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Abstract

It is often assumed for panel data that the slope coefficients are homogeneous across

individuals. In this paper this assumption is tested for different quantiles by using Swamy-

type tests for Quantile Regressions specifically. For this purpose, I use U.S. financial data

from 56 firms during the period 1970-2011, including returns and several firm characteristics.

The tests show empirical evidence to reject the homogeneity assumption for the tail quantiles.

This indicates that it might be useful to pool data for estimating the central quantiles, while

individually estimating the tail quantiles. I use these findings to construct efficient-flexible

quantile forecasts for the period 2012-2019 to innovate on several Quantile Regression based

point forecasting methods. However, using efficient quantile estimates or OLS actually

performs better for forecasting. In addition I try to forecast the future quantile using both

the quantile forecasts and the point forecasts. Nonetheless, it seems to be particularly hard

to forecast tail quantiles in the future.
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1 Introduction

Over the past few years the amount of available data on financial markets has grown rapidly.

This has made it possible to research and model these markets more accurately than before.

Among these models are panel data models that consider time series of subsequent observations

for different individuals. Researchers that use these models often assume that all individuals are

affected to the same extent by the variables of interest, while allowing for different intercepts,

also called fixed effects. However, this so-called slope homogeneity assumption might be too

strong in practice. Moreover, whether these slope coefficients are homogeneous might even

depend on the given quantile of the dependent variable.

Although a lot of research has been conducted recently to test the homogeneity assumption

for regular panel data models, little research has been conducted to test this assumption for more

advanced panel data models. One such model is the Fixed-Effects Quantile Regression (FE-QR)

model introduced by Koenker (2004). Similar to regular panel data models, the FE-QR model

only allows for heterogeneity in the intercepts. In order to test the slope homogeneity assumption

for the FE-QR model, Galvao et al. (2018) propose two Swamy-type tests. They also use these

tests on U.S. financial data, containing the excess asset return and several firm characteristics,

to find whether the slope coefficients of these firm characteristics are homogeneous. They find

no empirical evidence to reject this assumption for the central quantiles, but in the upper and

lower quantiles, they do find empirical evidence to reject the assumption of homogeneous slope

coefficients. This indicates that especially during times of financial distress or financial booms,

certain firm characteristics might have different effects on different firms’ returns. This confirms

the hypothesis that the assumption of homogeneous effects for financial data is probably too

strong in general. Hence, allowing for more flexible quantile estimates per individual might be

more appropriate in certain cases.

Besides helping to better understand slope homogeneity and slope heterogeneity in financial

data, it might be interesting to see whether these results can be used to improve forecasting of

the returns. Moreover, as Ma & Pohlman (2008) propose two return forecasting methods for

quantile regressions specifically, based on different quantiles forecasts, it might be interesting to

see whether I can improve on these methods and deliver more accurate results by making use

of a efficiency-flexibility trade-off. Furthermore, it might be useful to forecast future quantiles

of the firms’ returns as a way for investors and financial institutions to possibly predict the

business cycle.

All in all, the question central in this research is: ”Can I detect slope heterogeneity of firm

characteristics for the returns in tail quantiles, and to what extent can I use these findings to

create reliable return point forecasts and future quantile forecasts?”.

In this paper I use data similar to Galvao et al. (2018). The data consists of annual data

of the returns and several firm characteristics from 56 U.S. firms for the period 1970-2019

and is obtained from Wharton Research Data Services (1993). This data will be split into an

estimation sample and a forecast sample. I first use the FE-QR model to estimate the different

firms’ slope parameters individually for different quantiles and calculate the Swamy-type test

statistics proposed by Galvao et al. (2018) to test the slope homogeneity assumption for this
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dataset for these respective quantiles. I find no empirical evidence for the central quantiles to

reject the assumption of slope homogeneity, but in the tail quantiles on the other hand I do

find empirical evidence to reject this assumption. This is in line with the findings of Galvao

et al. (2018). These results are used to construct efficient-flexible quantile forecasts by making

use of the efficiency-flexibility trade-off in panel data of homogeneous slope estimates versus

heterogeneous slope estimates as described by Zhang et al. (2019), in an attempt to improve

on two point forecasts methods, the Quantile Regression Alpha Distribution (QRAD) Location

and Probability model, proposed by Ma & Pohlman (2008). These forecasts are then compared

with simple OLS forecasts. However, these methods are not able to outperform the OLS model

in terms of forecasting. Finally, I look at how well these forecasts are able to predict the future

quantiles. I find that the OLS forecasts might be able to predict the future quantiles to some

extent in the central qauntiles. However it seems particularly hard to forecast more extreme

future quantiles.

The structure of the remainder of this paper is as follows. Section 2 gives a summary of

the literature on Quantile Regression. Then, Section 3 elaborates on the methods used for

implementing the models and assessing their performance and Section 4 discusses the data and

shows some relevant characteristics of the data. The results are discussed in Section 5 and

finally a discussion and summary of the research are give in Section 6 and 7.

2 Literature

2.1 Quantile Regression

Recently, due to the rapidly increasing amount of available data in finance, Quantile Regressions

(QR) have become a popular topic for research. One of the first modern works on QR was by

Koenker & Bassett Jr (1978), introducing the original QR model. QR can be seen as an

extension of the linear regression model that allows to estimate the coefficients for a specific

quantile. That is, instead of the constant coefficient estimates of linear regression models,

coefficient estimates in the QR model depend on the quantile, meaning that these estimates

are allowed to differ per quantile. Advantages of QR models over linear regressions models are

that they allow for more flexibility by using the distribution of the dependent variable (Güloğlu

et al. (2016)). Besides, according to Koenker & Hallock (2001) QR models might give a more

complete picture of the dependency between several variables. These models are also more

robust to outliers as the model differs per quantile (Mello & Perrelli (2003)). This is especially

important in finance as these outliers occur relatively often as is argued by Van Dijk & Franses

(2003).

2.2 Heterogeneity in Panel Data

Another interesting topic in finance recently, has been the usage of panel data. Panel data

consists of a cross section of individual time series data, that is, sequences of successive obser-

vations over time for different firms, households or countries (Heij et al. (2004)). A common

way of analyzing this type of data is by using panel models with fixed effects. These models
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allow for the intercepts, also called fixed effects, to differ per individual, whereas the effects of

other variables are assumed to be homogeneous among individuals and the data will be pooled.

This assumption of homogeneous slope coefficients in panel data is commonly used in finance.

However, this assumption might be somewhat strong in practice which might lead to certain

problems. For example, Browning et al. (2007) conclude that there is more heterogeneity in the

data than scientists often allow for, and that handling heterogeneity of the slope coefficients

incorrectly might result in estimation errors. Moreover, Zhang et al. (2019) and Hsiao & Sun

(2000) argue that there is a efficiency-flexibility trade-off when deciding between assuming

slope homogeneity and allowing for heterogeneous effects, which affects the performance of the

model. That is, homogeneous effects allow for pooling of the data and thus lead to more efficient

estimates, whereas heterogeneous effects might better explain the true underlying process and

are thus more flexible. Therefore, it is important to first test this assumption for the given

dataset.

For this purpose, several tests have been developed over the past few years. For example,

Phillips & Sul (2003) propose a Hausman (1978) type test, however this test was shown to be

invalid in case of cross section independence by Pesaran & Yamagata (2008). Moreover, Pesaran

& Yamagata (2008) develop a Swamy (1970)-type test as well as a standardized Swamy-type

test for higher dimensions to test this assumption.

