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1 Abstract

This paper aims to build an optimal tax model with a carbon tax and an extensive
margin of labor supply. According to optimal tax theory, labor supply responses strongly
influence the optimal height of taxes and determine how to implement any tax efficiently.
Usually, labor supply responses are modeled at the intensive margin. Due to norms and
regulations, however, man people do not have the option to adjust the number of hours
they work flexibly. The model developed in this paper allows to analyze the carbon tax
whilst taking this inflexibility into account. It allows to carve out important mechanisms
at the extensive margin, determine how the optimal carbon tax can differ according to
circumstances, and develop policies to reduce the costs of implementing a carbon tax.
The model shows that, next to the costs of the externality, the existing tax- and transfer
system, different consumption needs of workers and non-workers, consumption elasticities
and the number of people at the extensive margin, are crucial to determine the costs and

benefits of a carbon tax.



2 Introduction

The aim of this paper is to build an optimal tax model with a carbon tax and an extensive
margin of labor supply. Climate change is one of the biggest economic challenges of the
next decades and “a result of the biggest market failure the world has ever seen” (Stern
& Stern 2007). The carbon tax offers "the most cost-effective lever to reduce carbon
emissions at the scale and speed that is necessary” (Climate-Leadership-Council 2020).

Therefore, it is a crucial economic question how to implement the carbon tax efficiently.

According to optimal tax theory, labor supply responses have a key influence on the
optimal height of taxes and determine how to implement any tax efficiently. Usually, la-
bor supply responses are modeled at the intensive margin. Due to norms and regulations,
however, most people don’t have the option to adjust the number of hours they work
flexibly, but can only choose between working, not working, and sometimes working half-
time. Especially for European countries this is little controversial (Bargain et al. 2014)
and shows in the distribution of working hours, which are extremely clustered around
standard working times. Also, it has already been shown that the inclusion of an exten-
sive margin can change the results of optimal tax models substantially, i.e. lowering the
taxes rates derived (Diamond 1980) or making subsidies for low-income groups optimal
(Saez 2002).

The aim of this paper is to develop a model that allows to analyze the carbon tax
whilst taking into account the extensive margin of labor supply. It allows to carve out
important mechanisms, determine how the optimal carbon taxes can differ from circum-
stance to circumstance, and think of policies to reduce the costs or increase the benefits
of implementing it. It shows that, next to the costs of the externality, the existing tax
system and transfer system, different consumption needs of workers and non-workers,
consumption elasticities and the number of people at the extensive margin, hence the
primary income distribution, are crucial to determine the costs and benefits of a carbon

tax.

3 Literature Review

Most fundamentally speaking, the model built in this paper is based on the general
framework of optimal taxation theory (Mirrlees 1971) and the concept of corrective ex-
ternalities, which states that externalities should be taxed at their marginal costs in a
first-best setting (Pigou 2020)

In the following, I will give a short overview of corrective taxes as well as the exten-
sive margin in optimal tax theory. Sandmo was the first to analyze corrective taxes in

an optimal tax framework, examining how corrective taxes interact with the rest of a



(potentially distortionary) tax system (Sandmo 1975). Since then, much of the litera-
ture has been devoted to analyzing this question under different assumptions. Below,
I will mention some exemplary papers in the field and give an idea of the broadness
of baseline scenarios. Interestingly, the corrective tax has been modeled as a commod-

ity tax on a dirty good in almost all papers and I will stick to this strand of the literature.

In the earliest papers which analyze the corrective tax, the revenue of the government
is generated through commodity taxes which are collected in addition to the corrective
commodity tax (Sandmo 1975). Later, optimal corrective commodity taxation with lin-
ear income taxes is examined (i.e. Pirttild & Schob (1999) and Jacobs & De Mooij
(2015)). Recently, it has become more common to model tax systems with corrective
taxation and optimal income redistribution with non-linear income taxes (see Micheletto
(2008), Kaplow (2012), Jacobs & De Mooij (2015)). These papers focus on different as-
pects (i.e.the difference of atmospheric and non-atmospheric externalities, possible adap-
tations when starting from a non-optimal setting, and the question of what happens
if either clean or polluting goods are more complementary to leisure). However, they
all conclude that optimal corrective taxes are set at Pigouvian levels in a second-best

setting if preferences are uniform and weakly separable between leisure and consumption.

Going into more detail, Jacobs has published several papers on corrective taxes in a
setting with non-linear taxes. He supports the claim that a second-best corrective tax
should not be corrected for the cost of marginal funds in such a setting because the
marginal cost of the public funds equals marginal benefits from redistribution if the
non-linear income tax is optimized. This is different if clean or dirty goods are more
complementary to leisure (Jacobs 2011). In a second paper, Jacobs comes to the conclu-
sion that the corrective tax can be above the Pigouvian tax if the externality hurts the
poor disproportionally or below the Pigouvian tax if the poor spend a disproportionate
amount of their income on the dirty good (Jacobs & van der Ploeg 2017). Furthermore,
in an even more recent paper, Jacobs shows that if Engel curves are linear and pollution
taxes are not at Pigouvian rates, a green tax reform, moving the tax closer to the Pigou-

vian rate, is Pareto improving (Jacobs & van der Ploeg 2019).

