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Abstract

In this paper, I evaluate established and propose novel methods to provide invertible estimates of the

covariance matrix when the amount of variables exceeds the amount of observations. This is done in a

portfolio management setting, where the covariance estimate is essential to form mean-variance efficient

portfolios. The key to derive a feasible estimator in high dimensions is to apply some sort of shrinkage.

Ledoit and Wolf (2004, 2012) introduce (non)linear shrinkage methods as a novel class of estimators

to establish positive semi-definite estimators. My paper extends the current literature by proposing a

new combination of (non)linear shrinkage with the DECO approach of Engle and Kelly (2012) and the

application hereof in several high-dimensional portfolio management environments. I test whether these

methods improve upon established shrinkage methods in constructing covariance estimates. I find that

the extension to DECO models produces stable and invertible covariance matrix estimates, but does not

consistently outperform pure (non)linear shrinkage estimators in high dimensions. However, the strength

and convergence of the asymptotic results are supported by a simulation study.

Keywords – Dynamic Conditional Correlation; Dynamic Equicorrelation; Factor Models;

(Non)linear Shrinkage; Portfolio Management
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1 Introduction

Accurate measures of the covariance matrix and its inverse play a central role in risk and portfolio man-

agement. For example, an optimal efficient portfolio allocation from a mean-variance perspective requires

solving the mean-variance quadratic optimisation problem of Markowitz (1952). This allocation is based on

two inputs: the expected (excess) return for each stock and the associated covariance matrix for the stock

universe of interest. It is well known that the expected returns and volatility of financial asset returns are

not directly observed and have to be estimated from return data. These estimation problems have been

subject in multiple established researches.

For example, Kan and Zhou (2007) estimate both inputs separately, while assuming the known, true value

for the other. They find that the loss of estimating the expected returns or covariance matrix separately,

with respect to the true optimal value, is a function decreasing in amount of observations and increasing in

amount of assets. Furthermore, they show that if both inputs are unknown and have to be estimated, the loss

resulting from estimation is increasing in a multiplicative way, leading to exponentially increasing estimation

errors. Also, Kan and Zhou (2007) show that when the number of assets is relatively small compared to the

sample size of observations, that estimation errors are mainly caused by estimating the expected returns.

However, in a more realistic high-dimensional setting, estimation errors in the covariance matrix significantly

accumulate and become far more costly than errors in estimated expected returns.

Therefore, in this research I solely focus on the latter case, the estimation of the covariance matrix.

For this purpose, I make use of the global minimum variance (GMV) portfolio. The GMV portfolio is

the theoretically mean-variance efficient portfolio with the lowest possible variance achievable, while still

positioned on the efficient frontier. The estimation of the covariance matrix in the GMV portfolio is a

clean problem in terms of evaluating the quality of the estimate, since it does not require estimation of the

expected returns simultaneously. Thus, by isolation it reduces estimation error. I investigate the ability of

several methods to construct a covariance matrix estimate to ultimately achieve the minimum variance. I

follow this procedure while the amount of assets diverges with respect to the amount of return observations.

For the estimation of the covariance matrix, the sample covariance matrix is a natural candidate. Several

advantages of the estimator include: simple in construction, unbiased and intuitively appealing as it is the

sample estimator of the theoretical second moment. However, in current financial settings, it is often the

case that the amount of assets is of much larger magnitude than the amount of daily observations. Then,

the estimate of the sample covariance matrix contains a significant amount of sampling error as documented

by Jobson and Korkie (1980) among others. They state that the most extreme coefficients in the matrix

tend to take on extreme values not because of their true value, but due to extreme amounts of errors. This

optimal solution tends to turn into what Michaud (1989) calls error maximisation.

2



Summarising, the sample covariance matrix has a number of undesirable properties when the dimension of

the investment universe is large. First, when the amount of assets is larger than the amount of observations,

the sample covariance matrix is not of full rank, so its inverse will not exist. Furthermore, even when the

amount of assets is of approximately equal size as the amount of observations, the estimate is unstable. The

total amount of parameters to be estimated is of the same order as the total size of the data set and grows

quadratically. This leads to the fact that not all parameters can be estimated consistently and inverting this

unstable estimate amplifies estimation errors. Making use of this inverted estimator results in weights far

from optimal and will most likely not fulfill the task of minimising the variance. This emphasises the need for

a fundamentally different research direction. Estimators have to be able to decrease the estimation error for

the parameters and to handle high dimensions. Over the past twenty years, the bibliography on decreasing

estimation error of the covariance matrix in high-dimensional settings is ever-growing. The extensive amount

of data and novel methods pave the way for researchers to develop new methods while using information of

only a very limited sample size.

A promising direction to estimate the covariance matrix, is to apply some sort of shrinkage. The main

principle of shrinkage is to introduce bias in the estimator, such that the variance of the covariance estimator

can eventually be reduced to a minimum. This results in an estimator with the optimal trade-off of minimal

combined bias and variance. Shrinkage is often applied as an effective method to decrease estimation error

of the covariance matrix. This is frequently done by shrinking the sample covariance matrix to a positive

semi-definite, invertible matrix by making use of a structured target matrix. Target matrices are considered

to have some sort of supportive structure, associated with statistical or economic theory.

Overall, the amount of parameters that has to be estimated in the target matrix is much less than in

the sample covariance matrix. Therefore, it can be estimated more easily and with less estimation error.