2.3 Quantile Regression Homogeneity Tests

However, relatively little research has yet been done to test slope homogeneity for QR models for

panel data. Koenker (2004) introduces the FE-QR model in order to investigate the applications

of QR for panel data specifically. However, similar to the panel models with fixed effects, the FE-

QR model only assumes fixed effects to differ per individual. In the context of QR models, these

fixed effects can be interpreted as location shifts for the conditional quantiles. The explanatory

variables on the other hand, are again often assumed to have homogeneous effects.

Therefore, Galvao et al. (2018) propose two tests to test for homogeneity of slope coefficients

across individuals for different quantiles in the FE-QR model. Similar to Pesaran & Yamagata

(2008), they develop a Swamy-type test and standardized Swamy test and show that these tests

possess the right properties to test this assumption.

Galvao et al. (2018) also apply their tests on U.S. financial data to test for slope homogeneity

of several firm characteristics on excess return on assets. They find that for the central quantiles

the homogeneity assumption can not be rejected, indicating that the effects of these firm char-

acteristics are similar across the individual firms for these quantiles. For the higher and lower

quantiles on the other hand, they find that these slope coefficients do significantly differ per

firm, indicating that during times of financial distress or financial booms, firms’ returns react

differently depending on several firm characteristics. These results are in line with the earlier

findings of for example Güloğlu et al. (2016). This boom and burst behavior of returns might

be due to the underlying sentiment of the investors. Ni et al. (2015) found that the investor

sentiment positively affects stock with relatively high returns heavily in the near future, whereas

for stock with smaller returns they find a negative effect on the long run. Similarly, Giovannetti

(2013) concludes that optimism corresponds with higher probabilities of high returns, and on
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the other hand pessimism with higher probabilities of lower returns.

2.4 Quantile Regression for Return Forecasting

Although return forecasting is often considered impossible, many models have been created

in an attempt to do so, such as the Fama & French (1989) model. Welch & Goyal (2008)

investigated the out-of-sample performance of some of these models, but concluded that most

of them were not able to outperform the historical average forecast in terms of forecasting as they

were often not stable enough. Nonetheless recent studies with improved forecasting strategies

have claimed that it might actually be possible to outperform this benchmark (D. Rapach &

Zhou (2013)). Among others, these strategies are based on models with economic restrictions

(Ferreira & Santa-Clara (2011)) or combining forecasts (D. E. Rapach et al. (2010)), indicating

that it might be possible to forecast future returns.

For that reason, it might be interesting to see whether it is also possible to forecast re-

turns using QR. Ma & Pohlman (2008) propose two forecasting methods, QRAD Location and

Probability respectively, that use the different forecasts per quantile to construct more robust

point forecasts. Based on robust goodness-of-fit measures, they conclude that these methods

outperform regular forecasting methods such as the mean and median forecasts under the right

conditions, indicating that these methods might be useful for return forecasting.

Furthermore, Chen & Chen (2002) use QR to predict the Value-at-Risk (VaR) by using the

different quantile forecasts. They conclude that these VaR calculations provides more accurate

results than those with variance-covariance approaches. Additionally, Cech & Barunik (2017)

and Baruńık & Čech (2020) investigated the forecasting performance of QR models by means of

VaR for more frequent data. They found that their respective forecasts were able to outperform

traditional benchmarks such as the RiskMetrics model. Hence, QR might also be helpful for

predicting future quantiles of the returns’ distributions, which might be useful for investors.

All in all, this paper contributes to the current literature by investigating whether it is pos-

sible to forecast the returns with the QRAD methods by making use of the efficiency-flexibility

trade-off. That is, the results of the homogeneity tests for different quantiles will be used to

determine whether certain quantiles should be forecasted using the joint slope estimates or the

individual slope estimates. In addition, this paper investigates the possibility of forecasting the

future quantiles.

3 Methodology

3.1 The FE-QR Model

First of all, I start by showing the QR model needed to test the slope homogeneity assumption.

Similar to Galvao et al. (2018), I use the FE-QR model proposed by Koenker (2004) to estimate

the slope coefficients for different quantiles for all firms individually. That is

Qri,t+1(τ |xit, αi0(τ)) = αi0(τ) + x
′
itβi0(τ) (1)
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where i ∈ {1, 2, ..., n} denotes the firm, and t ∈ {1, 2, ...T − 1} denotes the respective time

period. Qri,t+1(τ |xit, αi0(τ)) denotes quantile τ of the stock return of firm i at time t+1, given

xit and αi0(τ). Note the predictive character of this model due to the t+1 term for the returns.

αi(τ) is the fixed effect of firm i in quantile τ , and βi(τ) is the vector of slope coefficients for firm

i in quantile τ . Note that this is different from the original FE-QR model, where it is assumed

that the explanatory variables share the same slope coefficients across individuals. Lastly, the

vector xit is the vector containing the explanatory variables, and it is assumed that there is no

relation between the explanatory variables and the fixed effects. Equivalently, the model can

be written more concisely as:

Qri,t+1(τ |Xit) = X
′
itθi0(τ) (2)

where Xit = (1, x
′
it)

′
and θi0(τ) = (αi0(τ), β

′
i0(τ))

′
. As discussed in Section 2.1, this model has

the advantage over simple linear regression models that it gives a more complete picture of how

the dependent variable interacts with the explanatory variables, as the coefficients are allowed

to differ per quantile.

From here, the QR estimates θ̂i(τ) can be calculated as in Koenker & Bassett Jr (1978)

θ̂i(τ) = argminθi(τ)∈Rk+1

1

T

T∑
t=1

ρτ (rit −X
′
itθi(τ)) (3)

where k is the number of explanatory variables, and ρτ (e) = e(τ − I(e ≤ 0)), with I being

the indicator function, the function assigning the weights to the errors. Note that these weight

are asymmetrically assigned depending on the specific quantile. The estimated quantile slope

coefficients can then be obtained from β̂i(τ) = Ξθ̂i(τ), with Ξ = [0kx1|Ikxk]. In general these

estimates might be subject to the incidental parameter problem as described by Neyman &

Scott (1948), meaning that these estimates might be inconsistent. Therefore, it is important to

consider a larger time period so that these estimates become consistent and ensure asymptotic

normality of the estimates.

I use the qr standard function by Xu (2020) that makes use of the computationally more

efficient interior point algorithm as described by Koenker & Ng (2005) to implement this model

in MATLAB (1984) for τ ∈ {0.05, 0.10...0.90, 0.95}.

3.2 Homogeneity Test

In addition, I use the FE-QR model to test the hypothesis of homogeneous slope coefficients

across the firms for different quantiles τ . That is, I test the null hypothesis

H0(τ) : βi0(τ) = β0(τ), ∀i (4)

against the alternative

Ha(τ) : βi0 6= βj0, ∃ i, j (5)

for some fixed β0(τ). As it is not possible to observe the actual β0(τ), I have to estimate its value

as well. For this purpose I use the efficient Minimum Distance (MD) estimator as proposed

by Galvao & Wang (2015). This MD estimator is a weighted average of the respective slope
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estimates and can be calculated as

β̂MD(τ) = (
n∑
i=1

V̂ −1i (τ))−1
n∑
i=1

V̂ −1i (τ)β̂i(τ) (6)

where V̂i(τ) = ΞṼi(τ)Ξ
′
, and Ṽi(τ) is an estimator of the covariance for the individual regression

quantiles. Again, for the sake of consistent covariance estimates, it is important to consider

larger time periods.

