tme T 7 s tme T )
N et oxz© ¥ Tt a¥ Tt (87)

An algebraic expression for the yield-adjustment term greatly facilitates empirical
implementation. Moreover, the yield-adjustment terms of the AFRNS model and the AFNS
model from (Christensen et al.| (2011) are linearly related. If we define I”"V* as the i-th identity
from (Christensen et al.| (2011) where i = 1,2,...6, it follows that

s 1 00 0 0 0] [Ipr
I5ns 210 -2 0 of]|p
s 001 0 0 o0f]
-1, : (88)
s 290 -1 0 0f]|Ipve
s 000 0 1 0f]fzrs
) o oo o L 1] \gpr

where an alternative representation of Equation via the six integrals from |Christensen et
al.| (2011) yields

A(t,T) (1 N B +_2D)
A

B F
T _ IlDNS +IQDNS _|_I?’DNS _ (1 + 5)151\]5 + (1 + E)IBDNS o IGDNS' (89)

Thus, a linear relation between the factor loadings of the DNS model and the RNS model extends
to the yield-adjustment, although the estimated values of the risk-neutral volatilities between
the two versions may deviate.

In line with |Christensen et al| (2011]), not all nine underlying volatility components are
identified as we solely face six underlying linear identities in Equations (76)-(81). Hence, the

maximally flexible risk-neutral volatility matrix reduces to a lower-triangular one, i.e.

Y=oy o2 0. (90)
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B Imposing Restrictions on AFRNS

In this part of the appendix we derive the additional constraints required to impose both variants
of the AFRNS model from Section to the canonical Ap(3) class of models from Dai &
Singleton| (2000), i.e. a generic class of no-arbitrage specifications with a three-factor latent state
diffusion and zero square-root volatility processes. The extra restrictions arise as we prohibit
affine transformations of a three-factor state diffusion to yield equivalent representations of the
same fundamental specification.

Thus, we follow Christensen et al.| (2011) and define the risk-neutral SDE for an arbitrary

three-dimensional latent state vector Y; as
aY; = K2[0% — v;|dt + Sy dWR, (91)

which fits the framework from Dufhie & Kan| (1996) via suppressed time-dependence on the
parameters. In order to derive the mandatory additional restrictions to guarantee the uniqueness
of the risk-neutral process from Equation , we consider an affine transformation of the
state variables via a nonsingular matrix C (3 x 3) and a vector of constants € (3 x 1), i.e.
To : Zy = CYy: + €. From Ito’s Lemma it follows that

dZ; = CdY; = CKL 0% — Yi]dt + CEydW2 = [CK$ 0y — CKyY;|dt + CSydW,2
= CKyClCO} — CKY — €+ €|dt + CEydW?
= CKYCT(COL + €) — Zi]dt + CEydW2, (92)

such that Z; itself follows a three-factor state diffusion under the risk-neutral measure with drift
Ca?i +€ (3x1), state dynamics CK';(EC_1 (3 x 3) and volatility matrix CXy (3 x 3). A similar

result holds under the P-measure. For the risk-neutral evolution on the short rate it holds that

re=pp +(p1)'Ye =py + (p1)C'CY;
=pp +(P1)C'CYs+e—el=py —(p1))C e+ (p1)C ' Zs, (93)

which relates the short rate processes for both Y; and Z; via constant term pZ = pf —(p¥ )C~ e
and loading term (p?)’ = (pY)'C~'. Both Y; and Z; are equivalent compositions of the same
underlying model as they are affine latent factor state diffusions with ditto dynamics on the
short rate process in Equation . Hence, we refer to the transformation 7o : Zy = CY; + €
as an affine invariant transformation.

In order to identify the system under the Q-measure, Dai & Singleton| (2000) restrict the
state dynamics Kg (3 x 3) to be upper-triangular, the risk-neutral volatility Xy (3 x 3) to be

the identity matrix and the unconditional mean 09 (3 x 1) to be the null vector. Hence, we
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obtain Q-dynamics

ay;! et N 10 0| (aw}@
A2 l=-10 k5% 5% |v2|dt+ |0 1 o |aw??|, (94)
ay? 0 0 w32 \¥? 0 0 1| \dw}?
and P-dynamics
dy;! W v, 10 of faw}!*
AV2 | = |kl Kyy Kag 7 | = [¥2 || dt+]o 1 o] |dw>" |, (95)
ay;? il Ry kag | | \O3F Y3 0 0 1| \aw>"
with instantaneous risk-free rate
re=py + p{ly;fl + P{2Y22 + P{3Yt3- (96)

Thus, for the risk-neutral measure we find six free parameters, where we distinguish twelve
free parameters for the real-world measure. Additionally, the utmost resilient canonical
representation of the Ay(3) class of models offers 22 free parameters as we observe four free
parameters on the risk-free rate process in Equation .

However, the restrictions in Equations — do not suffice to guarantee the uniqueness
of the risk-neutral state diffusion of Y; under the proposed affine transformations. Hence,
we provide additional restrictions to identify the independent factor AFRNS model and the
correlated factor AFRNS model in Appendices and respectively.

B.1 Independent Factor AFRNS

The independent factor AFRNS model has P-dynamics

az} K000 07" z} oy 0 0| [daw}!F
dzz|=-1 0 ,.{2Z2’P 0 92Z’P - | Z2 dt+10 ¢4 0 de’P , (97)
4z} 0 0 kg | |\&FF 73 0 0 of| \aw?*

and Q-dynamics

"V 0 -\ —A| [z} oz 0 0| [aw}?
dz2 | =-10 x A||z2|dt+|0 %4 o |[aw??], (98)
473 0 0 x| \z 0 0 o \aw@

with explicit completion of Equation via r, = Z}. The independent factor AFRNS
model offers limited flexibility with ten freely determined parameters and thus requires

twelve parameter restrictions on the Ag(3) class of models. One may verify that the affine
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transformation T¢ : Zy = CY; + € with

o4, 0 0 0
C — O 0'222 0 ) € = O ) (99)
0 0 o% 0

yields the independent factor AFRNS model. We derive mean-reversion matrix Kg using

Equation as

sz 0 00]o =x =Al|efh 0 0
Ky=10 L oflo x Xx|]|0 0% o0 (100)
22
0 0 =[]0 0 A 0 0 o0&
L 933
B O’Z g
0 -2 %
11 ‘;11
=lo A A%, (101)
22
0 0 A

where the imposition of three extra parameter restrictions is required for Kg to be compliant
with the independent factor AFRNS model, i.e.

Y7Q
YQ _ YQ _ YQ Y,Q _  YQf K13
Rl =0, Ko = a3t Kot = hag) ( y@)' (102)
12
Hence, we enforce K,EQ and KEQ to have opposed signs relative to /{;/QQ and /@é’f@, although

their absolute magnitudes can vary independently. Six more restrictions emerge from KI}P} being

diagonal as its derivation settles to a three-factor product of diagonal matrices (e.g. see Equation

(92))-
Consequently, we shift focus towards the evolution of the short rate. In all discussed models
with the factor rotation from Nyholm/ (2018) the first latent factor resembles the short rate

process. Hence, we impose

=0, pZ=]0]. (103)

in the affine transformation of Equation 1} For the constant term we have pg = pg =0,
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where for the loading term (pZ) = (pY )’C~! implies that
o, 0 0
Y)Y =wfyc=(100) |0 o o
0 0 oF

:(glzl 0 0). (104)

Thus, the final three restrictions correspond to py = p{Q = pfg =0.

B.2 Correlated Factor AFRNS

The correlated factor AFRNS model has P-dynamics

1 ZP A A A 1 VA A A 1P
dz; K11 Kia ki3 0 Zy 011 012 013 dw;,

ol _ | zPp zP ZP zp | 9 A A 2P

3 ZP  ZP  ZP Z,P 3 A 3,P
dZz; K3l K33  Kas 05 Z; 0 0 o5 \dW;

and Q-dynamics

4z} 0 —A —X| (2} o o of| [aw!?
dz2 | =-=1o x x| |z2|dt+ |0 o4 o&||aw??]|, (106)
az3 0 0 x| \z 0 0 of| \aw*?

which offers greater adaptability compared to the independent factor AFRNS model due to
nineteen freely determined parameters. Hence, we need three extra parameter restrictions to
identify the system. Following the steps of Appendix we verify that the affine invariant
transformation 7o (Y:) = CY: + € with

olzl 01ZQ 0123 0
c=10 o oz|, e=]o], (107)
0 0 o% 0
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converts the canonical representation of the Ay(3) class of models to the correlated factor AFRNS

model. Using Equation we derive its risk-neutral state dynamics matrix as

B z Z _Z_ 7 _Z
1 %1 0239127913935 Z VA 7
o Toheh ool |0 A TA|on g 7k
K=|0 L — 72 0 X Al]l0 0% o2 108
Y 0'222 0'2220'3Z3 22 23 ( )
1 Z
0 0 - 0 O A 0 0 o33
L 33
_0 _)\(0122‘;U2Z2> _)\(02Zz(alz2+azlzz‘f;"2z3+g3zs)>
911 033952
~lo AT ,
922
0 0 A

which translates to implementing two supplementary parameter restrictions on the upper
triangular mean-reversion matrix K. Q, i.e.

Y,Q Y,Q

Y,Q _ Q _
0, K9y = K33".

il = (109)

The final restriction emerges from the short rate process as we lastly impose pg = pg = 0.

Hence, the loading term p}f remains unrestricted.