Since the early nineties, it has been discussed whether the government can use the revenue
from corrective taxes to lower other, distortionary taxes, yielding a “double dividend”
(Bovenberg & De Mooij 1994). For the case of an optimized tax system, the existence
of a strong double dividend was rejected by Jacobs and de Mooji (Jacobs & De Mooij
(2015)). However, Klenert et. al. show that the effect depends on the initial tax struc-
ture. If it is not optimized, there can be a double dividend in certain settings (Klenert
et. al. 2018). Apart from this, the idea of a weak double dividend emerged, suggesting
that it might be better to use revenues raised from correctives taxes to correct for other

distortionary taxes than to pay them back in a lump-sum fashion. However, just as the



strong dividend in an optimized setting, this idea was was rejected (i.e. Goulder (1995)).

A more recent strand of the literature analyses environmental tax reforms, the recy-
cling of revenue, and the effects on income distribution (e.g. Klenert et al. (2018) and
Aubert & Chiroleu-Assouline (2019)). These are interesting because they might provide
answers to the distributional problems, which have so far mostly been discussed under
the heading of the double dividend. All these papers conclude that the distributional
consequences of corrective taxes are critically important to evaluate the consequences of

green tax reforms.

In the following, I will give a quick overview of the most important contributions includ-
ing an extensive margin, which are much fewer in number, even though the extensive
margin turns out to be of quite some importance when looking more closely at labor
supply (Heckman 1993). Diamond was the first to examine the influence of an extensive
margin in an optimal tax framework and shows that in such a setting it is optimal to
subsidize the working poor and thereby increase incentives to take the decision to work.
(Diamond 1980). Later, Saez examines optimal income transfer programs including an
intensive as well as extensive margin (Saez 2002). He comes to a similar conclusion stat-
ing that if labor supply responses are concentrated at the extensive margin, marginal
tax rates need to be negative for small incomes. Later, when analyzing redistributional
taxes, (Jacquet et al. 2013) conclude that even with an extensive margin, marginal tax
rates are positive everywhere, but agree that they are strongly reduced by the extensive

margin. Choné and Laroque further support these findings (Choné & Laroque 2011).

In more recent work it has been increasingly acknowledged that not all groups are equally
likely to find themselves at the extensive margin. Recently, some life-cycle models have
been introduced, which take into account that the choice to stop working is often a
choice to retire (Michau 2014). Interestingly, they highlight the finding that retirement
age, and hence the moment at which people take a decision at the extensive margin,
should be strongly increasing with productivity. Similarly, more attention has been put
to involuntary unemployment. The literature on unemployment also emphasizes that
low wages should be subsidized rather than taxed (Lehmann et al. 2011). This literature
is particularly important when evaluating possible policy implications which might arise

from the conclusions drawn in this paper.

4 Why include the extensive margin?

Labor supply responses are one of the key parameters in optimal tax models and strongly
influence their outcome. Labor supply responses can take place at the intensive and the

extensive margin. A decision at the intensive margin encompasses how many hours to



work and elasticities are calculated based on the variation in the number of hours worked
per employed person. A decision at the extensive margin implies whether to work or not
and elasticities at the extensive margin are determined by analyzing variation in the

percentage of people who work.

In optimal tax models, it is usually assumed that there is only an intensive margin,
and decisions at the extensive margin are left out. Mathematically this is convenient
because it allows to analyze marginal changes in the tax system very well. However,
since the conceptual distinction between intensive and extensive labor supply responses
has been brought up, the empirics show that ”the extensive margin is of fundamental
importance” (Heckmann 1993). Later studies even suggest that the ”extensive margin

systematically dominates the intensive margin.” (Bargain et al. 2014).

As a caveat, it has to be said that labor supply responses are extremely hard to quan-
tify. Even though labor supply elasticities are a central parameter in public economics
there is ”little agreement among economists on the elasticity size that should be used
in economic policy analyses” (Bargain et al. 2014). Variations across different studies
come from the fact that they analyze different subgroups, but data years and decisions
on estimation also account for part of the variation (Chetty et al. 2011). Still, there is
good evidence that the extensive margin is at least as important as the intensive margin
and should be taken into account. In the following, I want to give a quick overview of

the most important insights from research.

Part of the literature tries to quantify labor supply responses at the extensive mar-
gin by exploiting quasi-experiments (among others Ljungqvist et al. (2006)). Most of
these studies analyze changes in the incentives for different subgroups. Chetty et. al.
summarize the findings of these studies and report an elasticity of 0,26 at extensive and
0,33 at the intensive margin (Chetty et al. 2011) These numbers give a rough idea of
possible elasticities and indicate that responses at both margins play a role. However,
they have to be taken with care, because the numbers reported are an unweighted mean
and summarize findings from very different subgroups and in different periods. Having
a closer look at the studies which are summarized, the elasticities found in the studies

for the extensive margin range from 0.13 to 0.48.

Bargain et. Al try to find consistent estimates across different subgroups and coun-
tries by employing a structural discrete choice model (Bargain et al. 2014). As a basis,
they use data sets from all countries and simulations of the direct tax and transfer in-
struments. What they find is that the ”extensive margin systematically dominates the
intensive margin.” (Bargain et al. 2014) They decompose labor supply responses and see
that "most of the response is driven by the extensive margin.” This holds systematically

across almost all Western countries. ”Even in the situation where the extensive margin



is non-zero, the extensive margin is larger.” (Bargain et al. 2014) Also, they find that
small responses at the intensive margin are mainly due to the possibilities of working
part-time, so even decisions counted as part of the intensive margin are mostly driven by

discrete choices.