An appropriate estimator of the covariance for the individual regression quantiles according

to Galvao et al. (2018) is

Ṽi(τ) = Γ̃−1i Ω̃iΓ̃
−1
i (7)

Γ̃i(τ) =
1

T

T∑
t=1

Khn(êit(τ))XitX
′
it (8)

Ω̃i(τ) =
τ(1− τ)

T

T∑
t=1

XitX
′
it (9)

where Γ̃i(τ) is called Powell’s kernel estimator, after the work of Powell (1991). It has to be

noted that this estimator among others assumes that the data is independent across individuals

as well as within individuals, which might be a somewhat strong assumption for real financial

data. êit(τ) is the estimation error for quantile τ for firm i at time t. This error can be

computed as êit(τ) = ri,t+1 − X
′
itθ̂i(τ). Furthermore, I use the Gaussian kernel Khn with the

Hall & Sheather (1988) bandwidth hn

Khn(e) =
1

hn

1√
2π
exp(−0.5 ∗ (

e

hn
)2) (10)

hn = n−
1
3 z

2
3
α (

1.5 ∗ φ2(Φ−1(τ))

2(Φ−1(τ))2 + 1)
)
1
3 (11)

Here, φ(t) and Φ(t) denote the standard normal probability density function and standard

normal cumulative density function respectively, and Φ(zα) = 1−α/2 for test size α, as in Kato

et al. (2012).

The significance of slope homogeneity is then assessed by the two tests proposed by Galvao

et al. (2018). First a Swamy-type test

Ŝ(τ) =

n∑
i=1

(β̂i(τ)− β̂MD(τ))
′
(
V̂i(τ)

T
)−1(β̂i(τ)− β̂MD(τ)) (12)

and second a standardized Swamy test

∆̂(τ) =
√
n(

1
n Ŝ(τ)− k
√

2k
) (13)

Galvao et al. (2018) show that the Swamy-type test statistic is asymptotically chi-squared dis-

tributed as Ŝ(τ)
a∼ χ2

(n−1)∗k. Recall that k is the number of explanatory variables. Additionally,

they show that standardized Swamy test statistic can be approximated by a standard normal
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distribution, ∆̂(τ) ≈ N(0, 1). Note that the hypothesis of homogeneous slope coefficients gets

rejected in case of Ŝ(τ) and ∆̂(τ) being large.

3.3 Efficient Flexible Quantile Forecasting

After the evaluation of the homogeneity tests, I will forecast the returns of the QR model for

all previously specified quantiles τ . To accommodate for the efficiency-flexibility trade-off as

discussed by Zhang et al. (2019), I use the outcomes of the Swamy-type test to determine

whether I should use the efficient or flexible parameter estimates for a certain quantile. That is,

when the data appears to be homogeneous in a specific quantile I use the more efficient pooled

estimates, whereas in case of heterogeneity I use the individual specific parameter estimates.

Therefore, the efficient-flexible quantile estimates of the returns look as follows

r̂i,t+1(τ) =

X
′
i,tθ̂i(τ) if pŜ(τ) ≤ α

X
′
i,tθ̃i(τ) if pŜ(τ) > α

(14)

where θ̂i(τ) is the vector of individual coefficient estimates, θ̂i(τ) = (α̂i(τ), β̂i(τ)) and θ̃i(τq) the

vector of pooled coefficient estimates while allowing for different fixed effects per individual,

θ̃i(τ) = (α̃i(τ), β̃(τ)) for quantile τq. Furthermore, pŜ(τ) is the quantile’s corresponding p-value

of the Swamy test statistic and α = 0.05 is the significance level.

3.4 Point Forecasting

Using these different quantile forecasts I then calculate different return point forecast. In this

Section I discuss two Quantile Regression Alpha Distribution (QRAD) methods proposed by

Ma & Pohlman (2008) to forecast the returns. Moreover, I innovate on these methods by using

efficient-flexible quantile forecasts from Section 3.3 to hopefully improve results. Therefore, I

first introduce the following notation: τq corresponding with the previously specified quantiles,

with q = {1, 2, ..., Q}. Note that in this case Q=19, as I have split the quantiles in 0.05 intervals

ranging form 0.05 to 0.95.

3.4.1 QRAD Location

The QRAD Location method assumes that, as returns are in general quite unpredictable, the

future return will remain in the same quantile as the return of former period. That is

r̂i,t+1,QRADL =



r̂i,t+1(τQ) if ri,t ≥ r̂i,t(τQ)

r̂i,t+1(τQ−1) if r̂i,t(τQ) > ri,t ≥ r̂i,t(τQ−1)

...

r̂i,t+1(0.5) otherwise

...

r̂i,t+1(τ2) if r̂i,t(τ1) < ri,t ≤ r̂i,t(τ2)

r̂i,t+1(τ1) if ri,t ≤ r̂i,t(τ1)

(15)
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Although this assumption might be somewhat strong, there is general evidence for stock

performing better (worse) when is has performed well (bad) in the former period (Asness (1995)).

Moreover, strategies based on this momentum have even proved to be profitable according to

Jegadeesh & Titman (2011). Given that the probability of returns staying in the same quantile

is relatively high, Ma & Pohlman (2008) show that these forecasts perform better than mean

and median forecasts. They argue that there exists a trade-off between the number of different

quantiles taken into consideration, the forecasting accuracy and the probability of the returns

staying in the same quantile.

3.4.2 QRAD Probability

The second approach, the QRAD Probability method, on the other hand does not share the

disadvantage of the QRAD Location method of relying on the assumption of returns remaining

in the same quantile. Instead, this method assigns probabilities of being in a certain quantile

and uses these probabilities to compute a point forecast. As the quantiles should correspond

with the distribution of the returns, the most straightforward way of assigning probabilities to

the quantiles is to assign the probability consistent with the underlying distribution. This means

that I assign probabilities p = [0.05, ..., 0.05, 0.10, 0.05, ..., 0.05] to the corresponding quantile,

with only the median getting assigned a probability of 0.10. From here I calculate the expected

excess return as

r̂i,t+1,QRADP =

Q∑
q=1

pq r̂i,t+1(τq) (16)

Again, it can be shown that under certain conditions, these forecasts outperform the tra-

ditional mean and median forecasts. In addition, Ma & Pohlman (2008) show that the two

approaches asymptotically yield the same results. However, even assigning probabilities consis-

tent with the underlying distribution to predict the future returns might be a somewhat strong

assumption, as the probability of being in a certain quantile might well be time-variant. That is,

during times of financial distress (booms) the probability of being in the lower (higher) quantiles

is probably underestimated (overestimated) by this method.

3.4.3 Goodness of Fit

I then compare the relative forecasting performance of these methods with each other and a

simple OLS model. For this purpose I consider two forecasting accuracy measures that are com-

monly used, namely the Mean Squared Prediction Error, MSPE = 1
(M−T )∗n

∑M−1
t=T

∑n
i=1(r̂i,t+1−

ri,t+1)
2, and the more robust Mean Absolute Prediction Error, MAPE = 1

(M−T )∗n
∑M−1

t=T

∑n
i=1 |r̂i,t+1−

ri,t+1|. I also give the differences in performance significance by means of the Diebold-Mariano

test (Diebold & Mariano (2002)):

DM =
d√

V ar(d̂it)/(M − T ) ∗ n
(17)

Here dit is the difference between the squared prediction errors for firm i at time t, dit =

e2i,t,k − e2i,t,l, where ei,t,k = r̂i,t+1,k − ri,t+1, and k, l ∈ {QRADL,QRADP,OLS}, and d is the
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mean of the dit. It holds asymptotically that DM
a∼ N(0, 1).