C Kalman Filter

C.1 State Filtering

We restate the linear Gaussian state space model via the formulation of [Durbin & Koopman
(2012)) as

Yi = dy + Zioy + €y, et ~ N (0, Hy),

ne ~ N(0,Qy),

(110)

a1 = ¢+ Tro + ne, t=1,...,T, (111)

where y; (N x 1) refers to the observed data at time ¢, a¢ (J x 1) coincides with the state
vector at time t and © = {dy (N x 1), Zy (N x J), Hy (N X N), ¢¢ (J x 1), Ty (J x J), Q¢
(J xJ )}tT:1 corresponds model’s set of parameters respectively. Following Durbin & Koopman
(2012)) we refer to Equations and as the measurement equation and the state equation
respectively.

The Kalman Filter (KF) extracts the signal of the states from the noise and comprises two
intermediary steps, which we refer to as the update- and prediction step. Following |[Durbin
& Koopman, (2012) we define &y, = E[a¢|Z;] as the best guess on the latent states at time ¢
conditional on filtration Z; with uncertainties Py = Var[o|Z;]. With these best guesses and

uncertainties we conduct a prediction step of the KF to obtain an educated estimate of the
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future states as

Qpyq)t = et + Tilyy, (112)
Py = Ty Py T] + Q4 (113)

where &y 1) = Elae41/Zi] and Ppyq)y = Var[agt1|Zi]. As time passes by, we adjust our
predictions in the update step via inference of the data. The update step exploits the joint

normal distribution between the states and the data conditional on filtration Z;, i.e.

Zi& Z P, Z,+ Hy Z.P,
2.7, ~ N Oy 1t 7 tfi411t4e t il 7 (114)

(872 | at+1|t Pt+1|tZ1/: Pt+1|t

Yt41

where we obtain the updates via the conditional normal lemma

Qppi)e41 = Qppape + Pt+1|tZ£‘/t_119t—|—la (115)
Py je41 = Peyap — Pyt 2tV ZePoyaye, (116)

with V¢41 = yey1—de— VAT TERTP and V; = ZtPt+1|tZ,’5—|—Ht. For a formal proof of the theorem
we resort to Durbin & Koopman| (2012). To initialize the filter we assume that oy ~ N (a1, Ay)

where both a; and A; are set by the researcher. If we suppress the time-dependence on the

parameters in Equations (110) and (111)), setting a1 = (I, — F)"lc and A3 = vec™! |:(Ip2 —

-1
(F®F)) vec(Q)} matches the unconditional moments (e.g. we refer to [Hamilton et al.| (1993])
for a formal proof). The operation vec(-) coincides with vertically stacking a matrix’ columns,

whereas vec™!(-) denotes its inverse operation.

C.2 State Smoothing

Bayesian inference requires the states to be conditioned, or equivalently smoothed, on all
available information. Thus, we wish to derive the distribution of a; conditional on filtration
Ir = {yt}_,. Following Durbin & Koopman| (2012) we refer to its conditional moments as
Gy 7 = E[ay|Zr] and Pyp = Var[P|Zr] Vt. The joint density of ay and c41 conditional on Z;

yields backward recursions to obtain the smoothed states via

« & P, P, T/
t = Tr ~ N t|t ’ t)t t+1)tLt (117)

(s AN Ayt TiPyy  Piyage

Following |Durbin & Koopman| (2012) we use the law of iterated probabilities to first condition

on a1 after which we average out all possible values of aig41. Hence, we depart from Equation

(117) to derive

Qg = Gyt + Pt|tZ1,5P;|_11|t(dt+1|T — &yyape), (118)
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where we construct the smoothed uncertainties via

Pyr = Py + Pt|tZ£Pt111|T[Pt+1|T - Pt+1|t]Pt111|tPt|t~ (119)

Following Durbin & Koopman| (2012)) we initialize the Kalman Smoother with the filtered states
& r and uncertainties Pp|p from Section

C.3 Prediction Error Decomposition

Given the filtered states from Section Christensen et al.| (2011)) and Ullah (2016]) suggest

to evaluate the log-likelihood function via the prediction error decomposition, i.e.

T
NT 1 _

1. wl©) = ——-log(2m) — 5 ) <1og<|vtr> +9,V, 1z9t), (120)

t=1
where 9441 = yr41 — dt — Ztbyyqyp and Vy = Zy P4 Z; + Hy (e.g. see Section [C.1)). Both
Christensen et al. (2011) and Ullah (2016) employ the derivative-free Nelder-Mead method to
maximize the likelihood with respect to ©. Additionally, identical restrictions as to our Bayesian
sampling routines apply here to ensure covariance stationarity (see Section for an explanation

in greater detail).

D Posterior Sampling Scheme for RNS

The state space representation of the RNS model from Section comprises

Yyt = BB + &4, et ~N(0,H),
Bt=Is— F)p+ FBi—1+mny, n~N(0,Q), t=1,...,T,

where B} (N x 3) refers to the rotated factor loadings, H (N x N) corresponds to a diagonal
covariance matrix, g (3 x 1) coincides with the unconditional means of the state equation, F
(3 x 3) corresponds to the state dynamics matrix and Q (3 x 3) refers to the covariance matrix
of the state equation. We exclude B} from the sampling scheme as we preliminary compute A
via the methods from Section [3| and hold it fixed throughout the entire sampling routine.

In this part of the appendix we construct the sampling schemes for two variants of the RNS
model, i.e. the independent factor variant and the correlated factor variant, respectively. The
former imposes an AR(1) process on the latent states and restricts both F and Q to be diagonal.
Contrarily, the correlated factor variant fully parametrizes F' and Cholesky decomposes Q, i.e.

Q= Q%Q% via lower-triangular matrix Q%

D.1 Measurement Equation Sampling

The observation equation of the RNS model resolves to

'yt:B;,@t‘f‘Et, EtNN(O7H)7
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which is equivalent for both variants of the RNS model. We assume the disturbances to be
white noise processes, such that H = diag(a%, 05, .. ,012\,). Hence, we sample the i-th diagonal

component of H via univariate formulation of the measurement equation as

1—e M 1—e M
E o (e

i) = 1
S y(1) = Bre + Poy o o

+ €it,

Sy =biBs +eiy

AT, T,

where B¢ = [Bi4, B2, B34) and b; = [1,1 — 1= in i 1_/‘{;” —e i) fori = 1,2,...,N. In

case we implement an independent [ G2(gi ,V,,) prior, the posterior sampling distribution of 01.2

resolves to an inverted gamma-2 distribution with shape parameter o? + Z:;F:l (ye(m3) — b;,@t)z

and T + v, degrees of freedom.

D.2 State Equation Sampling

The difference in sampling schemes for both RNS models lies in the state equations. We
elaborate on the univariate methods used to sample the state equation of the independent factor
RNS model in Appendix whereas we provide the multivariate full conditional marginal
posteriors for the correlated factor RNS model in Appendix

D.2.1 Independent Factor RNS

For the independent factor variant of the RNS model we subdivide the state equation in its

univariate components, i.e.

Bj,t: (l_f]])/’bj+fjj/6j,t—1+nj,t7 .] = 172737 t:27T7

where [3;; refers to the j-th factor at time ¢, u; coincides with the j-th element of u, f;; and
qJQ-j correspond to the j-th diagonal elements of F' and @ respectively and 7;; denotes the j-th
element of the state disturbances with ;¢ ~ N (0, q]?j).

Following the order from Section [3] we first derive the posterior sampling distributions for

the covariances on the state equation. For an inverse gamma-2 prior with shape parameter Q?j

and degrees of freedom v, , we draw qJQ-j from an 1G2 ((j?j, ﬁqjj> with shape parameter

q 5

T
quj - sz'j + Z [(Bj.e = — fiiBie—1 — my)?
2

t=

and vg; = (I'— 1) + v, degrees of freedom.

In order to derive the posterior sampling distributions for the state dynamics, we reformulate
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the univariate representation of the state equation as

< By = pi(1 = f5) + fiiBis—1 + njts
< Bit — [iiBir—1 = (1 = fi;) + nje,
< Bit— 1 = [ (Bjt—1 — 1j) + Mjts

where all three expressions are equivalent representations of the same regression. We consider

independent normal priors for both u; and fj;, i.e. pj ~ N(gj,‘[w) and fj; ~ N(fjj,‘[f“),

respectively. Then, we construct the posterior distribution of y; ~ N (fi;, Vi,

created regressors x;; = 1— f;; and y;+ = B+ — fj;3;t—1 and independent conjugate /\/’(gj, L/M),

[Z <93j,t3/j,t) N Hy
a;; v
27 = Kj

t=2

) via synthetically

where

T Lis 2
i = [Z( J’) TV

1= \ g

and
—1

T s 2
> () vva]
=2 \ L

for j = 1,2,3. Similarly, we reformulate the regressors as z;; = 8j—1 —p; and y;; = B — pj to

V,, =

generate the posterior sampling distribution for the j-th autoregressive coefficient of the state

equation. Hence, we write that f;; ~ N(fj;, ijj) with

F_ 4 Lyt ? -1 T LjtYj,t fjj
fii = Z +ijj Z 2 +V

=2 \Li

and

T 2
7 Ljt -1
Vi, = [Z <> + ‘—/fjj

t=2

in case we implement an independent conjugate N/ ( [jj, |4 fjj) prior. Moreover, we assure the state
equation of the independent factor RNS model to be stationary via truncated normal sampling,
i.e. we follow Hautsch & Yang (2012) and restrict the acquired samples via 0 < |f;;|< 1 for
j=1,23.