Apart from this, they find that the largest elasticities can be found at the bottom of
the income distribution which is again due to participation elasticities. The only inten-
sive margin responses that are found according to them are in the upper-income classes,

more likely due to tax evasion than to actual adaptations in the number of working hours.

The studies on labor supply responses vary in their findings. However, quasi-experiments
and estimations of a structural discrete-choice model point to the fact that the extensive
margin has a big influence when it comes to labor supply responses. The estimation of
the structural discrete-choice model even suggests that people might hardly be able to
adjust their labor supply marginally and that all the responses are driven by the exten-
sive margin. If this is true it has important implications for optimal tax design and more

attention should be paid to models including such an extensive margin.

5 Crucial assumptions

Optimal tax models aim to simplify and abstract from reality to carve out the mecha-
nisms of interest. The model developed in this paper aims to investigate the role of the
extensive margin of labor supply for the optimal carbon tax. The model at hand mainly
relies on the assumptions made in optimal tax theory, which have been explained and
justified elsewhere. However, two assumptions aren’t found frequently in other models
and are crucial for the model developed here. In the following, I will have a closer look

at those assumptions.

The first assumption important assumption that needs to be highlighted is that work-
ers consume differently from non-workers. Even though there have been a number of
studies that analyze what determines the relative carbon emissions of a household and
most of them mention that ”factors such as the volume of employment are likely to be
(...) important explanatory factors” (Preufl et al. 2019) there have been few attempts to
pin down these differences and quantify them. In this regard, more research is needed.
However, many workers have to commute to work and commuting is one of the most
important factors in determining the relative carbon emission of an individual (Gechert
et al. 2019). Also, the demand for fuel is very inelastic if somebody has to commute and
public transport is not available. In such a case, not working can be the only way to

avoid those costs and the extensive margin becomes particularly important.

A second assumption that deserves attention is that people react to price changes by



adjusting their labor supply. In optimal tax theory, it is assumed that a labor income
tax and a uniform commodity tax are equivalent in terms of the expected responses from
individuals. This implies that people adapt their labor supply in the same way, regardless
of whether their effective consumption is changed because of a change in the labor tax or
because of a change in the price of products they want to buy. The assumptions made
in this paper are in line with these considerations. However, further empirical research
is needed to verify whether this holds empirically. Even though it would be rational to
adopt labor supply in the same way, there might be behavioral biases, i.e. because price
changes are less evident than wage changes. At least in the short run, this could cause a

substantial difference in terms of adaptation.

6 Model

The model consists of heterogeneous individuals and a government. Individuals maximize
their utility by choosing between working and not working and between consuming clean
goods ¢ and dirty goods x. If they work they earn an income z, that depends on their
abilities n, if they don "t work they receive a fixed government transfer g. Any disposable
income can be divided between clean and dirty goods. The government maximizes social
welfare by setting a linear income tax 7, a lump-sum tax s and a linear commodity tax
t, on the dirty good. The informational assumption is that the government is able to
observe individual incomes, but only the aggregate consumption of dirty goods. It is

assumed that the government has already optimized its income tax schedule.

6.1 Households

There is a total mass of individuals equal to M. Individuals differ by their ability
n € N = [n,n]. Their income z,, depends on their ability n and is defined by z,, = n. All
individuals who work, have the same number of working hours, such that the number
of working hours does not play a role in the model. All labor types are assumed to be
perfect substitutes in aggregate production. The density of individual types with index
n is denoted by f(n) and the cumulative distribution function by F'(n). All individual-
specific variables are indexed with subscript n if they work and subscript g if they don "t
work. Each individual n derives utility from clean goods ¢ and dirty goods x and a fixed
disutility from working D. It is assumed that all individuals derive the same disutility

from working.

The utility of individuals is described by two different utility functions, which are strictly
quasi-concave and additively separable between the potential disutility to work and con-

sumption. This means that the proportion of clean and dirty goods does not depend



on whether somebody works or not. w; is the utility function of individuals working,
whereby utility depends on ability n. D is the disutility from working, which is the same
for all individuals. wug is the utility function of individuals who don "t work and is inde-

pendent of ability. Therefore, the utility of all individuals not working is the same.

up = uy(Cp,xy) — D (1)

ug = uo(cg, Ty) (2)

The budget constraints of the two different groups can be described by the next equa-
tions, where (1 — 7)z, - s is the disposable income of workers. Thereby, 7 is the tax rate

dependent on income, s is an additional lump-sum tax.

ent (A +tp)rn=01—-7)z,—s (3)

cg+(1+tz)zg=yg (4)

The indirect utility functions describe the utility of an individual who has optimized her
consumption and labor supply. The indirect utilities depend on the carbon tax t,, the
income tax 7 and the government transfer g. wv; is the indirect utility of people who

work, vg is the indirect utility of people who don "t work.

vy = (tg, T) (5)

Vo = (twag) (6)

The optimization problem of individuals has to be solved by backward induction. In a
first step, individuals maximize utility within their respective group of workers or non-
workers. In a second step, the utility derived from optimal consumption when working
and not working is compared, and individuals sort into the two groups. More precisely,

from utility maximization follows that individuals work if:

v1 (e, 7) > vo(ts, 9) (7)