3.5 Forecasting Future Quantiles

Finally, it might be useful for investors to be able to predict the business cycle as well. As

quantile correspond with certain parts of the distribution, these quantiles might also be indi-

cators of the business cycle. Therefore, it might be interesting to see to what extent I am able

to forecast the future quantiles. For this purpose I use the same point forecasts as described

in Section 5.2, implying that k ∈ {QRADL,QRADP,OLS}, and the quantile forecasts from

Section 3.3 to forecast the future quantile as follows.

τ̂i,t+1,k =



τQ if r̂i,t+1,k ≥ r̂i,t+1(τQ)

τQ−1 if r̂i,t+1(τQ) > r̂i,t+1,k ≥ r̂i,t+1(τQ−1)

...

0.5 otherwise

...

τ2 if r̂i,t+1(τ1) < r̂i,t+1,k ≤ r̂i,t+1(τ2)

τ1 if r̂i,t+1,k ≤ r̃i,t+1(τ1)

(18)

That is, if the forecasted return falls in a certain quantile, that particular quantile will be the

future quantile forecast τ̂i,t+1,k. Therefore, this way of quantile forecasting can be seen as an

additional way of evaluating the particular point forecasts.

Furthermore, to assess whether these quantile estimates do correctly cover the true distribu-

tion of the future returns, I will briefly test for correct unconditional coverage as well. I will do

so only for the lower quantiles, as these are often considered most important by investors. For

this reason, I apply the Likelihood Ratio (LR) test for unconditional coverage from Shephard

& Sheppard (2010). That is, I test the null hypothesis H0 : p = τq against the alternative

Ha : p = π, with π 6= τq. The LR test statistic can be calculated as

LR = −2ln(
(1− τq)T0τT1q
(1− π̂)T0π̂T1

) (19)

Here π̂ = T1
T0+T1 , with T1 =

∑M
t=T+1

∑n
i=1 I(rt+1 < r̃i,t+1(τq)), and T0 = (M − T ) ∗ n− T1. It

holds asymptotically that LR
a∼ χ2

1.

4 Data

The data is obtained from Wharton Research Data Services (1993) from the CRSP/Compustat

Merged dataset, and contains yearly data of several firm characteristics and the returns from the

period 1970-2019, thus including 50 years of data. This dataset is split in an estimation sample

(1970-2011) and forecast sample (2012-2019). The variables included in this research are the

following: Monthly Returns (rm), Total Assets (AT ), Long-Term Debt (DLTT ), Short-Term

Debt (DLC), Annual Close Price (PRCC), Common Shares Outstanding (CSHO), Income

10



Before Extraordinary Items (IB), Interest Expenses (XINT ), Income Taxes (TXT ), Preferred

Stock Liquidating Value (PSTKL), Depreciation and Amortization (DP ) and lastly Property,

Plant & Equipment (PPENT ). Additionally, I include annualized 1-month U.S. bond rates as

the Risk-Free Rate (RF ) and the Monthly Market Return (MRm) on the S&P 500 composite

index from WRDS. Lastly, I include the Consumer Price Index (CPI) from U.S. Bureau of La-

bor Statistics (1884). From here I can then calculate the firm characteristics similar to Galvao

et al. (2018):

-Annual excess return on assets: r = ΠDecember
m=January(1 + rm)− (1 +RF ),

-Market debt ratio: MDR = DLTT+DLC
DLTT+DLC+PRCC∗CSHO ,

-Profitability: EBIT = IB+XINT+TXT
AT ,

-Market-to-book ratio: MBR = DLTT+DLC+PSTKL+PRCC∗CSHO
AT ,

-Depreciation and amortization as a proportion of total assets: DA = DP
AT ,

-Logarithmic asset size (measured in 1983 dollar): LNA = ln(AT∗1,000,000PCI(1983) ),

-Fixed assets as a proportion of total assets: PPE = PPENT
AT ,

-Market excess return: MKR = ΠDecember
m=January(1 +MRm)− 1−RF

As is usual with financial data, observations corresponding with regulated utilities, financial

firms and nonprofit firms are not considered in this analysis. This means that observation

corresponding with firms with SIC-codes 4900-4999, 6000-6999 and 9000+ are removed from

this dataset. Furthermore, firms with too high growth rates are not considered in this analysis.

That is, if the value of Property, Plant & Equipment, the Sales or the Book Value of Assets

has grown by over 100 percent in a certain year, the corresponding firm will be omitted from

the sample. In similar fashion, those firms with missing and/or negative Property, Plant &

Equipment and Sales values are omitted, as well as those firms with Total Asset Book Values

smaller then $10,000,000 as measured in 1983 dollars.

In this paper, I consider three different model specifications with different sets of explanatory

variables similar to Galvao et al. (2018). First, the three variable specification, including the

variables x3it = {MBR,LNA,MKR} corresponding with the pricing factors in the Fama &

French (1992) model. Second, the six variable specification, including all firm characteristics as

explanatory variables, x6it = {EBIT,MBR,DA,LNA,PPE,MDR}. Lastly, the seven variable

specification including all variables, x7it = {MDR,EBIT,MBR,DA,LNA,PPE,MKR}.

4.1 Data Characteristics

The final sample consists of 56 firms (n = 56) with 49 years of data (T + M = 49) due to the

predictive nature of the model, resulting in 2744 total observations. Summary statistics of the

data are shown in Table 1. Note that the average yearly excess return is about 10,7% indicating

that the firms included in the sample seem to perform relatively well.
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Table 1: Summary Statistics 1970-2019 Data

r MDR EBIT MBR DA LNA PPE MKR

Mean 0.107 0.231 0.125 1.506 0.046 18.154 0.365 0.036
Median 0.093 0.181 0.120 1.137 0.043 18.051 0.332 0.065
Maximum 4.286 0.966 0.492 9.955 0.168 21.277 0.924 0.296
Minimum -0.888 0.000 -0.449 0.040 0.000 16.122 0.035 -0.400
Std. Dev. 0.335 0.183 0.074 1.110 0.021 1.040 0.188 0.167
Jarque-Bera 40859 879 935 13543 1783 123 170 211
Observations 2744 2744 2744 2744 2744 2744 2744 2744

Moreover, Figure 1 shows the distribution of the annual returns for the sample. It is worth

noting that there are quite a few large outliers in the right tail of the distribution, with the

maximum annual return being 4.286. The distribution of the excess returns is also very non-

normally distributed as is indicated by the Jarque-Bera test statistic for normality in Table 1

as well. Furthermore, Figure 1 shows again the overall good performance of these stocks with

a large majority of the returns being positive.

Figure 1: Histogram of the excess returns for the period 1970-2019

5 Results

5.1 Homogeneity Testing

In this Section I assess the results of the homogeneity tests for the three different model spec-

ifications of the FE-QR model from Section 4. Recall that I use the data from the period

1970-2011 for this purpose, meaning that T=41. Hence these quantile estimates might be sub-

ject to the incidental parameter problem. Therefore these results should be looked at with some

caution. For the interested reader, the joint quantile estimates are shown and briefly discussed

in the Appendix.
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5.1.1 Three Variable Specification

I start the analysis by evaluating the slope homogeneity test results from the three-variable spec-

ification model, including the market-to-book ratio (MBR), the logarithmic asset size (LNA)

and the excess market return (MKR). The p-values of the joint slope homogeneity tests are

shown in Table 2 for different quantiles. Both the joint Swamy and joint standardized Swamy

test find no empirical evidence to reject the hypothesis of slope homogeneity in the central

quantiles at a 5% significance level. That is, between the 0.25 to 0.75 quantile of the returns’

distributions, the effects of these three variables on the excess returns do not significantly differ

per individual. Therefore, it is probably more efficient to pool the data for estimating these

quantiles.