D.2.2 Correlated Factor RNS

The sampling routine for the correlated factor variant of the RNS model encompasses posterior
inference via multivariate distributions, although the pattern shows great similarity to the
independent factor RNS model. We recall the state equation of the correlated factor RNS

model as
Bt= I3 —F)p+ FB¢_1+m:, mne~N(0,Q),

where we first focus on the full conditional marginal posterior density of covariance matrix Q.
For an independent inverted Wishart prior with shape parameter @ and v degrees of freedom,

we obtain an inverted Wishart posterior density with shape parameter Q = Q-+ Zthg (Bt —p—
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F(Bi—1—pn)(Bt — o — F(Bt—1 — p)) and vg = (T — 1) + v degrees of freedom.
In line with the derivation of the marginal posteriors for the independent factor RNS model,

reformulation of the state equation yields

& Bt =Is—F)u+ FB¢—1+mn
& Bi—FBi_1=Is—F)p+mn, n:~N(0,Q),
& Br—nw =F(Bt—1 — @) + g,

where all three expressions are equivalent representation of the same regression, such that we
extend the results from Appendix to the correlated factor variant of the RNS model.

In order to derive the multivariate sampling distribution for unconditional mean vector p,
we first ease notation via X = I3 — F and z; = B¢ — F3¢_1. Then, we standardize the state

equation to obtain a multivariate normal posterior for g with mean p and variance Vm where

_ -1 -1
p=|(T-1)X'Q "X +V,

[(Z X/Q_1Zt> +V, i
t=2

and
-1

Vo= |T-DX'Q'X+V,*

in case we implement an independent N (g, V) prior. Next, we follow |Cakmakli (2020) to
vectorize F' for more convenient prior intervention. We synthetically compose regressors z; =

B¢ — p and xy = By—1 — u, such that reformulation of the regression in compact form yields
Z=FX+U,

where Z = [Zl, Z2,... ZT], X = [ml, T, ... QZT] and U = [7’]1,1’]2, e 'I’]T] with Z, X,U € R/*T,
It follows that vec(Z — FX) ~ N(0,9) with @ = Q ® Ir_;. Hence, we obtain a
N(Fl’vec(F)7 ‘_/VGC(F)) posterior with

{/ -1
Veee(r) = (‘—’vec(F) +(X'e)o (X @ 13)) ,

fivee(F) = Veec(F) (Yvec(ml:tvec(p) + (X' © I3)'Q (X' @ Is)vec(F)ars,

where
—1
VGC(F)GLS = ((X/ ® Ig)lﬂ_l(X, ® Ig)) (X/ & I3)/Q_1V6C(Z)),

if we opt for a multivariate V(g (FY’ V vec(r))- Following |Christensen et al. (2011), we ensure
the state equation to be covariance stationary via rejection sampling on F'. As such, we reject

samples of F' with eigenvalues larger than one.
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D.3 State Sampling

We account for uncertainty in the smoothed states via the second algorithm of Durbin &
Koopman| (2002). They provide an efficient simulation smoother that only requires to run
both the Kalman Filter and Kalman Smoother once per iteration. Following our state space

representation of the RNS model as

Yt :B;Bt+€t7 €t NN(OvH)a
Bi=Is—F)u+FBi_1+mnm, nm~N(0Q), t=1,...,T,

we follow the notation from Durbin & Koopman| (2002) and write 8 = (84,85,...,087), w =
(el,e5,...€p, My, M5, ..., ) and y = (Y], Y5, ... y7). The goal of the smoother is to obtain
smoothed states 8 from p(Bly). To acquire the desired posterior results, we define wt asa
random draw from p(w), ,@+ as a random draw from p(8) and B as the desired draw from

p(Bly). Then, the simulation smoother corresponds to the following procedure:
1. Draw w™ from p(w) = N(O,diag[H RIr_1,Q® IT_1]>.

2. Draw 31 ~ N (b1, B1) and generate y+ and ﬁ"‘ by jointly iterating the state equation
and the measurement equation forward while we account for stochastic uncertainty via
the sampling of the respective disturbances. We diffusely initialize the procedure and set
by = p and By =10% x I3

3. Create artificial observations y* = y — y+ and use these to run both the Kalman Filter
and Kalman Smoother to obtain 8% = E[B|y™] (e.g. see Appendix .

4. Compute the posterior draw of the states via ,5 = B* + [5’+.

E Posterior Sampling Scheme AFRNS

The state space composition of the AFRNS model from Section corresponds to

yt:a+B§,@t+€t, EtNN(O,H),
_iP _ P
IBt:<I_e K At>0P+e K Atlgtfl_‘_(r’t? ntNN(OvQ)7 tzlv"'aTa

where a (N x 1) denotes the yield-adjustment, B} (N x 3) refers to the rotated factor loadings,
H (N x N) corresponds to a diagonal covariance matrix, 8 (3 x 1) coincides with the process’
drift under the P-measure, e K° (3 x 3) corresponds to the discretized state dynamics and Q
(3 x 3) refers to the covariance matrix on the state equation. Our Bayesian approach, which
inversely ties the RNS model to the framework from Duflie & Kan (1996), is limited to an
independent factor variant of the AFRNS model (e.g. see Section [3| for an explanation in greater
detail). Hence, there is no sampling scheme for the correlated factor variant of the AFRNS

model presented in this part of the appendix.
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E.1 Measurement Equation Sampling

We sample 01.2 from an inverted gamma-2 density with shape parameter g% + Zle (yip — ai —
b;7t,8t)2 and T + 7, degrees of freedom if we use an independent IG2(g?,v,) prior, for i =
1,2,...,N (e.g. see Appendix DJ.

We cannot randomly draw the yield-adjustments a;, ¢ = 1,2,..., N, as they resolve to
deterministic functions conditional on X, A and 7;. Hence, we filter the risk-neutral volatilities
via the methods in Appendix after which we compute the yield-adjustment via Appendix
[A.3

E.2 State Equation Sampling

The sampling routine of the independent factor AFRNS model yields great similarity to
Appendix although the extraction of the continuous-time parameters from Equation ([20))
requires some extra steps.

Following Appendix[D.2.1] we subdivide the state equation of the independent factor AFRNS

model in its univariate components, i.e.
kP At P sl AL .
Bj,t =(1—-e " 0] +e "9 ﬁj,t71+77j,ta J= 17273a t:27T7

where 3;; refers to the j-th factor at time ¢, 0?’ coincides with the j-th element of 6F, f@?} denotes
the j-th diagonal element of continuous-time state dynamics matrix K* and 14t corresponds
to the j-th element of the state disturbances with n;; ~ AN(0, qJQ-]-). The posterior sampling

distribution of quj resolves to an inverse gamma-2 distribution with 7,,, = (T'—1) + v,,, degrees

2
_ T —PA —xPA
of freedom and shape parameter q]z = QJ2. +> 0 By — (1 — e i t) 0]]1-) —e N tﬂjyt_l) )
Next, we derive the posterior distributions for the parameters on the j-th state equation via

three equivalent representations of the same regression as

_.P _P
_P —P
& Bi—e B, = (1 —e ”At> 0] +njt,
P P
& Bii—0; = (Bjt—1 = 0;)fj5 + nje-

Firstly, we focus on the posterior sampling distribution of the j-th drift component 0?). In

P
line with Appendix [D.2.1, we synthetically construct regressors y;; = B — e_”ﬁAtﬂj,t,l and

P
zjp = (1—e %)

to further ease notation. For an independent A/ (QI]F-), Yep) prior, the posterior
i

distribution of 9? resolves to a N/ (9? , Ve]p) density where
i

“irr ol 6P
2 : LY.t 4
VvV ’

2
=2 5; coP

T 2
_ Tt _
0%-’=[§:(7,) +Vop
djj J

t=2
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and
-1

T 2
o Ljt -1
VOP = [Z ( .. ) + ‘—/9]1_]’
! =2 \ D g
P At

Difficulties arise when one seeks to derive the Gibbs sampler for e "ii=" as it does not fit a

standard regression framework. However, we exploit the unrestricted P-dynamics of the AFRNS

P
model to treat e "% as a regular parameter. Hence, we follow the procedures in Appendix

P
D.2.1| and introduce f;; = e "4

we compute its continuous-time counterpart via HE-Dj = —log(f;;)/At. Additionally, we follow

as the discretized autoregressive parameter. Subsequently,

Christensen et al. (2011)) and ensure the state equation to be stationary via non-zero truncated
normal sampling of the continuous-time state dynamics, i.e. kj; > 0 for j = 1,2, 3.
As the limited structure of @ ties the continuous-time P-dynamics to the risk-neutral

volatilities, we derive an algebraic expression for the latter via inverse formulation of Equation

, i.e.

At P Py
Q:/ e K symye (K5,
0

P
@ 0 0 N o2 e~ s 0 0
P
0 ¢ 0= / 0 02,6 K22 0 ds,
0
P
0 0 g3 0 0 035 3

where the risk-neutral volatilities resolve to deterministic functions of the freely-sampled

covariances quj and regressors /QI;}. Hence, we obtain for the j-th diagonal element of 3 that

—2kP A
ojj = \/(2%2]“%)/(1 — 72 t).

E.3 State Sampling

We sample the states of the AFRNS model with the procedure from Appendix [D] only to find
an additional constant in the measurement equation. Hence, we refer to Appendix [D] for an

explanation in greater detail.

F Posterior Sampling Scheme MF-RNS

The Gaussian state space formulation of Macro-Finance Rotated Nelson-Siegel (MF-RNS)

resolves to

Yt B Onxp| (Bt £t

= + , &t N(O7 H)7
Yt Opxs Ip Yt Op
Bt K; K- 7% K Kz [Bi-1 ur
=|Is+p — + + ;
Yt Ks Ky M~y Kz Ki| \7i-1 wy
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where ¢ (P x 1) encompasses the exogenous factors at time ¢, BY (/N x 3) coincides with the
rotated factor loadings, H (N x N) refers to a diagonal covariance matrix, matrices K7 (3 x 3),
Ks (3x P), K3 (P x3)and K4 (P x P) refer to the merged state dynamics between the latent
factors and observable series, pg (3 x 1) coincides with the unconditional means of the latent
states and p~ (P x 1) refers to the unconditional means of the exogenous factors. The assumed

error structure for the state equation of the MF-RNS model is

m\ N( 0) |@ o ) |

wi 0 0 R
where Q (3 x3) corresponds to the covariance matrix of the latent factors and R (P x P) refers to
the covariance matrix of the observable series. A similar composition of the disturbances on the
state equation ensures the VAR(1) processes of the latent factors and the observable series to be
orthogonal. An independent factor variant of the MF-RNS imposes a diagonal structure on both
K; and @, although it leaves Ko, K3 and K4 untouched. In contrast, a correlated factor variant
of the MF-RNS model allows for a fully-flexible matrix K7 and a Cholesky-decomposable matrix

. In line with Appendices [D| and [E| we exclude factor loading matrix B¥ from the posterior
pPp g A 1%

sampling scheme as its completion is deterministic conditional on A (Diebold & Li| (2006)).