10



This inequality determines their decision. The individual that is indifferent between
working and not working, or rather the income that makes somebody indifferent be-
tween working and not working is denoted by n. and defines the location of the extensive

margin.
The Lagrangian for workers reads as follows, where A Lagrange multiplier of the house-
hold budget constraint.:

L1:u1—&-A[(l—r)zn—s—c—(l—ktm)x} (8)

And for non-workers:

LO:u0+)\[gfcf(1+tz)x} (9)

From these two equations, the marginal utilities of ¢ and = can be derived. w;. is the
marginal utility of ¢ for workers, uy, is the marginal utility of x for workers. Similarly,
ug. is the marginal utility of ¢ for non-workers, ug, is the marginal utility of = for non-
workers. In this benchmark case, the marginal utilities are the same for workers and

non-workers.

For workers:

%:ulc_A:(u:muc:A (10)
% =t = A1 +1t,) =0 = uiz = A1 +t,) (11)
For non-workers:
%zumf)\:()@um:/\ (12)
% =upr — M1 +1t) =0 <= uge = M1 +1t,) (13)

In the optimized state, the individual benefit of the clean good c equals the cost of giving

11



up one euro or the cost of buying that good. However, for the dirty good x, the envi-
ronmental tax drives a wedge between individual benefit and individual cost. If the tax

rate is at Pigouvian levels, this allows to internalize the social cost.

How does the optimized utility of somebody change when the government parameters
change? One way to find these derivatives is to derive the Lagrangian with respect to
the parameters that change. In the following, I will give expressions for these derivatives.

All of them are found by deriving the Lagrangian with respect to the variable.

%}: = ?9?: = =z, (14)
e
% _ % — A (16)

These partial derivatives play a crucial role in determining the extensive margin.

6.2 Extensive margin

As already said, the utilities of individuals and their subsequent decisions determine the
location of the extensive margin. However, if the government parameters change utili-
ties change, individuals take different decisions, and the location of the extensive margin

changes. Formally, n. is a function of the government parameters, write n.(t,,g.)

The ability of the individual that is indifferent between working and not working, that is
Ne(ts, g), is defined by vy (tz, g,ne) — vo(tz, g) = 0. If a policy parameter ¢, or g changes,

e .
can be derived from
x

ne will change accordingly and the equation remains satisfied.

this reasoning;:

12



B [vl (tm,g,ne(tmw) — Vo (tmg)]
Oty

=0 (18)

@avl(txagvne) + 8vl(tz7gvne) ane avO(tz7g)

ot on o, o, (19)
% _ avl(tzag7ne) . aUO(tm!J) avl(tmagane) -
ot ot, ot on ' (20)

n
° of this equation describes how the extensive margin changes

ot

€T
when the carbon tax is changed. The equation above is still very hard to interpret. To

The partial derivative

make it more clear, the derivatives of the indirect utility for workers and non-workers with

respect to t,, which have already been derived above (line 14 and 15), have to be inserted.

The last term from equation 20 can be written as follows:

[l =[] 2
% —A1-7) (22)

Putting these different equations together yields how the extensive margin changes when

the carbon tax is changed:

e

(24)

Since x,, is expected to be higher than x4, the term is positive, which shows that the

13



extensive margin increases when the carbon tax increases. Once there is a higher carbon
tax, people with higher wages stop working. How much the extensive margin changes,
depends on the difference in consumption of the dirty good x between the two groups.
If workers consume much more of good x (i.e. because they have to commute), they lose
relatively more through an increase of the tax t,, compared to people who don “t work.

Then, the option of not working becomes more attractive.

Also, the relative importance of this difference is determined by the net income of peo-
ple who work. If the income tax is lower, and hence they have a higher net income,
the difference between x,, and z, is relatively less important and the extensive margin
changes less. However, if their net income is lower, it is relatively more important and
the extensive margin changes more. An alternative interpretation of the denominator is
that if the tax is higher and working is more expensive compared to not-working, the

extensive margin reacts more strongly.

How does this relate to the participation elasticity, which measures the percentage change
One

Oty

is derived from assumed preferences and defined in terms of the variables used in this

in the fraction of people working caused by a percentage change in the tax? Here,

model. Hence, the term is endogenous to the model. The model could be either cali-
brated by using these variables and information on the number of people at the extensive
margin f(n.) or by using participation elasticities from the empirical literature. If the
assumptions on preferences are reasonable and the empirical estimates are reliable, the
results should be similar. The method used here is more transparent on mechanisms,

whereas the participation elasticity can be used to test the assumptions used.

6.3 Government

The government sets taxes such that they maximize social welfare. The welfare function
is composed of the indirect utility of people who work and people who don "t work. Util-
ities of people are weighted according to their welfare weight W, which is based on ability
or earnings potential n. Apart from this, the number of people at a particular level of
ability, which is denoted by f(n), has to be taken into account. The size of the group of

workers and non-workers is determined by the location of the extensive margin.

The externality can be modeled in different ways. Here, it will be assumed that the
government has to pay for the damages caused by the externality. They encompass dam-
ages to the public infrastructure as well as compensations that might have to be given
to individuals. The externality is defined in terms of these costs for the government and
enters the government budget constraint. It is denoted by E. The revenue requirement

that is independent of these damages is denoted by G.