Table 2: p-values for Swamy (Ŝ) and standardized Swamy (∆̂) test for
slope homogeneity of the three variable FE-QR model

Joint MBR LNA MKR

τ Ŝ ∆̂ Ŝ ∆̂ Ŝ ∆̂ Ŝ ∆̂

0.05 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.10 0.000 0.000 0.000 0.000 0.122 0.142 0.104 0.118
0.15 0.000 0.000 0.000 0.000 0.121 0.140 0.821 0.844
0.20 0.015 0.017 0.002 0.001 0.460 0.523 0.893 0.901
0.25 0.662 0.728 0.058 0.060 0.617 0.672 0.993 0.987
0.30 0.999 0.998 0.375 0.435 0.994 0.988 0.999 0.997
0.35 1.000 1.000 0.757 0.792 0.999 0.997 1.000 0.999
0.40 1.000 1.000 0.860 0.874 0.999 0.996 1.000 1.000
0.45 1.000 1.000 0.742 0.779 0.996 0.991 1.000 1.000
0.50 1.000 1.000 0.634 0.687 0.995 0.989 1.000 1.000
0.55 1.000 1.000 0.732 0.771 0.980 0.972 1.000 1.000
0.60 1.000 0.999 0.713 0.755 0.949 0.946 1.000 0.998
0.65 0.997 0.996 0.306 0.361 0.970 0.964 0.996 0.991
0.70 0.767 0.816 0.032 0.029 0.900 0.906 0.918 0.920
0.75 0.176 0.227 0.003 0.001 0.615 0.670 0.867 0.880
0.80 0.000 0.000 0.000 0.000 0.069 0.074 0.097 0.110
0.85 0.000 0.000 0.000 0.000 0.002 0.001 0.000 0.000
0.90 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.95 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

For the more extreme quantiles on the other hand, I do find significant evidence to reject

the hypothesis of equal slope coefficients. That is, the effects of the two firm characteristics

and the market return seem to differ significantly across firms when the returns are relatively

low or high, often corresponding with times of financial bursts and booms. These results are

similar to those of Galvao et al. (2018). As the three variables correspond with the factors from

Fama & French (1992), this indicates that their model does not correctly capture the dynamics

for the excess return in the more extreme quantiles. This result also suggests that it might be

better not to pool the data during times of financial bursts and booms, and allow for individual

specific slope coefficients, as pooling the data leads to false estimates for at least some firms.

Finally, I look at the marginal homogeneity test results for the different explanatory variables
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individually, to gain a further insights into the heterogeneous effects of certain variables. In

general the patterns of the marginal tests are very similar to those of the joint test, with

the rejection of slope homogeneity in the extremer quantiles. However, there are some minor

differences for the different variables. For example, for the logarithmic asset size and the excess

market return I only find empirical evidence to reject the hypothesis of marginal homogeneous

effects for the 0.05 quantile in the left tail and 0.85 quantile and higher. For the market-to-book

ratio on the other hand, the marginal effects already seem to be heterogeneous from the 0.20

quantile and lower, and the 0.70 quantile and higher. Hence, this variable seems to exhibit more

heterogeneity than the other two variables. Therefore, from an efficiency point of view, it might

be better to use the pooled estimates of the other two variables, and the individual estimates of

the market-to-book ratio in those quantiles where only the market-to-book ratio marginal test

rejects the slope homogeneity assumption.

5.1.2 Six and Seven Variable Specification

In this Section I discuss both the six and seven variable specification of the FE-QR model. Recall

that the six variable specification considers the variables market-debt ratio (MDR), operating

profitability (EBIT ), market-to-book ratio (MBR), depreciation and amortization ratio to

total assets (DA), the logarithmic asset size (LNA) and the proportion of fixed assets (PPE),

and the seven variable specification includes the same variables as well as the excess market

return (MKR). p-values for both the joint slope homogeneity tests and the individual tests for

the seven variable specification are shown in Table 3. The results for the six variable specification

are shown in the Appendix due to the large similarities between the two. Nonetheless, in this

Section I will also discuss some differences between the two specifications.

In general, the results of these two specifications are quite similar to those of the three

variable specification. That is, again I find no empirical evidence to reject the joint hypothesis

of slope homogeneity in the central quantiles, whereas in the upper and lower tails of the

firms’ excess returns distributions I do find significant evidence to reject this hypothesis at

a 5% significance level. This shows again that effects of the different firm characteristics on

the returns differ significantly per individual especially during times of financial booms and

financial distress. However, these specifications already show signs of slope heterogeneity at the

0.25 quantile and 0.70 quantile respectively, indicating that adding variables to the model might

negatively impact the joint homogeneity assumption. Again, it is probably more efficient to use

pooled data for estimating the central quantiles and use the more flexible individual estimates

for the tail quantiles.

As for the marginal slope homogeneity tests for the seven variable specification, I find that

similar to the three variable specification the market excess return shows the least heterogeneous

marginal effects. Quite remarkably however, compared to the three variable specification the

marginal effects of the market-to-book ratio are not significantly different per individual for a

wider range of the returns’ distribution, whereas the opposite holds for the logarithmic asset

size. A possible explanation is that some part of the heterogeneous (homogeneous) effects of

the other variables was captured by by these variables in the three variable specification model.

Finally, by comparing the six and seven variable specification directly, I find that the inclu-
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sion of the market return as a variable in the model seems to have a relatively large impact on

the Swamy test statistics. Although the joint hypothesis is rejected for exactly the same quan-

tiles in both specifications, in general the respective p-values in the six variable specification are

lower. This makes sense as I already found that the market return shows the least heterogeneous

marginal effects for the different quantiles, hence not including this variable might take away

some of the homogeneity in the model. All in all, the results of both the six and seven variable

specification are again in line with the findings of Galvao et al. (2018).

5.2 Point Forecasting

In this Section I discuss the performance of the different forecasting models QRADL, QRADP

and OLS for the seven variable specification, where the first two methods are based on the

efficient-flexible estimates by using results of the Swamy test statistics as discussed in Section

3.3. The forecasting performances of these methods for the three and six variable specification

are not discussed in this Section as these results are quite similar, but the results are shown in

Tables 14-21 in the Appendix. Recall that the forecast period includes the forecasts for all 56

firms for the period 2012-2019.

I start the analysis by comparing some measures of forecasting accuracy, namely the MSPE

and MAPE, which are shown in Table 4. Note that the simple OLS model outperforms the

QRADL and QRADP method proposed by Ma & Pohlman (2008), based on both lower values

for the MSPE and MAPE. According to the Diebold-Mariano test, all differences are significant.

This indicates that these methods actually have relatively little forecasting power compared

to OLS, and hence might not be very useful for the purpose of return forecasting with firm

characteristics. In addition, the QRADP model also performs significantly better than the

QRADL model based on the same measures, even though the QRADL model has a lower bias.

All in all, both the assumption of returns staying in the same quantile and the assumption of

all quantiles being assigned equal probabilities are probably too strong.

One possible explanation for the the better forecasting performance of the OLS model is that

during the forecasting period returns may have been relatively stable, as the period 2012-2019

did not involve any major crisis (Conerly (2019)). Moreover, the returns have been relatively

high, as the negative biases of the different models indicate. Thus, assigning equal probabilities

to all different quantiles as in the QRADP model might have been an incorrect assumption for

this particular period, thereby negatively affecting the point forecasts. Besides, the OLS model

uses more efficient estimates which might improve the performance of its forecasts as well.