F.1 Measurement Equation Sampling

The sampling of {012 fil yields identical procedures for the RNS model and the MF-RNS model,
respectively. Hence, we refer to Appendix [D] for an explanation in greater detail.

F.2 State Equation Sampling

As the independent factor variant of the MF-RNS only imposes a different structure on the
matrices K7 and @, we obtain some commonalities in the respective sampling schemes of the
state equations for both variants of the MF-RNS model. Accordingly, we derive the posterior

distribution of p = [ug, p4]" via reformulation of the state equation as
§t = Is1g —K)p+ K&—1+e, e ~N(OW),
where

Bt 1% Mt K, K, Q 0
Et = ) M= ’ €t = ) K = ) W =
Tt M~ Wi K3 K4 0 R

which yields similarities to the posterior sampling scheme of p from the correlated RNS model.

Hence, we rephrase the state equation as

& &=Usyg—K)p+Kzi—1+ €, < & — K&—1=(I315 — K)p + €,
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where we simplify notation via X = I3y j — K and z¢ = § — K&;—1. Thus, we draw p from a
multivariate normal distribution with mean

_— -1 -1
p=|(T-NXW X +V,

() v

t=1

and variance .

V= [X’W‘lX +V,!

in case we use an independent multivariate normal prior for g with mean p and variance V,.
Both variants of the MF-RNS model offer greater flexibility on covariance matrix R, i.e.
both do not assume a diagonal structure on R. Hence, we derive its posterior distribution via

reformulation of the state equation’s lower partition as

Y¢ = py + K3(Bt—1 — png) + Ka(ve—1 — py) + wi, wi ~N(0, R),

where the posterior of R comprises an inverted Wishart distribution with shape parameter

T B L /
R=>" ((%—uw)— [K;», KLJ Bem1— kg ) ((%—uq)— [K3 K4] Pr1—bg > +R
t=2 Yt—1 — M~ Yt—1 — M~

and (T — 1) 4+ vg degrees of freedom in case we use an independent /W (R, vr) prior.

F.2.1 Independent Factor MF-RNS

The independent factor MF-RNS model allows the latent factors to readily interfere with the
set of exogenous factors. This results in a specific structure of the state dynamics matrices, i.e.
we obtain a diagonal matrix K7 and a fully-flexible structure for Ko, K3 and Ky4. In order
to derive the posterior results for the state dynamics matrices, we distinguish four steps. First,

write for the j-th latent factor that

< Bt — mg; = k5 (Bja1 — 1pg) + K3 (Ve—1 — By) + 5t
& Bit— sy — K5 (=1 — By) = K5 (Bj—1 — mpg) e mie ~N(0,q5;),  j€{1,2,3},

where 3;; refers to the j-th factor at time ¢, ug; coincides with the unconditional mean of

the j-th latent factor, n]lj corresponds to the j-th diagonal autoregressive coefficient in K7y, 7,
refers to the j-th disturbance on the state equation such that n;; ~ AN(O0, quj), qu-j correspond

1
73

via a standard regression result. For notational ease, we construct regressors x;; = 31 — i3,

the j-th diagonal covariance from matrix @ and kJ2 refers to the j-th row of Ko. We sample s

and yj; = Bj — kg — kF (V-1 — By).
The posterior distribution of quj corresponds to an inverse gamma-2 distribution with (7" —
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1) + v, degrees of freedom and shape parameter

T 2

2 1 2 2

a4 = Z ((/Bj,t —ppg) = kjj(Bji—1— pgy) — k5 (ve—1 — H—ﬁ) + 45

t=2

in case we implement an independent [ G2(g]2.,l/qj j) prior. Secondly, we obtain a univariate

normal posterior distribution for H}j with mean

)

ajj

[Z <373 tYjt ) {5;31]

— @ kL
t=2 ¥ 3j

— T €X; 2
B |3 (%) +u
t=2 33

and variance )

T 2 2
S (%) v
Jj

=2 \ U

if we opt for an N (x} ) prior. Chronologically, we rephrase the state equation’s upper

7
J] ]

partition as

Bt —pg — K1(Bt—1 — ng) = Ka(ve—1 — py) + ¢, 1t ~ N(0,Q),

which allows us to assess Ka’s posterior distribution using standard multivariate regression

results. Similarly, we reformulate the state equation’s lower partition as

S Y — iy — Ka(ve—1 — py) = K3(Bt—1 — pg) +wi, wi ~N(0,R),
S v — iy — K3(Be—1 — pg) = Ka(vt—1 — pby) +wr, wi~N(0,R),

which consequentially supports the acquisition of posterior results for K3 and K4 using standard
multivariate regression results, respectively. More specific, we write z; = B¢ — K1(B¢—1 — pg)
and &y = Y41 — fy for Ka, 24 = v¢ — piy — Ka(ve—1 — pvy) and x¢ = By_1 — pg for K3 and
zt = vt — By — K3(Bt—1 — png) and x4 = vy¢—1 — py for Ky4. Herewith, all partitions fit the
compact form framework

Z=FX+U,

where Z = [z1,22,...27], X = [x1,%2,...x7]. We explicitly fill U = [n1,n2,...n7| for
the sampling distribution of Ko and U = [wi,ws2,...wr] for the posteriors of K3 and Kjy.
Additionally, the dimensions of Z and X are updated from the completion of z; and x¢. The
sampling distributions for all three partitions of the state dynamics matrix emerge from the
procedures in Appendix We ensure the state equation to be covariance stationary via
rejection sampling with each newly sampled partition, i.e. we construct K for each of the four
partitions and seek resort to rejection sampling if a sampled partition disrupts the covariance
stationarity of K (Diebold et al.| (2006])).
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F.2.2 Correlated Factor MF-RINS

Sampling of the state dynamics from the correlated factor MF-RNS model yields greater
simplicity as we are no longer required to separately sample each partition of matrix K. Hence,

we rewrite the state equation as

& & =I34g - K)p+ K& _1+ €
< &—p=K(_1—pn)+e, €~NOW),

where we stack both the latent factors and the observable series in the synthetic regressors

zy =& — p and oy = E—1 — . Forth, reformulation in compact form yields
Z=KX+U

with Z = [21,22,...27], X = [®1,22,...2z7] and U = [n1,n2,...n7] such that Z, X, U €
RUHP)IXT | Hence, we use the same vectorization techniques discussed in Appendix and
assure the state equation to be covariance stationary via rejection of sampled matrices K with
eigenvalues larger than one.

The block-diagonal structure of W supports independent sampling of its two components Q
and R. Hence, the full conditional marginal posterior distribution of a Cholesky-decomposable

covariance matrix Q resolves to an IW(Q, 7g) density with shape parameter

Q=

T
t=2

((@t—ﬂﬁ)— [Kl Kz] Pemi— g ><(5t—ﬂﬂ)— [Kl Kz} Pem1— g ) +Q
Yt—1 — K~y Yt—1 — K~y

and vg = (T — 1) + v degrees of freedom in case we use an independent /W (Q, v ) prior.

F.3 State Sampling

The disturbance smoother from Durbin & Koopman| (2012) limits the state equation to only

comprise the VAR(1) representation of the latent factors. Hence, we write that

Yyt = BB + €4, et ~N(0,H),
Bt = pg + K1(Bi—1 — pg) + Ka(vi—1 — pvy) + nt,
:K2(’yt_1_u7)+(I3_K1)“ﬁ+KIBt—1+nt7 T]tNN(O?Q): t:1>"'7T7

which fits the framework from De Jong & Shephard, (1995 and Durbin & Koopman| (2002) via
the additional inclusion of a time-varying constant with Ka(v¢—1 — p). Hence, we refer to

Appendix [D] for an explanation in greater detail.
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G Posterior Sampling Scheme MF-AFRNS

The state space representation of the MF-AFRNS model corresponds to

Yt a B Onxp| (Bt ¢
Yt 0 Opxz Ip Yt Op
_gP P
Bt e K18 K, 03 e K18 Ko| [(Bis Mt
- I3—|—P - + + y
Yt Kz K,y 0, Kz Kyi| \7-1 wi

where ~; (P x 1) bundles the macro-finance factors at time ¢, BY (N x 3) coincides with the
rotated factor loadings, H (N x N) refers to a diagonal covariance matrix, matrices e_K¥At
(3x3), K2 (3x P), Kg (P x3)and K4 (P x P) refer to the merged state dynamics between
the unobserved factors and exogenous series, 83 (3 x 1) coincides with the unconditional means
of the latent states, 8 (P x 1) refers to the unconditional means of the exogenous factors, Q
(3 x 3) denotes the diagonal covariance matrix on the upper part of the state equation and R
(P x P) corresponds to a Cholesky-decomposable covariance matrix on the lower partition of the
state equation. The assumed error structure for the state equation of the MF-AFRNS model is
equivalent to the disturbance composition of the MF-RNS model in Appendix [F] Our Bayesian
approach only yields algebraic expressions for an independent factor variant of the MF-AFRNS
model. Hence, we leave the implementation of a correlated factor MF-AFRNS model for future

research.