14



Apart from this, the maximization problem of the government is influenced by assump-
tions about the households. As already mentioned, here it is assumed that the proportion

of individual consumption is not influenced by whether they work or not.

The social welfare function looks as follows:

n

W= / " Wuo(ts, g) f(n)dn + / Uoy(te, 7,n) f(n)dn (25)

e

The budget constraint is:

n

/nnc [tzxg(tl) - g} f(n)dn + / [tix(tw,n) + Tz + s}f(n)dn =G+ E(X) (26)

Ne

To solve the government maximization problem the Lagrangian is needed. It consists
of several parts and has to be differentiated by using the Leibniz rule. z, denotes the
dirty goods consumption of somebody who does not work. x,, is the dirty good consump-
tion of somebody with ability n who does work. 7 is the shadow price of the government

budget constraint.

n

L = /ne Vg (te, g)f(n)dn + / Yoy (tz, T, n)f(n) dn (27)

e

Ne I

—|—77{ [txxg(tx) — g}f(n)dn + / [tmx(tx, n)+ 7z, + 8] f(n)dn — G — E(X)} (28)

S~

Ne

For simplicity, the Lagrangian will be split into several sub-equations and the partial
derivatives with respect to t, are taken separately. Due to the summation rule, the

derivatives can be added afterward.

n

A= / " Wao (£, g) F(n)dn + / Doy (t,7,m) f(n)dn (29)

e

15



By [ [ty - o] s

C= r]/ﬁ [th(ti,n) + 7z + s]f(n)dn

D=n| -G~ E(X)]

In the next section, the partial derivatives are taken one by one.

6.3.1 Individual utilities

(31)

(32)

This first part consists of the individual utilities, weighted by the welfare weights W.

When partially deriving A with respect to ¢, the Leibniz rule is used.

n

A= / ) P (tg, g) f(n)dn +/ Py (tg, 7,m) f(n)dn

e

The Lagrangian looks as follows:

0A One on ne g

Bitr - l:a’rtlz \I/’Uo(txvg)f(ne)] - |:at’ri\11110 (tx,g) f(n):l +[l \11% (n)dn
on 0 e f 9

+ [OZC\IJM (tz,7,1) f(ﬁ)} - {a;: Yoy (te, T,ne) f(ne)] + /ne \P%f(n)dn

(35)

The first two summands describe the change in welfare caused by a change in the size of

the integral encompassing those people who don“t work. The third summand describes

the change in utility of those people who work neither before nor after a change in ¢,.

Analogously, the second line describes the partial derivative of the second summand of A.

d
This partial derivative can be simplified further. The term f%\h}o (tz, 9)f(n) equals 0,

T
because what is the lowest ability n does not change as the results of a change in the tax.

d
The same is true for %lllvl (tz,T,7) f(71), because the highest ability isn t influenced

by the height of ¢, either.

16



oA [On. e 9
o4 _ [ e . g)f(ne)} + [ w G rman (36)

One )
{azc Doy (g, 7, ne) f(ne)} + /n e v a:; f(n)dn (37)

5)ne 8”6
Ttx\PUO (t:m g) f(nE) and 8t3;

because the extensive margin is defined by the individual that is indifferent between

Apart from this, Uy (ts, ™) f(ne) cancel out. This is

working. The difference between the utility of the two groups directly at the extensive

margin equals 0.

Now, the derivative can be written as:

94 [ du, " oy
@_/n v (n)dn—!—/nellf (n)dn (38)

81)0

Oty

0
The partial derivatives of indirect utility and Wvl, which have been derived be-
xr

fore, are than put into this equation.
This yields:

9A (™ "
pr. :/n —WUAz, f(n)dn + /ne —U Az, f(n)dn (39)

The equation describes the welfare loss at the individual level which is caused by higher
prices of the dirty good. It is divided into two integrals because the loss of income is

likely to be different for people who work and people who don ’t work.

6.3.2 Government revenue non-workers

In the following, the partial derivative of part B will be derived. It describes the govern-

ment revenue collected from non-workers.

B [ [(taryft) - 9) )] (40)

17



Using the Leibniz rule, the following equation arises:

81;5?) — n{g?j[txa:g (tz) —g}f(ne)Jr/nm(tm) [% (t2) +t““‘gatﬂf(")dn} (1)

This equation describes the change in overall welfare that is caused by a change in
government revenue that can be attributed to people who stop working and people who
work neither before nor after, but pay a different amount of tax for what they consume

and also change the amount of x they consume.

6.3.3 Government revenue workers

The term C is also derived by applying the Leibniz rule.

C=n /nn [txx(tx, n)+ 7z, + s] f(n)dn (42)

e

The derivative looks as follows, when taking into account that 7 does not change as a

result of a change in the tax:

dC One
E = ')7{ [— at, <tz$(tx, ne) + TZne + 5>f(n€)

+ /n Zm (:v (teyn) + ta 825”) > f(n)dn}

Adding up the derivatives of B and C, the following equation arises:

8(%20) = ?7{ g?: : Ktmmg (tz) — g) - (tmx (te,ne) + T2ne + s)} f(ne) — (44)

ne(te) T n z (n
+f (xg<tx>+tx§tz>f<n>dn+ / (t)<x(n,tx)+txaafx)>f(mdn} (15)
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Line 44 describes the marginal costs of a carbon tax in terms of a loss in welfare, be-
cause of people who stop working. This cost occurs in terms of a loss in tax revenue
and in terms of the transfer, which the government has to pay additionally. In short,
it is the revenue that the government loses at the extensive margin. Line 45 describes
costs/benefits in terms of the loss/gain of revenue within each of the groups, because the
revenue generated through every good that is consumed, changes. In addition to that,
the change in consumption of each of the groups changes revenues. This effect could be
called an effect at the intensive margin of consumption. Somebody who works before
and after the change in the tax might still commute, but try to commute less regularly

or avoid rush hour.