To see where the strength of these methods lies, their relative in-sample performances is

examined as well. That is, I am interested whether the in-sample predictions of the QRADL

and QRADP method for the period 1970-2011 are better than those of OLS. Therefore, I

calculate and compare the MSE and MAE, similar to the forecasting measures. The results

are shown in Table 5, and again all differences are significant. I find that for the purpose of

in-sample predictions the QRADP method actually seems to perform better than OLS with

both a lower MSE and MAE. Hence, assigning probabilities to different quantiles in order to

calculate a weighted average seems to give more accurate in-sample predictions than using OLS.
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Table 4: Forecasting Performance
Measures 1970-2011

Model Bias MSPE MAPE

OLS -0.044 0.067 0.195

QRADL -0.083 0.216 0.313

QRADP -0.093 0.123 0.257

Table 5: In Sample Performance
Measures 2012-2019

Model Bias MSE MAE

OLS 0.000 0.118 0.234

QRADL -0.001 0.174 0.273

QRADP -0.005 0.091 0.213

As the efficiency of the OLS model was one possible explanation for the better forecasting

performance of OLS compared to QRADP and QRADL, I decide to calculate the QRADP

forecasts with efficient and flexible quantile forecasts separately to gain further insights in the

effects of using efficient or flexible quantile forecasts. Recall that the former QRADP forecasts

were constructed by using the efficient or flexible quantile forecasts for a specific quantile de-

pending on the results of the Swamy tests (see Section 3.3). This means that for the separate

efficient and flexible QRADP forecasts, I either use the efficient quantile forecasts or the flexible

quantile forecasts to calculate the QRADP forecasts. The results are shown in Tables 6 and 7.

Note that in this case, the QRADP method with the efficient estimates is better in terms

of forecasting based on both the MSPE and MAPE, whereas the QRADP method with flexible

estimates has a better in-sample performance. Moreover, the efficient QRADP model performs

much more similar to the plain OLS model in terms of both forecasting and in-sample perfor-

mance, although the Diebold-Mariano tests still confirms that there is a significant difference in

their respective performances. On the other hand, the QRADP model with flexible estimates

actually seems to significantly outperform all other models in terms of in-sample performance.

Hence, allowing for flexibility of estimating different slope parameters improves the in-sample

performance, but for the purpose of point forecasting it is probably better to use more efficient

models, such as the QRADP model with efficient estimates or the OLS model.

Table 6: Forecasting Performance Measures
1970-2011

Model Bias MSPE MAPE

QRADP -0.093 0.123 0.257

QRADP (efficient) -0.070 0.075 0.205

QRADP (flexible) -0.103 0.205 0.326

Table 7: In Sample Performance Measures
2012-2019

Model Bias MSE MAE

QRADP -0.005 0.091 0.213

QRADP (efficient) -0.010 0.114 0.235

QRADP (flexible) -0.002 0.085 0.205

5.3 Forecasting Future Quantiles

In this Section, I will use the different point forecasts from Section 5.2 and analyze their re-

spective abilities to forecast the future quantiles. Therefore, this Section can be seen as an

additional way of analyzing these models’ respective forecasting performances. Note that I dis-

tinguish between forecasted future quantiles, the future quantile that I predict the future return

to be in next period, and quantile forecasts, the predicted future returns for a specific quantile

as explained in Section 3.3. The predicted future quantiles for the different point forecasting

methods and different quantile forecasts are shown in Figures 4-6 in the Appendix.

Figure 2 displays the number of observations of the true return that fall in a particular

quantile. I will refer to these quantiles as the ‘realized quantiles’. These quantiles are based
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on the efficient-flexible, efficient and flexible quantile forecasts respectively. That is, the true

values of the returns are compared to the corresponding quantile forecasts to decide in which

quantile the future return is according to those particular quantile forecasts. Figure 2 shows that

the efficient quantile estimates predict the future quantiles the most consistent, as the realized

quantiles are relatively evenly distributed. For the (efficient)-flexible estimates on the other

hand, many of the returns fall in the highest or lowest quantile respectively. This presumably

has to do with the monotonicity problem found in both these quantile forecasts. That is, due to

their flexibility it is possible that these methods actually forecast lower returns in for example

the 0.10 quantile than in the 0.05 quantile, which goes against the definition of these quantiles.

Moreover, the LR-test rejects correct unconditional coverage of the 0.05 quantile for both the

(efficient-)flexible quantile forecasts, whereas correct unconditional coverage is not rejected for

the efficient quantile forecasts. This shows that the efficient quantile forecasts are probably the

best to consider for the purpose of forecasting future quantiles. Furthermore, for the efficient

quantile forecasts I observe less true returns forecasted in the lower quantiles in contrast to the

other two forecasting methods, which is more in line with the fact that the period 2012-2019

was relatively stable and did not include any major crisis, as discussed in the previous Section.

Hence, I conclude that the efficient quantile forecasts are probably the most appropriate to

consider for the purpose of quantile forecasting, hence I will mainly focus on these quantile

forecasts in the remainder of this analysis

Figure 2: Realized return per quantile for the period 2012-2019 for different quantile forecasting methods

Now I turn to the evaluation of the different future quantile forecasts. The differences

between the forecasted OLS, QRADL, and QRADP future quantiles and the ‘realized quantiles’

based on the efficient quantile forecasts are shown in Figure 3. From this Figure it can easily be

seen that OLS forecasts the future quantile correctly more often than the other two methods.

Besides, its maximum and minimum errors are smaller than for the other two methods as well,

indicating that this method gives more reliable future quantile forecasts. In addition, based

on this Figure, it seems again as if the QRADP method outperforms the QRADL method for
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the same reasons as why the OLS model outperforms the other two methods. This was to be

expected as Section 5.2 already pointed out that the forecasting performance of OLS was better

than the forecasting performance QRADP and QRADL respectively.

This Figure also shows that these models are able to forecast the future quantile at least to

some extent, as for example OLS forecasts over 100 observations (approximately) right, which

is about 1/4 of the total observations. Besides, only a few of the OLS future quantile forecasts

show absolute errors larger than 0.4, indicating that these errors stay relatively small. However,

on average OLS estimates the quantile about 0.05 too low, which probably originates from the

problem that the OLS model forecasts too low returns in general, as discussed in Section 5.2.

In addition, the mean absolute error is about 0.22, which seems quite large for good quantile

forecasts as the maximum possible error is 0.9. Furthermore, the distribution of the efficient

OLS quantile forecasts indicates that OLS is unable to forecast extreme quantiles (see the

Appendix for details). As the quantiles corresponding with down-side risk are often considered

the most interesting by for example investors, this indicates that forecasting future quantiles in

this manner may not be very useful in practice.

Figure 3: Difference between the forecasted quantile and
the realized quantile for efficient quantile forecasts.

(Note that only every 0.10 quantile difference is considered, meaning that the 0.05 quantiles are rounded up)

6 Discussion

In this research I first tested for slope homogeneity of several firm characteristics in different

quantiles of the firms’ returns using the FE-QR model and Swamy-type tests as proposed by

Galvao et al. (2018). I found empirical evidence for the existence of slope heterogeneity for

both the higher and lower quantiles. For the central quantiles on the other hand, I found no

such evidence. This result is in line with the findings of Galvao et al. (2018) and indicates that

different firms’ returns are impacted differently by their firm characteristics especially during

times of financial booms and bursts, which might be due to underlying investor sentiments. This

means that for the central quantiles the pooling of data is probably more appropriate as this

results in more efficient estimates, whereas for the tail quantiles it might be better to use the
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individual slope estimates to have more flexibility in the model and to accommodate for slope

heterogeneity across firms, as a way to make use of the efficiency-flexibility trade-off described

by Zhang et al. (2019).