G.1 Measurement Equation Sampling

The sampling of {a?}}¥, and {62}, yields identical procedures for the AFRNS model and the
MF-AFRNS model, respectively. Hence, we refer to Appendix [E] for an explanation in greater
detail.

G.2 State Equation Sampling

Similar to Appendix [E] we subdivide the state equation of the independent factor MF-AFRNS

model in its univariate components, i.e.

< Bt — s, = [55(Bit — 035) + K5 (ve—1 — 0) + nj
= lﬁj,t - 05,] - kf‘,(’yt—l - 0‘)’) = f]](ﬁ],t - 95,]) + Tijts Njt ~ N(O’q?])a ] € {1a 27 3}7

1,P
where fj; = e "ii At corresponds to a freely-sampled regression parameter, j3;; refers to the j-th

factor at time ¢, 65 ; coincides with the j-th element of 63 mjl-}-ﬂm denotes the j-th diagonal element
of continuous-time state dynamics matrix K} and n;,+ corresponds to the j-th element of the state
disturbances with 7;; ~ N (0, q?j). From here, sampling of both f;; and q?j resolves to standard

univariate regression result with synthetically created variables z;; = 8, — 03 ; — ka (Y¢—1—0~)
and z;; = (B¢ — 03,;) (e.g. see Appendix .
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The statistically limited structure of @ directly ties both the Q-measure and the P-measure
via X and K [f , respectively. Hence, we extract the continuous-time state dynamics from kLF =

4j
—log(f;;)/At Vj and filter the risk-neutral volatilities via

At p P,/
Q= / e Kisymye (K1)sqs,
0

@, 0 0 o?e i ¢ 0 0
0 g3 O 0 o2,e Koz 8 0 ds,
0
2 nl’Ps

where we extract the j-th diagonal element of X by computing oy =
1,P
2 1P =2k At
(o)1)

G.3 State Sampling

The state space representation for the MF-AFRNS model slightly changes compared to Appendix
due to the presence of the yield-adjustment, i.e.

ytza-i-B;iﬁt—i-&?t, EtNN(O,H),
_kP
Br=05+e F1%(8;_1 — 0g) + Ka(ve—1 — 05) + ns,
_kP _KP
= K2(vt-1-604) + (Is — e 1205 + e F1% 8,1+, me~N(0,Q), t=1,....T.
where we use these equations to run the simulation smoother from Durbin & Koopman| (2002).

Hence, we refer to the state smoothing procedures in Appendix [D] for an explanation in greater
detail.
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H Tables & Figures

H.1 Tables
Table 5: Parameter estimates of the RNS model
Rotated Nelson-Siegel (RNS)

Statistic Independent factors Correlated factors

Fy, Fg2 Fg3 mr Qin Q12 Qi3 Fn Fi.2 Fig3 p1 Qi1 Q12 Qi3
mean 0.992 0 0 0.015 0.328 0 0 0.995 0.027 0.049 0.014 0.246 -0.244 -0.043
std. 0.005 - - 0.008 0.037 - - 0.010 0.010 0.007 0.007 0.028 0.065 0.137
HPDI, 0.982 - - -0.002 0.257 - - 0.975 0.008 0.037 -0.001 0.192 -0.368 -0.310
HPDI,, 1.000 - - 0.031 0.399 - - 1.015 0.045 0.063 0.026 0.302 -0.114  0.227
Geweke CD  -0.111 - - 0.197 0.869 - - -0.210 1.015 0.395 0.452 0.585 -0.081 0.411

Fp, F5 Fu3 p2 Q21 Q22 Q23 Fy, Fs Fo3 p2 Q21 Q22 Q23
mean 0 0.974 0 0.030 0 2487 0 -0.009 0.947 -0.032 0.030 -0.244 2.505 -3.118
std. - 0.013 - 0.008 - 0.255 - 0.031 0.029 0.021 0.007 0.065 0.257 0.445
HPDI,, - 0.949 - 0.013 - 1.999 - -0.067 0.889 -0.072 0.017 -0.368 2.020 -3.977
HPDI,, - 0.998 - 0.046 - 2,994 - 0.052 1.003 0.009 0.044 -0.114 3.009 -2.256
Geweke CD - -0.192 - -0.945 - -0.071 - 0.532 0.108 0.427 0.300 -0.081 -0.603 -0.382

F3, F33 F33 s Qs Q32 Qs F3;, F35 F33 s Q31 Q32 Q33
mean 0 0 0926 -0.028 0 0 9.539 -0.049 -0.046 0.900 -0.029 -0.043 -3.118 10.231
std. - - 0.027 0.007 - - 1.054 0.061 0.058 0.041 0.004 0.137 0.445 1.158
HPDI,, - - 0.871 -0.042 - - 7.522 -0.164 -0.165 0.821 -0.038 -0.310 -3.977  7.958
HPDI,, - - 0978 -0.014 - - 11.615 0.075 0.062 0.981 -0.020 0.227 -2.256 12.436
Geweke CD - - 1.034 -0.901 - - 0.747 -0.685 -0.434 -0.692 -0.263 0.411 -0.382 -0.389

Note: This table contains the acquired posterior means, standard deviations, HPDIs and MCMC convergence diagnostics (e.g. see|Geweke et al.|(1992)) for
both RNS models. We plug in A = 0.3844 from the initial two-step routine for maturities in years (Diebold & Li|(2006); |Cakmakl|(2020}). The reported
estimates are acquired via the procedures in Sections and respectively. We multiply the reported point estimates, standard deviations and HPDIs from
covariance matrix @ by 10° for notational convenience.
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Table 6: Parameter estimates of the AFRNS model

Arbitrage-Free Rotated Nelson-Siegel (AFRNS)

Statistic State dynamics Ap(3) parameters Yield-adjustment
P
e_“nAt Q1,1 kllpl Y11 B]f aszp aeM ary
mean 0.991  0.379 0.107  0.007 0.015 -0.005  -0.023  -0.123
std. 0.006  0.039 0.071  0.000  0.008 0.000 0.002 0.009
HPD,, 0.980  0.307 0.000 0.006 -0.003 -0.006  -0.027  -0.140
HPDI,, 1.000  0.457 0.241  0.007 0.031 -0.004  -0.019 -0.105
Geweke CD -0.291  1.936 0.293 1.986 -0.012 -1.972  -2.031 -2.048
P
e F2Al Q2,2 kS, oo 0y asxy azy asy
mean 0.975  2.147 0.303 0.016 0.030 -0.809  -2.467  -9.165
std. 0.013  0.216 0.156  0.001  0.008 0.053 0.162 0.589
HPDy, 0.952  1.753 0.001 0.015 0.014 -0.913  -2.788 -10.303
HPDI,, 0.999  2.588 0.577 0.018 0.046 -0.707  -2.159  -8.017
Geweke CD -0.205 -0.961 0.195 -0.973 -0.643 -1.654  -1.325  -0.949
P
e HagAt Q33 kSs 333 0% ary aioy
mean 0.925 10.216 0.940 0.036 -0.033 -20.012  -42.969
std. 0.029  1.049 0.382  0.002 0.008 1.258 2.712
HPD, 0.870  8.307 0.194 0.033 -0.050 -22.552  -48.509
HPDI,, 0.984 12.381 1.677 0.040 -0.018 -17.667 -37.883
Geweke CD 0.230 1.022 -0.225 0.925 1.242 -0.673  -0.320

Note: This table contains the acquired posterior means, standard deviations, HPDIs and MCMC convergence
diagnostics (e.g. see |Geweke et al.|(1992)) for the AFRNS model. We plug in A = 0.3844 from the initial
two-step routine for maturities in years (Diebold & Li|(2006); |Cakmakli|(2020)). The reported estimates are
acquired via the procedures in Sections and respectively. We multiply the reported point estimates,
standard deviations and HPDIs from covariance matrix @ by 10° for notational convenience. In a similar
fashion, we report the point estimates from the yield-adjustment a in basis points.
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Table 7: Parameter estimates of the MF-RNS model

Macro-Finance Rotated Nelson-Siegel (MF-RNS)