6.3.4 Expenditures

The last part of the Lagrangian that has to be derived are the summands which describe
the costs faced by the government; the public resource requirement G and costs which
arise through the externality E(X).

The public resource requirement does not change as a result of the change in the tax
because any potential reform is assumed to be revenue neutral. Therefore, the partial

derivative with respect ¢, is 0 and can be dropped.

oG
-0 46

oL, (46)

The costs caused by the externality change, depending on the change in consumption

induced by the change in the tax.

9B _9B(X) 0X
ot,  O0X Oty

(47)

Thereby, X is the overall consumption of the dirty good defined and derived as follows,
again assuming that lowest ability n and highest ability n are not changed by the tax
ty.

X/nne 2o f(n) dnJr/nﬁx(n)f(n)dn (48)

e
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0X  (0One e Oz One f
5 = (Gt + [ G- (Gow o s ) + [ 25 g
(49)
This can be summarized as follows:
oX  On. " ox
. = e {xg — x(ne)} f(ne) —|—/n o (n)dn (50)

Again, when it comes to consumption there is a change at the intensive and the extensive
margin. People change their consumption when switching groups, but also adapt their

consumption within the group of workers and non-workers.

6.4 Optimal tax

Shortly summarized, the following derivatives, all with respect to t,, are important:

% _ /nne —WAz, f(n)dn + /7: —UAz, f(n)dn (51)

6(387:;0) = 77{ g?: |:(ﬁxl‘g (ta:) o g) - (tzm(tmn@) + TZne + S):| f(n€> (52)

+/nneaw) (m (tr)+txgji)f(n)dn+/:(tw) (:c (@Hﬁé?)ﬂn)dn} (53)

% = n{gﬁ?gi} = n{gf( [g?; (xg - x(ne))f(ne) + /" % (n)dn} } (54)

Putting all these partial derivatives together into one equation, the partial derivative

of the Lagrangian looks as follows:

e

% - ‘{ / WAz, f(n)dn + / : \Iw:nfm)dn} (55)
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. /nne(m <x )+t % ) F(n)dn + /n th) (x (n)thmaz t(n)> f(n)dn  (57)

—% BZC (xg - ér(ne))f(ne) + /n % (n)dn} } =0 (58)

n

The derivative above can be used to find an expression that illustrates which mecha-
nisms determine the height of the optimal tax. The right-hand side can be reordered,
such that it can be interpreted more easily. Line 56 is rearranged into line 60, separating
transfer and income tax from the carbon tax. Line 57 is rearranged into line 61, respec-

tively merging the two integrals into one:

0= % - { /: WAz, f(n)dn + /nn \Il)\mnf(n)dn} (59)
050 (=g = o = 5) () + G (1 (02) — Lot ) ) n) - (60
to [ atgmrman s [ 12 o (61)
g | o (e (00) 70) + 5; (njar] (62)

ox ox* x
g R il
at, at, ol
the income effect separately into the equation. Substituting the Slutsky decomposition

The Slutsky decomposition is used to include the substitution and

into the equation, results in the following:
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oL e "
0= o {/n \Il)\ng(n)dn—i—/ \Il)\:rnf(n)dn}

Ne

(63)

T (=972 —5)fne) + 77% (g (t2) = ta(tame)) flne) - (64)

oty

s [ st sn+n [ (G0 - 57 san

- 77%?( [(xg — x(ne)> %f(ne) + /n" gtxxf(n)dn}

(65)

(66)

This can be rearranged by putting together the integrals of the individual indirect utilites

and deviding by n:

( —g— Tz — s)f(ne) + %(tmxg(tm) — th(tw,ne)>f(ne)

In a next step, the first and the second summand can be put together.
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oL roo v (0xr Oz
0= ot :{/n x — n\Il)\xf(n)dn} +/n ty <3tx - ;va[)f(n)dn (71)

+ g?: (9720 —5)flne) + n% (femgta) = tue(te,ne)) Fne) - (72)

- % [(xg - C10(%))(a%gjfﬁ”be) + /n" % (n)dn] (73)

The expression is adapted towards a more readable notation by factorizing the first

1+t,
1+t

summand, including the income effect, multiplying everything by and 7 and rear-

ranging the second summand most conveniently.

oL n U\ Ox oty 14ty Ozx

- g—i [(xg - x(ne))%f(”e) + /n" % (n)dn] (76)

Now, this can easily be turned into a more readable expression, by using two additional
concepts: The compensated elasticity and the social welfare weight. The compensated
elasticity describes the percentage change in the overall consumption of x as a reaction

to a percentage change in the tax t,.