I then used these results to construct efficient-flexible quantile forecasts. With these quantile

forecasts I calculated point forecasts with the QRADL and QRADP methods based on the

work of Ma & Pohlman (2008), and compared these forecasts with the OLS forecasts. The

OLS model outperforms both the QRADL and QRADP model in terms of forecasting for this

dataset. By further exploring the implications of using efficient and flexible quantile forecasts

and constructing the QRADP model based on these respective quantile forecasts separately,

I found that the QRADP model with efficient estimates actually performed better than the

models with more flexible estimates, although still worse than OLS. This might have been due

to the problem of the (efficient-)flexible quantile forecasts lack of monotonicity for some of the

quantile forecasts. Another possibility is that the efficient forecasts are better in forecasting

relatively stable periods, such as the 2012-2019 period. Lastly, I found that all these models

forecast the future returns too low, which is presumably due to the returns during this period

being relatively high as the economy was doing good and did not include any major crisis.

After the point forecasting, I tried to forecast the future quantiles. Again I noted that using

the (efficient-)flexible quantile forecasts lead to a problem, as due to the lack of monotonicity

relatively many observations fell in the lowest and highest quantile. Thus, using the efficient

quantile estimates for this purpose seems to be more reasonable, as the ‘realized returns’ are

more smoothly distributed. I found that OLS predicts about 25% of the time the right quantile

in this case, and the maximum error stays relatively low. However, on average it underpredicts

the true quantile, again probably because of the healthy state of the economy, and makes an

average absolute error of 0.22, which seems relatively large. Moreover, the OLS model seems to

be unable to predict the extreme quantiles, which presumably are the most interesting quantiles

for investors, indicating that this method might not be very useful in practice.

However, the data considered in this research contained some possible errors that might have

affected the results in this paper. First of all, the excess returns used in this paper are relatively

large, averaging about 10% compared to for example an average excess return 0.3% of Galvao

et al. (2018). This might be partially due to some kind of survivorship bias, as the sample of 50

years might favor larger firms with higher returns. Nonetheless, even with a survivorship bias,

returns should probably not be this high as Galvao et al. (2018) used a sample including 42

years of data as well. Furthermore, in case of survivorship bias, Barber & Lyon (1997) showed

that this should not significantly affect the estimated effect of financial variables on returns. In

addition, as discussed by Galvao et al. (2018), the FE-QR model is subject to the incidental

parameter problem, meaning that these estimates might be slightly biased, which could have

affected all the results throughout the paper. Therefore, some caution should be taken when

using these results.
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7 Conclusion

All in all, in this research I tried to answer the question “Can I detect slope heterogeneity

of firms characteristics for the returns in tail quantiles, and to what extent can I use these

findings to create reliable return point forecasts and future quantile forecasts?”. I have shown

that there indeed seems to be slope heterogeneity in tail quantiles for the effects of several

firm characteristics on the returns. However, innovating on the return point forecast methods

proposed by Ma & Pohlman (2008) by using efficient-flexible quantile forecasts based on the

Swamy test results did not improve forecasting performance. Besides, I found that the simple

OLS model actually performs better in terms of forecasting than the quantile based forecasting

methods. Finally, for future quantile forecasting I found that it might be hard to forecast the

extreme future quantiles.

For future research it might be interesting to see whether using efficient-flexible quantile

forecasts can be useful for forecasting in other applications, or in cases where the monotonicity

problem does not occur. Additionally, it might be useful to consider some other forecasting

models than QRADL and QRADP that make better use of the available information about the

future quantiles. Furthermore, it might be interesting to see whether using the marginal Swamy

test results of the individual firm characteristics, instead of the joint Swamy test results, is able

to improve this way of constructing efficient-flexible quantile forecasts in an attempt to make

even better use of the efficiency-flexibility trade-off.
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Appendix

Six Variable Specification Homogeneity Tests Results
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Ŝ

∆̂
Ŝ
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Joint Quantile Estimates

In this Section, I briefly look at the joint slope estimates for some of the different quantiles to see

how these estimates differ per quantiles. I start by evaluating the three variable specification.

These joint quantile slope estimates are shown in Table 9. Note that these estimates might

not be appropriate for all quantiles, as especially the tail qauntiles exhibit heterogeneity (see

Section 5.1). I find that the market-to-book ratio in general has a negative effect on the returns

which remains fairly constant over the quantiles. This indicates that firms with a relatively

high market value are more likely to perform worse next period and vice versa. This might be

due to investors knowing that the firm is actually overpriced on the market which will make the

price drop. Furthermore, the market returns have no significant effect at 5% significance level

for the 0.25 and 0.50 quantiles. For the higher quantiles, I see that in general it has a negative

impact on the firms’ returns. This is somewhat counter intuitive, as one might expect that high

market returns lead to more confidence among investors, hence to higher returns for individual

firms as well. However, as these effects differ significantly among firms for the higher quantiles

according to the Swamy tests, this does not mean that this effect is negative for all firms

Table 9: Quantile estimates for the three variable specification for the period 1970-2011

τ 0.10 0.25 0.50 0.75 0.90

MBR -0.070 -0.048 -0.052 -0.039 -0.044
(0.000) (0.000) (0.000) (0.000) (0.010)

LNA -0.024 0.002 -0.001 -0.030 -0.026
(0.036) (0.838) (0.952) (0.011) (0.259)

MKR 0.172 -0.014 -0.072 -0.173 -0.310
(0.000) (0.733) (0.065) (0.000) (0.000)

Note: p-values are between brackets and
based on the Wald test

Now I briefly discuss the joint slope estimates for the different quantiles as shown in Table

11 and 10 for both the six and seven variable specification respectively. I find that the market

returns again negatively affect the returns significantly for the higher quantiles, whereas they do

not affect the returns significantly for the lower central quantiles. Furthermore, by comparing

the six variable specification estimates and the seven variable specification estimates it can be

seen that when omitting the market return as a variable, the other estimates change quite a bit.

This indicates that some of its effects are then contained in the other variables, which might

add to the heterogeneity, which was found more in the six variable specification then in the six

variable specification.
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Table 10: Quantile estimates for the six variable specification for the period 1970-2011

tau 0.10 0.25 0.50 0.75 0.90

MDR 0.287 0.386 0.312 0.427 0.771
(0.000) (0.000) (0.000) (0.000) (0.000)

EBIT -0.109 0.118 -0.207 -0.124 0.195
(0.492) (0.499) (0.118) (0.411) (0.316)

MBR -0.068 -0.041 -0.037 -0.022 -0.035
(0.000) (0.000) (0.000) (0.029) (0.008)

DA 2.301 2.298 1.155 1.850 2.173
(0.003) (0.007) (0.076) (0.013) (0.023)

LNA -0.004 -0.016 -0.037 -0.056 -0.088
(0.779) (0.319) (0.003) (0.000) (0.000)

PPE 0.119 -0.264 -0.347 -0.371 -0.495
(0.351) (0.059) (0.001) (0.002) (0.002)