Statistic Independent factors Correlated factors
K1y Kip2 K13 Kia Kis Kig pr Qia Qi2 Qi3 Kin K12 K1z Kia Kis Kig p1 Qia Qi Q1,3
mean 0.978 0 0 -0.031 0.036 0.004 0.017 0.307 0 0 0.956  0.008 0.046 -0.038 0.027 0.008 0.017 0.223 -0.212  -0.052
std. 0.013 - - 0.040 0.010 0.002 0.005 0.034 - - 0.017  0.013 0.006 0.038 0.009 0.002 0.004 0.027 0.062 0.136
HPDI,, 0.953 - - -0.105 0.018 0.000 0.007 0.244 - - 0.924 -0.019 0.033 -0.109 0.010 0.004 0.009 0.174 -0.334 -0.336
HPDI,, 1.000 - - 0.0561 0.056 0.009 0.026 0.376 - - 0.989 0.032 0.058 0.037 0.044 0.012 0.024 0.276 -0.091 0.198
Geweke CD  -0.355 - - -1.783  1.452 -0.332 -0.040 1.152 - - -0.748 -0.525 -0.410 -0.899 2.293 2.043 0416 -1.161 0.538 -0.860
K1 K22 K3 Kaa Ko Kag n2 Q21 Q22 Q23 K21 K2z K23 Kza Kz Kag pn2 Q21 Q22 Q23
mean 0 0.939 0 -0.066 -0.074 -0.005 0.032 0 2434 0 0.015 0.913 -0.035 -0.127 -0.077 -0.007 0.031 -0.212 2444 -3.127
std. - 0.024 - 0.114 0.029 0.004 0.006 - 0.246 - 0.055 0.043 0.021 0.121 0.029 0.007 0.006 0.062 0.249 0.445
HPDI, - 0.893 - -0.291 -0.132 -0.013  0.020 - 1977 - -0.095 0.830 -0.075 -0.360 -0.134 -0.021 0.019 -0.334 1.976 -4.022
HPDIy), - 0.985 - 0.158 -0.020 0.003 0.045 - 2925 - 0.120  0.996 0.006 0.116 -0.023 0.007 0.042 -0.091 2.939 -2.304
Geweke CD - 0.135 - -0.790 -0.811 -0.587 0.257 - 0.832 - -0.324 -0.093 0.528 -0.016 -0.638 0.378 -0.752 0.538 -1.044 0.610
K31 Ks» Ksz Ksa Kss Ksg 13 Qs1 Qs2  Qsgs K31 Ks2 Kss Kza Kszs Ksge 13 Q31 Qs Qs3
mean 0 0 0909 0.070 0.026 -0.008 -0.026 0 0 9.623 -0.032 -0.005 0.904 0.111 0.034 -0.005 -0.027 -0.052 -3.127 10.402
std. - - 0.032 0.180 0.050 0.008 0.006 - - 1.078 0.108 0.085 0.042 0.246 0.058 0.014 0.004 0.136 0.445 1.192
HPDI, - - 0.847 -0.286 -0.073 -0.023 -0.038 - - 7.646 -0.245 -0.171 0.820 -0.364 -0.075 -0.033 -0.034 -0.336 -4.022 8.135
HPDI,, - - 0971 0423 0.123 0.009 -0.014 - - 11.788 0.180 0.158 0.982 0.605 0.152 0.022 -0.019 0.198 -2.304 12.708
Geweke CD - - 0232 1.641 -0.862 -0.263 -0.459 - - -0.083 -0.141 -0.704 -0.328 0.363 0.604 -0.520 0.912 -0.860 0.610 0.533
Ky1 Ky Kis Kaa Kas Kug pse Rin Rz  Rig K1 Ka2 Kaz Kaa Kaps Kag pa Rig Rip R
mean 0.000 -0.002 0.001 0934 0.018 0.002 0.020 0.116 -0.018 0.018 -0.001 -0.003 0.001 0.934 0.017 0.002 0.020 0.116 -0.018 0.019
std. 0.011  0.009 0.004 0.025 0.006 0.001 0.001 0.012 0.014 0.041 0.012  0.009 0.005 0.026 0.006 0.002 0.001 0.012 0.014 0.041
HPDI, -0.021 -0.019 -0.007 0.884 0.006 -0.001 0.018 0.094 -0.045 -0.064 -0.023 -0.020 -0.008 0.881 0.006 -0.001 0.018 0.094 -0.045 -0.065
HPDI,, 0.022 0.015 0.010 0.980 0.030 0.004 0.022 0.140 0.009 0.098 0.023 0.016 0.010 0.983 0.030 0.006 0.021 0.141 0.009 0.095
Geweke CD  1.545 0.945 -0.709 0.716 -0.211 -0.979 0.006 0.691 0.823  0.239 -0.482 0.796 0.200 -0.144 0.789 -0.311 1.217 -0.159 1.012 -0.4001
K5y Ks2 Ks3 Ksa Kss Ksg us  R21 R22 R K51 Ks2 Kss Ksa Kss Ksg ps R2n Rap Ra3
mean -0.022 -0.011 0.017 -0.207 1.003 0.004 0.008 -0.018 0.298 -0.049 -0.023 -0.011 0.017 -0.204 1.004 0.004 0.007 -0.018 0.298  -0.049
std. 0.019 0.015 0.007 0.043 0.010 0.002 0.004 0.014 0.031 0.066 0.019  0.015 0.007 0.043 0.010 0.003 0.004 0.014 0.031 0.066
HPDI,, -0.059 -0.038 0.002 -0.294 0.984 -0.001 0.001 -0.045 0.241 -0.182 -0.062 -0.039 0.002 -0.290 0.984 -0.001 -0.003 -0.045 0.236 -0.179
HPDI,, 0.014  0.019 0.030 -0.126 1.023 0.009 0.016 0.009 0.361 0.078 0.013 0.018 0.031 -0.121 1.023 0.009 0.015 0.009 0.355 0.080
Geweke CD  -0.828 -0.113 1980 0.835 0.104 1.486 -0.264 0.823 0.554 -1.335 -0.822 -1.454 -1.680 -0.894 -0.639 -1.224 -0.443 1.012 -1.756 -1.486
Kg1 Ke2 Koz Kea Kes Kep me Rs1  Rs2 Rsgs Keé1 Kez2 Kes Kea Kes Keg re Rsi  Rspe Rss
mean 0.147  0.082 0.095 -0.202 -0.063 0.979 0.766 0.018 -0.049 2.671 0.154  0.084 0.093 -0.209 -0.063 0.979 0.766 0.019 -0.048 2.674
std. 0.058 0.045 0.022 0.127 0.031 0.007 0.010 0.041 0.066 0.278 0.058 0.045 0.022 0.127 0.031 0.007 0.010 0.041 0.066 0.276
HPDI, 0.036 -0.004 0.053 -0.456 -0.125 0.965 0.747 -0.064 -0.182  2.170 0.037 -0.007 0.050 -0.466 -0.121 0.964 0.746 -0.065 -0.179 2.155
HPDIy, 0.262  0.173  0.139 0.040 -0.003 0.994 0.785 0.098 0.078  3.245 0.265 0.171  0.137 0.028 -0.002 0.993 0.784 0.095 0.079 3.223
Geweke CD  0.526  0.016 -0.933 -0.094 -0.860 -0.422 -1.376 0.239 -1.335 -0.222 -0.067 -0.509 0.579 -0.550 0.144 0.210 2.293 -0.401 -1.486 -0.593

Note: This table contains the acquired posterior mean

two-step routine for maturities in years (Diebold & Li
Slope, Curvature, CCPI, NFP, MF] (e.g. see Section

andard deviations, HPDIs and MCMC convergence diagnostics (e.g. see|Geweke et al.
;|Cakmakli|(2020)). The reported estimates are acquired via the procedures in Sect;
. We multiply the reported point estimates, standard deviations and HPDIs from covariance matrices Q and R by 10° for notational convenience.

(1992}
ions

3|and

2}) for both MF-RNS models. We plug in A = 0.3844 from the initial
respectively. The factor order corresponds to [Short Rate,
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Table 8: Parameter estimates of the MF-AFRNS model

Macro-Finance Arbitrage-Free Rotated Nelson-Siegel (MF-AFRNS)

Statistic State dynamics Ap(3) parameters Yield-adjustment
1P p
e—r11 At K2 K3 Kijga Kis Kig Qi1 Q12 Qi3 Kf,l K{z K§,3 0% asnr agnm aly
mean 0.974 0 0 -0.022 0.038 0.005 0.346 0 0 0.312 0 0 0.018 -0.005  -0.021 -0.118
std. 0.013 - - 0.041 0.010 0.002 0.037 - - 0.162 - - 0.005 0.000 0.002 0.009
HPDI,, 0.948 - - -0.099 0.018 0.000 0.278 - - 0.015 - - 0.009 -0.006  -0.025 -0.135
HPDI,, 0.999 - - 0.060 0.059 0.009 0.421 - - 0.647 - - 0.027 -0.004  -0.018  -0.099
Geweke CD 0.387 - - 0984 -1.245 -0.331 -3.070 - -0.391 - - 1.190 3.078 3.047 2.764
1,P
Kay e M2z At Kzs Kza Kas5 Kapg Q21 Q22 Q23 K1 Ki, Kis 63 azy asy asy
mean 0 0.938 0 -0.069 -0.074 -0.005 0 2435 0 0 0.767 0 0.035 -0.805  -2.530  -9.797
std. - 0.024 - 0113 0.029 0.004 - 0.249 - - 0.302 - 0.006 0.057 0.181 0.693
HPDI,, - 0.890 - -0.289 -0.129 -0.014 - 1991 - - 0.211 - 0.022 -0.922 -2.906 -11.144
HPDI,, - 0.983 - 0.152 -0.018 0.003 - 2938 - - 1.396 - 0.047 -0.698  -2.196  -8.435
Geweke CD - 0.077 - 0934 0.603 0.250 - -0.905 - - -0.067 - -0.220 1.956 1.560 1.360
1P
K31 K3z e Fa3 At K3y Kzs Kze¢ Q31 Q32 Qsz3 K%, K%’,g Ké’,g 0% ary aloy
mean 0 0 0.904 0.107 0.030 -0.007 - - 11.542 0 0 1213 -0.033 -21.930 -47.967
std. - - 0.034 0.194 0.056  0.009 - - 1.212 - - 0450 0.007 1.514 3.291
HPDI,, - - 0.838 -0.297 -0.078 -0.025 - - 9.247 - - 0.380 -0.046 -24.925 -54.621
HPDI,, - - 0.969 0.464 0.140 0.010 - - 13.936 - - 2121 -0.019 -19.013  -41.790
Geweke CD - - 0.018 -0.487 1.373 1.310 - - -0.137 - - -0.042 0.816 1.380 1.463
Ky Ky Ky3 K44 Kus5 Ky Rinx  Rip Ry3 110 T2 i 0}
mean 0.000 -0.002 0.001  0.934 0.018 0.002 0.116 -0.018 0.020 0.007 0 0 0.020
std. 0.011 0.009 0.004 0.025 0.006 0.001 0.012 0.014 0.041 0.000 - - 0.001
HPDI,, -0.022 -0.020 -0.007  0.885 0.006 -0.001 0.094 -0.045 -0.060 0.006 - - 0.018
HPDI,, 0.022 0.015 0.009 0.982 0.030 0.005 0.140 0.009 0.102 0.007 - - 0.023
Geweke CD -0.772 -1.339 -0.947 -0.537 -0.404 0.847 0.628 -0.493 -0.363 -3.126 - - -0.539
Ks,1 Ks,2 Ks3z Ksa Kss Ksg Ra1 Rz2 Ras 21 a2 T3 or
mean -0.022 -0.010 0.017 -0.204 1.003 0.004 -0.018 0.295 -0.046 0 0.018 0 0.010
std. 0.019 0.015 0.007 0.042 0.010 0.002 0.014 0.031  0.066 - 0.001 - 0.004
HPDI,, -0.061 -0.037 0.004 -0.287 0.983 -0.001 -0.045 0.240 -0.176 - 0.016 - 0.002
HPDI,, 0.013 0.020 0.032 -0.122 1.022 0.009 0.009 0.358 0.082 - 0.020 - 0.018
Geweke CD -2.042 -0.470 0.486 0.802 1.084 2.684 -0.493 0.988 2.958 - -0.904 - -0.071
Keg,1 Kg,2 K¢z Kga Kes Kee Rs1 Rz2 Rsags Y31 Y32 X33 0
mean 0.153 0.080 0.089 -0.215 -0.064 0.978 0.020 -0.046 2.684 0 0 0.039 0.765
std. 0.059 0.046 0.021  0.128 0.031 0.007 0.041 0.066 0.279 - - 0.002 0.010
HPDI,, 0.036 -0.014 0.047 -0.472 -0.126 0.964 -0.060 -0.176 2.147 - - 0.035 0.746
HPDI,, 0.265 0.163 0.130  0.031 -0.005 0.993 0.102 0.082 3.231 - - 0.043 0.785
Geweke CD 0.561 0.155 -1.375  0.135 0.814 0.060 -0.363 2.958 -0.787 - - -0.163 -0.818