1+t, Oz*
e x  O(1+4ty)

(77)

The social welfare describes the effect of giving an additional euro to an individual in
terms of social welfare. It is composed of the relation between private and social marginal

utility and the change in the consumption, caused by the income effect.
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wo o
n oI’

B (78)

When substituting these two concepts into the equation above, the following equation

arises:
oL (™ "ty
One One (L 6\ _ ¢ a(t 80
+ oL, (7g — T2y — S)f(ne) + T%( xfg( x) - zx( mane))f(ne) ( )
OF an, "o
“ax{(xg‘x“%ﬂeggﬂnd*il/ai “”mﬁ’ =y

Assuming that the labor tax, the intercept of the labor tax s, and the transfer g are
optimal, the following property holds. The reason for this is that in an optimized tax
system - per definition - the marginal benefit of transferring one additional euro to an
individual equals the marginal benefit of giving one euro to the state. Otherwise, it would

not be optimal.

[ =) somdn=0 (2)

Under this assumption, the following equation can be derived:

oL . o
0= o cov (B, x) + 11% /n €pt, 2f(n)dn (83)
one on,
+ atm ( — g —TZp — 3>f(ne) + Ttx(txl'g(tx) - tzl‘(tx,ne)>f(ne) (84)
OF [On, o
_ 87X |:67Zl (l'g - x(ne))f(ne) + aiti (n)dn:| (85)

In the following section, this expression will be interpreted.

24



6.5 Interpretation of results

The term cov (8, x) is a distributional characteristic: The covariance of the tax base
with the social welfare weight will affect how this good should be taxed. The negative
sign shows that if the relation between the two is stronger and people with a higher
welfare weight consume more of the dirty good, the costs in terms of redistribution are
higher and the tax should be lower. If people with a higher welfare weight consume less of

the dirty good, the costs in terms of redistribution are lower and the tax should be higher.

The compensated elasticity also plays an important role. As in standard indirect taxa-
tion, a higher elasticity is an argument to have a lower tax, because if people react to it
more strongly, the costs of the tax in terms of a dead-weight loss of the tax are higher.
However, in the case of Pigouvian taxation, a higher elasticity also leads to higher tax
benefits through a stronger decrease in the externality. How the compensated elasticity
influences the optimal height of the tax, is therefore determined by the relation between
the overall dirty good consumption X and the externality E because this relation deter-
mines the difference in the weight of the two channels. The same is true for the difference
in dirty good consumption between workers and non-workers. A big difference is an ar-
gument to have a lower tax because the loss in revenue and therefore the costs are higher
if people stop working, but it can also be an argument to have a higher tax because the

externality decreases more and the gains are higher. As in the case of the compensated

elasticity it depends on X
Line 71 reflects the change in the government budget due to the change in the extensive
margin. It is determined by the difference in revenue between workers and non-workers,
regarding income tax and transfer as well as dirty good consumption and thereby carbon
tax t,. Apart from this, it is determined by the relation between the location of the ex-
tensive margin and ¢, and by the number of people who find themselves at the extensive
margin. If the extensive margin moves more strongly as a reaction to a change in ¢, or
if there are more people at the extensive margin, ¢, has to be lower, because the costs of

implementing the tax are higher if more people stop working.

How does all of the above relate to the standard Pigouvian tax? The standard Pigouvian
tax is set such that the tax equals exactly the costs of the externality. However, depend-
ing on the compensated elasticity, the location of the extensive margin, the number of
people at the extensive margin, and the differences between workers and non-workers
in terms of revenue and dirty good consumption, it can be higher or lower. The short
intuition for this difference is that the Pigouvian tax interacts with other parts of the tax

system and distributional concerns. These interactions influence the costs and benefits
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of the tax and have to be taken into account when determining its optimal height.

7 Limitations

There are a number of limitations to the model developed here. Some of them come from
the general framework of optimal tax theory, others limitations are more specific. Before
coming to the conclusion and applying results to policy-making, I want to pay some
attention to the limitations of the framework as well as the limitations of this specific

model.

7.1 General Framework

Optimal tax theory can be useful to carve out mechanisms that are hidden because of
non-trivial interactions and to weigh them according to their importance. However, the
framework has a number of limitations that need to be considered carefully before draw-
ing policy advice from the results. In the following, I want to bring up a number of

limitations of optimal tax theory, which are particularly relevant for this paper.

In optimal tax models, labor supply responses are driven by a substitution and an income
effect, and outcomes are determined by these channels. However, the studies which are
used to quantify the relation between wages and labor supply are only evidence for the
quantitative relation, not for the channels. The main drivers could be different and het-
erogeneous across subgroups. This is important because the composition of the channels
matters for the outcomes of optimal tax models. If a large fraction of certain income
groups does not optimize, but try to keep their income level constant or stick to their
full-time job because of security, status, norms, or social commitment, the conclusions
drawn from optimal tax models with respect to these groups are misleading. To give an
example, if some groups stick to their job no matter what, there is no deadweight-loss
with respect to these groups and - following the reasoning of the optimal tax framework

- taxes could be much higher.

Optimal tax theory rests on the assumption that there is a trade-off between labor
supply and government revenue. The aim is to set taxes such, that they optimize wel-
fare in light of this trade-off. However, there are good arguments to support the claim
that this trade-off does not exist. First, a big part of the government revenue is spent on
wages. If people adjust their labor supply little (as the empirical literature suggests), and
have a lower proportion to spend money and thereby create jobs than the government, a
higher government revenue can even increase labor supply. Second, optimal tax models
assume that taxes have to balance labor supply and government revenue optimally un-
der additional constraints and aims. However, the government can influence labor supply

and revenue through other channels, i.e. by taking up debt. If these mechanisms were

26



included and labor supply and government revenue would not entirely rest on the height
of taxes, optimal taxes might look different and depend on other policies. Therefore,
it is unclear to what extent the results of optimal tax models can be used to formulate

optimal policies.