Note: p-values are between brackets and
based on the Wald test

Table 11: Quantile estimates for the seven variable specification for the period 1970-2011

tau 0.10 0.25 0.50 0.75 0.90

MDR 0.315 0.386 0.285 0.390 0.686
(0.000) (0.000) (0.000) (0.000) (0.000)

EBIT -0.063 0.123 -0.265 -0.276 -0.087
(0.658) (0.493) (0.048) (0.071) (0.680)

MBR -0.060 -0.041 -0.037 -0.008 -0.007
(0.000) (0.001) (0.000) (0.412) (0.600)

DA 2.462 2.405 1.290 1.650 2.525
(0.000) (0.006) (0.048) (0.026) (0.014)

LNA -0.014 -0.019 -0.034 -0.052 -0.074
(0.298) (0.260) (0.006) (0.000) (0.000)

PPE 0.144 -0.292 -0.355 -0.308 -0.600
(0.200) (0.042) (0.001) (0.011) (0.000)

MKR 0.158 0.024 -0.049 -0.166 -0.276
(0.000) (0.644) (0.210) (0.000) (0.000)

Note: p-values are between brackets and
based on the Wald test
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Point Forecasting

Diebold-Mariano Test Statistics seven variable specification

Table 12: Diebold-Mariano test statistic and corresponding p-values for the forecasting period 2012-2019 for
the seven variable specification

Model DM-statistic p-value

OLS-QRADL -4.623 0.000
OLS-QRADP -5.728 0.000
QRADP-QRADL -3.746 0.000
OLS-QRADP (eff) -4.279 0.000
OLS-QRADP (flex) -6.427 0.000
QRADL-QRADP (eff) 4.409 1.000
QRADL-QRADP (flex) 0.633 0.737
QRADP-QRADP (eff) 5.169 1.000
QRADP-QRADP (flex) -6.419 0.000
QRADP (eff)-QRADP (flex) -6.124 0.000

Table 13: Diebold-Mariano test statistic and corresponding p-values for the in-sample period 1970-2011 for
the seven variable specification

Model DM-statistic p-value

OLS-QRADL -6.054 0.000
OLS-QRADP 7.899 1.000
QRADP-QRADL -8.568 0.000
OLS-QRADP (eff) 3.138 0.999
OLS-QRADP (flex) 6.687 1.000
QRADL-QRADP (eff) 6.670 1.000
QRADL-QRADP (flex) 8.539 1.000
QRADP-QRADP (eff) -6.576 0.000
QRADP-QRADP (flex) 3.539 1.000
QRADP (eff)-QRADP (flex) 5.738 1.000

Point forecasting for Three and Six Variable Specification

Table 14: Forecasting performance measures three
variable specification

Model Bias MSPE MAPE

OLS -0.051 0.067 0.196

QRADL -0.079 0.110 0.251

QRADP -0.086 0.075 0.207

QRADP (efficient) -0.060 0.069 0.199

QRADP (flexible) -0.126 0.104 0.243

Table 15: In sample performance measures three
variable specification

Model Bias MSE MAE

OLS 0.000 0.118 0.240

QRADL -0.010 0.197 0.300

QRADP -0.004 0.109 0.232

QRADP (efficient) -0.010 0.117 0.236

QRADP (flexible) -0.003 0.105 0.227
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Table 16: Diebold-Mariano test statistic and corresponding p-values for the forecasting period 2012-2019 for
the three variable specification

Model DM-statistic p-value

OLS-QRADL -6.227 0.000
OLS-QRADP -3.360 0.000
QRADP-QRADL -5.610 0.000
OLS-QRADP (eff) -1.589 0.056
OLS-QRADP (flex) -6.254 0.000
QRADL-QRADP (eff) 6.122 1.000
QRADL-QRADP (flex) 0.917 0.820
QRADP-QRADP (eff) 3.005 0.999
QRADP-QRADP (flex) -6.954 0.000
QRADP (eff)-QRADP (flex) -6.135 0.000

Table 17: Diebold-Mariano test statistic and corresponding p-values for the in-sample period 1970-2011 for
the three variable specification

Model DM-statistic p-value

OLS-QRADL -9.398 0.000
OLS-QRADP 4.257 1.000
QRADP-QRADL -9.812 0.000
OLS-QRADP (eff) 1.963 0.975
OLS-QRADP (flex) 4.364 1.000
QRADL-QRADP (eff) 9.935 1.000
QRADL-QRADP (flex) 9.540 1.000
QRADP-QRADP (eff) -3.411 0.000
QRADP-QRADP (flex) 3.033 0.999
QRADP (eff)-QRADP (flex) 3.674 1.000

Table 18: Forecasting performance measures six
variable specification

Model Bias MSPE MAPE

OLS -0.036 0.068 0.197

QRADL -0.095 0.213 0.319

QRADP -0.095 0.124 0.257

QRADP (efficient) -0.071 0.075 0.206

QRADP (flexible) -0.098 0.202 0.323

Table 19: In sample performance measures six
variable specification

Model Bias MSE MAE

OLS 0.000 0.119 0.240

QRADL 0.004 0.183 0.282

QRADP -0.005 0.093 0.215

QRADP (efficient) -0.010 0.115 0.235

QRADP (flexible) -0.002 0.088 0.208
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Table 20: Diebold-Mariano test statistic and corresponding p-values for the forecasting period 2012-2019 for
the six variable specification

Model DM-statistic p-value

OLS-QRADL -5.296 0.000
OLS-QRADP -5.587 0.000
QRADP-QRADL -4.141 0.000
OLS-QRADP (eff) -3.869 0.000
OLS-QRADP (flex) -6.608 0.000
QRADL-QRADP (eff) 5.046 1.000
QRADL-QRADP (flex) 0.632 0.736
QRADP-QRADP (eff) 5.140 1.000
QRADP-QRADP (flex) -6.922 0.000
QRADP (eff)-QRADP (flex) -6.350 0.000

Table 21: Diebold-Mariano test statistic and corresponding p-values for the in-sample period 1970-2011 for
the six variable specification

Model DM-statistic p-value

OLS-QRADL -6.821 0.000
OLS-QRADP 7.482 1.000
QRADP-QRADL -8.855 0.000
OLS-QRADP (eff) 3.527 1.000
OLS-QRADP (flex) 6.449 1.000
QRADL-QRADP (eff) 7.406 1.000
QRADL-QRADP (flex) 8.740 1.000
QRADP-QRADP (eff) -6.208 0.000
QRADP-QRADP (flex) 3.327 1.000
QRADP (eff)-QRADP (flex) 5.496 1.000

Value-at-Risk unconditional coverage

Table 22: Unconditional coverage Likelihood Ratio test for Value-at-Risk efficient-flexible quantile estimates

quantile π̂ LR statistic p-value

0.05 0.031 3.096 0.000
0.10 0.154 12.684 0.000
0.15 0.179 2.732 0.098

Table 23: Unconditional coverage Likelihood Ratio test for Value-at-Risk efficient quantile estimates

quantile π̂ LR statistic p-value

0.05 0.031 3.805 0.051
0.10 0.054 12.696 0.000
0.15 0.0826 18.574 0.000
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Table 24: Unconditional coverage Likelihood Ratio test for Value-at-Risk flexible quantile estimates

quantile π̂ LR statistic p-value

0.05 0.141 53.096 0.000
0.10 0.154 12.684 0.000
0.15 0.179 2.732 0.098

Distributions of forecasted quantiles

Figure 4: Forecasted efficient-flexible quantiles

Figure 5: Forecasted efficient quantiles
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Figure 6: Forecasted flexible quantiles
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