Note: This table contains the acquired posterior means, standard deviations, HPDIs and MCMC convergence diagnostics (e.g. see| (1992}) for the MF-AFRNS model. We plug in A = 0.3844

from the initial two-step routine for maturities in years (Diebold & Li|(2006]

order corresponds to [Short Rate, Slope, Curvature, CCPI, NFP, MF]| (e.g

Cakmakl
S

> Section

by 10° for notational convenience. In a similar fashion, we report the point estimates from the yield-adjustment @ in basis points.

). The reported estimates are acquired via the procedures in Sectionsand respectively. The factor
. We multiply the reported point estimates, standard deviations and HPDIs from covariance matrices Q and R



Table 9: In-sample fit from Maximum Likelihood

Rotated Nelson-Siegel (RNS) Dynamic Nelson-Siegel (DNS)

Independent Correlated Arbitrage-Free Independent Correlated Arbitrage-Free

Maturity Mean RMSE Mean RMSE Mean RMSE Mean RMSE Mean RMSE Mean RMSE

3 -14.57 23.77  -14.58 23.81 -15.00 23.89 -15.13 24.28 -14.59 23.82  -14.20 23.08
6 -4.63 10.25  -4.69 10.28  -4.93 10.22  -4.95 10.10  -4.69 10.28  -4.30 9.93
12 0.58 1.55 0.48 1.21 0.50 1.84 0.53 1.45 0.47 1.20 0.85 2.64
24 0.12 2.01 0.05 2.05 0.25 2.07 0.21 1.96 0.05 2.05 0.29 1.89
36 -0.00 0.00  -0.00 0.00 0.00 0.04  -0.00 0.00  -0.00 0.00  -0.01 0.39
60 -0.25 236 -0.18 239  -0.73 2.58  -0.39 2.35 -0.17 239  -0.60 2.59
84 0.00 0.00 0.00 0.00  -0.01 0.12 0.00 0.00 0.00 0.00  -0.07 2.29
120 0.88 8.14 0.62 8.24 5.62 10.54 1.44 8.05 0.62 8.24 3.43 9.19
All -2.23 6.01 -2.29 6.01 -1.79 6.40  -2.29 6.08  -2.29 6.00 -1.83 6.50

Note: This table contains the mean residuals (Mean) and Root Mean Squared Errors (RMSEs) in basis points (bp) over the period July 2003 to
February 2020 for all yields-only specifications and maturities considered. The in-sample fits reported in this table follow from classical estimation
(e.g. see Appendix . The mean residuals are constructed as the difference between the realized yields minus the fitted yield. Italic (Bold) entries
correspond to the cross-sectional absolute lowest mean residual (RMSE) for that maturity.
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Table 10: Root Mean Squared Forecast Errors (RMSFEs)

Maturity (Months)

Model 3 6 12 24 36 60 84 120 All

Panel A: One-month-ahead forecasts

RNS;p4ep 14.09 14.86  18.30 19.48  20.62 21.71 21.65 21.87 19.07
RNScorr 17.02  13.79 14.69 18.00 19.94 2143 21.63 22.73 18.65
AFRNS 18.87 14.66  16.95 20.18 21.v4 23.06 23.13 26.34 20.62
DNSingep 1413 1492 18.35 19.54  20.68 21.79 21.71 21.87 19.13
DNScorr 16.99 13.73 14.61 1797  19.93 2143 21.67 2284 18.65
AFNS 15.34 13.00 1536 17.87 19.32 20.66 20.75 20.86 17.90

Panel B: One-quarter-ahead forecasts

RNS;p4ep  30.84  35.04  39.65 40.84 4157 41.29 39.87 38.48  38.45
RNScorr 29.71  29.66  32.63 37.36 3937 39.64 3884 3947 35.83
AFRNS 34.31 36.07  41.15 45.19  46.91 47.64 4726 47.82  43.29
DNSingep  30.85  35.12  39.73 40.89 4159 41.23 39.74  38.27  38.43
DNScorr 29.54  29.52 3247 37.17  39.16  39.45 38.78 39.68  35.72
AFNS 23.78 25.59 29.27 31.91 33.94 35.73 35.80 35.15 31.40

Panel C: Siz-months-ahead forecasts

RNS;pgep  57.63  63.53  68.83 69.56  68.78 64.77  60.03 55.17  63.54
RNScorr 54.83 57.36  61.99 67.04 6798 65.01 61.55 60.21 62.00
AFRNS 67.49 7176  77.61 81.58 8249 81.20 79.17 T6.87  77.27
DNSingep  57.61  63.45  68.72 69.44 68.65 64.64 59.89 55.10 63.44
DNScorr 54.56  57.13  61.75 66.72 67.59 64.62 61.35 60.39 61.77
AFNS 42.57 46.94 51.41 53.76 55.12 55.25 53.68 50.68 51.18

Panel D: One-year-ahead forecasts

RNSindgep  96.71 104.45 110.38 108.39 103.48 91.30 80.39 70.35  95.68
RNS¢pr  106.14 110.10 113.54 115.89 113.04 103.14 95.17 91.16 106.02
AFRNS  118.81 125.38 131.24 132.87 130.74 124.50 119.57 114.79 124.74
DNSingep  96.69 104.35 110.30 108.25 103.30 91.06  80.10 70.03  95.51
DNSeorr  105.72 109.76 113.12 115.19 112.12 102.02 94.17  90.77 105.36
AFNS 77.02 83.68 88.94 89.36 87.34 81.25 75.26 67.94 81.35

Note: This table contains the Root Mean Squared Forecast Errors (RMSFEs) in basis points across
maturities for all specifications and forecast horizons considered. The maturities are reported in months. The
out-of-sample period encapsulates the period between January 2016 and February 2020. All specifications
and forecasts are estimated according to Section [3] Bold entries indicate the cross-sectional lowest RMSFE
for a respective horizon and maturity.
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Table 11: Root Mean Squared Forecast Errors (RMSFEs)

Maturity (Months)

Model 3 6 12 24 36 60 84 120 All
Panel A: One-month-ahead forecasts

MF-RNS; 4, 16.08 1540  17.82 19.67  20.87 21.86 22.14 23.34  19.65
MF-RNS o 1756  13.14 13.25 17.08 18.99 20.62 21.62 24.31 18.32
MF-AFRNS 19.57 15.28 16.63 19.65 21.04 22.57 22.64 23.44 20.10
MF-DNS;p4ep  17.62  16.63  17.96 19.73  20.70 21.43 21.74 23.23 19.88
MF-DNS,,,,  17.28 13.10 1345 17.09 18.93 20.51 21.52 24.18 18.26
MF-AFNS 20.48 16.55 17.21 19.56  20.44 21.44 2147 2445  20.20
Panel B: One-quarter-ahead forecasts

MF-RNS;pqep  34.41  36.88  40.26 41.89  42.39 42.09 41.98 43.53  40.43
MF-RNS.- 26.39 25.87 28.38 32.80 34.55 35.75 37.57 42.51 32.98
MF-AFRNS 33.52 34.84 38.67 41.86  42.98 43.90 44.03 41.62  40.18
MF-DNS;p4ep 3420 36.11  37.96 39.07 39.17 38.50 38.39 40.30 37.96
MF-DNSopr 26.53 26.37 28.84 32.88 34.47 35.70 37.59 42,52 33.11
MF-AFNS 33.27 35.28 38.05 39.40  39.10 38.38 37.89 36.97 37.29
Panel C: Siz-months-ahead forecasts

MF-RNS; 4,  64.93 68.72  72.13 72.80  71.72 68.85  67.63 69.07 69.48
MF-RNS,,,,  46.90 49.63 53.48 57.28 57.69 56.36 57.06 6223 55.08
MF-AFRNS 62.47 66.12 70.36 72.79  72.78 71.99 7132 66.76  69.33
MF-DNS;pdep  56.32  59.93  62.03 62.16  60.70 57.28 55.78 57.31 58.94
MF-DNS_ o 48.03  50.63  54.13 57.29 57.38 55.92 56.70 61.95 55.25
MF-AFNS 56.42  60.86  63.98 63.81  61.53 57.56 55.13 50.44  58.72
Panel D: One-year-ahead forecasts