Last, optimal tax models are very sensitive to alternative specifications. Depending on
whether the income tax is linear or not, the relation between leisure and consumption,
the question of whether savings are incorporated or whether there are several generations,
results can differ substantially. If the aim is to get an intuition for different potential
mechanisms, this is not a problem. However, in many cases, optimal tax theory is used
to derive specific policy recommendations. This can be misleading if recommendations
depend on individual model specifications and are not robust to alternative specifications
because the policies recommended are not generally optimal, but only optimal in a very

specific setting, that might differ from reality in key aspects, determining the policy.

7.2 Model with externality and extensive margin

Of course, the limitations mentioned above affect the model developed in this paper. In
the following, I want to name a number of limitations, which do not necessarily affect all

optimal tax models, but rather are more specific to the model at hand.

There is little empirical research on how people react to price changes, as has been
mentioned above. In theory, people react to changes in wages by substituting income
and leisure, whilst there is no difference between a change in income and a change in
prices. In practice, the relation between wages and changes in labor supply might be
different (as explained above) and people could react to changes in prices entirely dif-
ferently. To name one potential difference, changes in wages might be more obvious to
people than changes in prices, such that the reaction could be much stronger. Until fur-
ther research is done, this remains an issue of speculation. Once there is more empirical
evidence on these relations, behavioral findings might need to be incorporated into the

model.

The model at hand captures differences in the absolute amount of consumption of differ-
ent income groups and differences in the patterns of consumption between workers and
non-workers. However, other interactions in terms of utility that influence decisions and
consumption patterns are left out, i.e. the relation between income and the amount of
dirty good consumption. This limits the extent to which distributional concerns can be
taken into account. To be able to investigate these more properly, it might be valuable
to include these into further research on the extensive margin. The same is true for the

question how the externality affects different groups and how the externality might cause
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changes in working behavior and consumption.

8 Conclusion

This paper shows that the extensive margin is decisive in determining the costs and
benefits of a carbon tax. The existing tax system, the primary income distribution,
consumption elasticities, and consumption patterns all affect its optimal height. In the
following, costs and benefits will be summarized. As an outlook, a number of policies
that might allow to move to a better optimum by reducing the costs or increasing the

benefits of a carbon tax, are suggested.

The existing tax system is an important factor in determining the costs of a carbon
tax. First, it determines the incentives to work. If the income tax is higher, the number
of people who potentially stop working is higher and the costs of the carbon tax increase.
Second, it determines the loss in revenue if an individual at the extensive margin indeed
stops working. Economically speaking, laissez-fair governments should therefore imple-

ment higher carbon taxes.

The overall loss of revenue from people who stop working is determined by the number
of people who find themselves at the extensive margin. If more people find themselves
at the extensive margin, the costs of the tax are higher. In the short-term, this means
that countries with more people at the extensive margin should implement lower carbon
taxes. In the long run, the costs of a carbon tax could be lowered by pushing people
away from the extensive margin by changing the primary income distribution i.e. by

educating people well or introducing a minimum wage.

Apart from this, the costs and benefits depend on the consumption patterns of the
different groups. First, depending on the distributional characteristic of the dirty good
consumption, the tax can have costs or benefit in terms of redistribution. If poor house-
holds spend more on dirty goods, the carbon tax is associated with costs in terms of
redistribution. If rich households spend more on dirty goods, the carbon tax is asso-
ciated with benefits in terms of redistribution. Second, just as the income tax, the
consumption patterns influence the extensive margin. If the tax has a bigger effect on
people who work, i.e. because they have to commute, it becomes more attractive not
to work. Third, if people who don’t work, consume less of the dirty good and people
stop working, this is an additional cost in terms of revenue, but a benefit in terms of the

externality. In the following, this trade-off will be explained in more detail.

If a Pigouvian tax is implemented in an existing tax system and internalizing exter-
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nalities is not the only aim, high elasticities imply a higher benefit in terms of reducing
the externality, but also a higher cost, in terms of reducing the revenue. Similarly, it
has costs, but also benefits, if people stop working and potentially decrease their dirty
good consumption. In optimal taxation there is little research on this problem, whilst
politicians seem to have a strong focus on the challenges that come along with a volatile
tax base. To analyze this problem more closely, it might be helpful to use dynamic mod-
els which can represent how revenue and the externality evolve over time, and how the

benefit of this revenue, the cost of the externality, but also the role of other taxes, changes.

This paper has been all about the role of the extensive margin in optimal carbon taxation.
To pursue this question further, it might be interesting to get a better understanding of
the behavior of different subgroups at the extensive margin. Here, it has been assumed
that the responses are homogeneous, to get a first impression of the most important
mechanisms. However, the motivation to potentially stop working might differ from
group to group. Understanding these motivations might be one of the most important
ways of decreasing the costs of a carbon tax and making use of the awareness that the

extensive margin crucially drives labor supply and the costs that come along with taxes.
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