MF-RNS;pqep 109.51  113.72  115.35 112,97 109.40 104.27 103.38 106.86 109.43
MF-RNS o 93.45 96.52  98.05 98.88  96.56 91.86 91.13 95.63  95.26
MF-AFRNS  105.21 109.84 112.58 112.41 11041 108.14 107.59 102.52 108.59
MF-DNS;,4¢, 85.98 89.76 90.67 88.28 84.29 77.54 75.10 77.34 83.62
MF-DNSopr 94.61 97.38  98.48 98.94  96.47 91.63 90.78 95.10 95.42
MF-AFNS 88.94 93.29 94.95 92.38  87.84 80.66 76.16 67.77  85.25

Note: This table contains the Root Mean Squared Forecast Errors (RMSFEs) in basis points across maturities
for all specifications and forecast horizons considered. The maturities are reported in months. The out-of-sample
period encapsulates the period between January 2016 and February 2020. All specifications and forecasts are
estimated according to Section [3] Bold entries indicate the cross-sectional lowest RMSFE for a respective horizon

and maturity.
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Table 12: RMSFEs (in basis points) from Maximum Likelihood estimation

Maturity (Months)

Model 3 6 12 24 36 60 84 120 All

Panel A: One-month-ahead forecasts

RNS;pgep 14.98 12,80 1499 17.44 19.20 20.87 21.07 21.22 17.82
RNScorr 1896 14.25 13.26 16.57 18.66 20.77 21.46 22.11 18.26
AFRNS  15.63 1241 14.73 17.55 19.28 20.95 21.29 23.25 18.14
DNSingep 19.23 15.82 1586 18.19 19.77 21.35 21.71  22.09 19.25
DNSgrr 1848 13.80 13.08 16.48 18.59 20.63 21.20 21.75 18.00
AFNS 1711 13.02 13.73 16.86 18.84 20.84 21.22 2133 17.87

Panel B: One-quarter-ahead forecasts

RNS;ngep 23.94 25.72 29.80 32.55 34.47 3594 3579 3533 31.69
RNS.orr 3045 27.35 26.56 30.49 3343 3731 39.66 41.94 33.40
AFRNS 2349 2487 2947 33.62 36.31 3849 38.73 39.64 33.08
DNSingep 33.42 32,17 32,52 3549 37.36 38.96 39.35 39.86 36.14
DNScorr  28.63 25.55 2551 30.12 33.14 36.41 37.92 39.26 32.07
AFNS 25.59 24.79 2750 32.39 35.64 38.78 39.50 38.96 32.89

Panel C: Siz-months-ahead forecasts

RNS;pqep 41.26 4594 51.83 55.16 56.45 55.61 53.17  50.07 51.19
RNScorr  49.70 47.87 4799 51.93 54.77 59.12 62.55 66.42 55.05
AFRNS  40.84 45.58 52.23 57.58 60.42 61.32 59.64 5749 54.39
DNS;ngep 55.54 55.18 55.99 59.63 61.67 62.98 63.09 6342 59.69
DNScorr 4641 4517 45.82 50.88 54.02 5747 59.26  60.90 52.49
AFNS 43.27 4480 48.16 53.66 57.47 6097 61.37 59.61 53.66

Panel D: One-year-ahead forecasts

RNS;pgep 67.40 77.06 86.92 91.90 92.31 87.47 81.17 74.05 82.28
RNSqrr  84.84 84.69 84.06 87.20 89.12 93.56 99.11 106.90 91.19
AFRNS  66.95 76.43 86.24 91.73 92.60 88.47 82.62 76.23 82.66
DNS;ngep 82.61 84.02 85.57 88.00 87.81 85.81 85.15 86.84 85.72
DNScorr 7810 78.68 79.81 84.79 86.81 88.73 90.61 93.72 85.16
AFNS 69.58 74.00 78.53 8290 84.76 85.28 84.18 81.30 80.07

Note: This table contains the Root Mean Squared Forecast Errors (RMSFEs) in basis points
across maturities for all specifications and forecast horizons considered. The maturities are
reported in months. The out-of-sample period encapsulates the period between January 2016 and
February 2020. All specifications and forecasts are estimated with classical methods according

to Appendix
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H.2 Figures
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Figure 19: Principal Component Analysis (PCA) on the covariance matrix of the empirical U.S. data set of
yields ranging from July 2003 to February 2020. The analysis lays the foundation and motivation for our derived
specification, as it provides heuristic evidence of a three-factor state diffusion being sufficient to adequately capture
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6 PCA with 3 fitted factor(s) on yield that matures in 6 months

6PCA with 3 fitted factor(s) on yield that matures in 24 months

6PCA with 3 fitted factor(s) on yield that matures in 60 months
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the underlying term structure dynamics (Litterman! (1991)); [Wright| (2006])). The evidence is two-fold, i.e. the first

four rows show the first three fitted Principal Components to follow the movements of the underlying yields.
Secondly, the last row shows the individual and cumulative variance captured by the principal components where

the first three principal components account to 99.9% of the underlying variance.
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Figure 20: Traceplots, histograms with fitted posterior densities and Empirical Auto Correlation Functions
(EACFs) for the yield-adjustment term in basis points of the AFRNS model. The order coincides with the
vertical stacking of the components, i.e. asnm, aem, a1y, aznm, asy, @Gsm, Gry, aioy from top to bottom (e.g.

see Table @
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Figure 21: Traceplots, histograms with fitted posterior densities and Empirical Auto Correlation Functions
(EACFs) for the risk-neutral state dynamics K* of the AFRNS model. The vertical order of the plots coincides

with the diagonal organization of the risk-neutral dynamics in the second panel of Table@
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Figure 22: Traceplots, histograms with fitted posterior densities and Empirical Auto Correlation Functions
(EACFs) for the risk-neutral volatilities 3 of the AFRNS model. The vertical order of the plots coincides with
the diagonal organization of the risk-neutral volatilities in the second panel of Tableﬁ
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Figure 23: Time series of the latent factors from the MF-(AF)RNS models over the period July 2003 - February

2020. The red-dotted lines correspond to the respective empirical counterparts as mentioned in the second panel
of Table 2}
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Figure 24: In-sample posterior densities of the state dynamics and disturbance correlations for the correlated
factor MF-RNS model, where the values coincide with the posterior means. The red lines correspond to fitted
normal distributions with means equal to the respective posterior means and variances equal to the squared
respective posterior standard deviations for all parameters considered.
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1-month-ahead forecast on 6M yield
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Figure 25: One-month-ahead forecasts for each maturity from January 2016 to February 2020. For each forecast,
we re-estimate our model via a rolling window approach of 120 observations where we apply the same protocol
as with our in-sample analysis to generate effective drawings. The forecast densities are generated according to
step 8-9 in Section where the point forecasts correspond to their respective posterior means.
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Figure 26: One-quarter-ahead forecasts for each maturity from January 2016 to February 2020. For each forecast,
we re-estimate our model via a rolling window approach of 120 observations where we apply the same protocol
as with our in-sample analysis to generate effective drawings. The forecast densities are generated according to
step 8-9 in Section El where the point forecasts correspond to their respective posterior means.

99



6-months-ahead forecast on 3M yield 6-months-ahead forecast on 6M yield

Jan17 Jan18 Jan19 Jan20 Jan17 Jan18 Jan19 Jan20
Time Time
6-months-ahead forecast on 12M yield 6-months-ahead forecast on 24M yield

0 : : : : 0 : : : :
Jan17 Jan18 Jan19 Jan20 Jan17 Jan18 Jan19 Jan20
Time Time
4 6-mon§hs-ahead f9recast on QGM yield 4 6-mon§hs-ahead fgrecast on §0M yield ‘
/.

s

0 : : : : 0 : : : :
Jan17 Jan18 Jan19 Jan20 Jan17 Jan18 Jan19 Jan20
Time Time
6-months-ahead forecast on 84M yield 4 6-months-ahead forecast on 120M yield

Yield (%)

1 L L L

Jan17 Jan18 Jan19 Jan20 Jan17 Jan18 Jan19 Jan20
Time Time
Yield —-— - indep. RNS corr. RNS —-— - indep MF-RNS — - — - corr. MF-RNS AFRNS — - —- MF-AFRNS

Figure 27: Six-months-ahead forecasts for each maturity from January 2016 to February 2020. For each forecast,
we re-estimate our model via a rolling window approach of 120 observations where we apply the same protocol
as with our in-sample analysis to generate effective drawings. The forecast densities are generated according to
step 8-9 in Section where the point forecasts correspond to their respective posterior means.

100



12-months-ahead forecast on 3M yield 12-months-ahead forecast on 6M yield
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Figure 28: One-year-ahead forecasts for each maturity from January 2016 to February 2020. For each forecast,
we re-estimate our model via a rolling window approach of 120 observations where we apply the same protocol
as with our in-sample analysis to generate effective drawings. The forecast densities are generated according to
step 8-9 in Section @Where the point forecasts correspond to their respective posterior means.
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Figure 29: Relative RMSFEs to assess the predictive capability of the AFRNS model in a Maximum Likelihood
(ML) environment. In the left partition, we provide the relative RMSFEs from the AFRNS model opposed to the
independent factor RNS model. The right partition shows the relative RMSFEs of the AFRNS model compared
to the AFNS model.
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Figure 30: Estimates of the unconditional means from the AFNS model and the AFRNS model within our
out-of-sample study. The black lines correspond to the N'(6,0.01) priors on the unconditional means from
_ , the colored solid lines correspond to the posterior point estimates of the unconditional means
generated via our Bayesian approach and the striped colored refer to the estimated unconditional means via
classical estimation.
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