However, a target matrix can be highly biased if the underlying theories, statistical or economic, are not

capturing the structure of the actual, unknown covariance matrix well. Ledoit and Wolf (2004) are among

the first to make use of this promising technique. However, the nature of the problem is highly nonlinear and

therefore a nonlinear transformation could deliver even better results. Therefore, Ledoit and Wolf (2012)

upgrade the covariance estimation to the nonlinear domain. They find that an individualised shrinkage

intensity for every sample eigenvalue, instead of a single value for all eigenvalues, reduces estimation error

even more. However, the problem is mathematically more challenging, but worth the extra effort.

A different approach is to make use of factor models in order to capture cross-asset correlations. If it is

possible to capture a significant part of cross-sectional variability with only a few factors, then the number

of parameters in the estimation of the covariance matrix can be significantly reduced as promoted by Fan,

Fan, and Lv (2008). The factors in these models can be determined to have strong economical or statistical

interpretations, allowing for flexibility of this class of estimators. The implied covariance matrices from factor

models can then also be used as a target in linear shrinkage models, combining the prosperous characteristics

of both methods.
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Aforementioned estimators fall in the class of static models, as they make use a static set of returns

(and factors). Another interesting direction is to make use of dynamic models to estimate the time-varying

covariance or correlation in a time series setting. One method proven to be useful is the dynamic conditional

correlation (DCC) method, as described by Engle (2002). DCC models possess the flexibility of univariate

GARCH models, but do not have the complex parameter estimation as in multivariate GARCH. Further-

more, DCC models are able to describe the development of the correlation as varying over time, which is a

characteristic of asset returns as shown by Bollerslev (1986) among others. However, the parameters in DCC

models are estimated using partial instead of full likelihood function maximisations. Due to this dependence

on partial likelihoods, this method in general will be inefficient. In addition, Engle and Kelly (2012) promote

dynamic equicorrelation (DECO) models. These models assume that all pairs of returns have the same

correlation on a given day, but allow for time-varying correlation.

My paper extends the current literature by combining (non)linear shrinkage techniques with the dy-

namic equicorrelation approach. I test these methods in a portfolio management setting, in which the goal

is the classical example of minimising the out-of-sample variance by constructing global minimum variance

portfolios. Furthermore, I compare the out-of-sample performance with current state-of-the-art covariance

estimators in extremely high dimensions. This is done in various empirical environs in order to distinguish

and evaluate overall performance. Ultimately, I test whether proposed dynamic equicorrelation methods im-

prove upon individually established (non)linear shrinkage methods in constructing covariance estimates. My

research question thus states: “To what extent can dynamic equicorrelation models with (non)linear shrink-

age targets improve upon the estimation of the covariance matrix by pure (non)linear shrinkage estimators

in high dimensions?”.

I find that the extension to DECO models produces stable and invertible covariance estimates. Even

without imposing a pure shrinkage prior target in the DECO process, the method is able to efficiently shrink

the covariance matrix. Although, the estimators do show the capability of minimising the variance, the

diverging results in the robustness analyses do not unanimously favour using DECO models above DCC,

pure (non)linear shrinkage methods or factor implied shrinkage methods. In the simulation study, I find that

the estimates of the inverse covariances based on DECO models converge in increasing dimensions. Also,

the deviations itself show very small standard deviations, indicating stability of these methods.

The remaining of this paper is structured as follows, Section 2 lays down the problems with the sample

covariance and introduces the global minimum variance portfolio formation rules. Next to that, this section

describes the different techniques used to estimate the (inverse) covariance matrix along with the description

of the evaluation criteria. Furthermore, this section describes shifted empirical settings for which I perform

the analysis. Section 3 describes the data that I use throughout the report. In Section 4, I discuss the

convergence of the proposed methods in a theoretical simulation setting. Section 5 comprises the results

for the general setting as well as for the robustness analyses. Finally, Section 6 and Section 7 conclude the

findings in this paper and discuss the methods and results.
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2 Methodology

In this section, I first highlight the general conventional estimator of the covariance matrix. Afterwards,

I introduce the portfolio variance minimisation problem, which analytical solution involves the (inverse)

covariance matrix estimate. In the sections following, I review recent advanced methods that have the

purpose of estimating the covariance matrix with less estimation error in high dimensions. I conclude this

section with evaluation criteria and the description of robustness checks.

2.1 General Sample Covariance

Suppose asset returns are captured in some matrix Y . Let Yt = (Y1t, . . . , YNt)
′ be the N × 1 vector of asset

returns for t = 1, . . . , T . Throughout the report, I denote the amount of assets as N and the amount of

observations as T . For example, Yi,t is the return for asset i at time t, for i = 1, . . . , N and t = 1, . . . , T .

Suppose E(Y ) = µ and E[(Y − µ)(Y − µ)′] = Σ. I assume Σ has a full rank equal to N . The sample mean

and sample covariance are then respectively defined as Ȳ = 1
T

∑T
t=1 Yt and S = 1

T−1
∑T
t=1(Yt− Ȳ )(Yt− Ȳ )′.

2.2 Global Minimum Variance Portfolio

I consider the optimal formation for the portfolios containing N assets to be the global minimum variance

portfolio. Without short-sales constraints the problem is formulated as

min
w

w′Σw (1)

s.t. w′1 = 1,

where Σ is the N × N covariance matrix, w is the N × 1 vector of weights in the underlying assets and 1

denotes a vector of ones of size N × 1. The analytical solution is given by

w =
Σ−11

1′Σ−11
. (2)

However, the true population covariance matrix Σ is often not observed. In that case a natural strategy

is to replace the unknown Σ by a plug-in estimator Σ̂, yielding feasible portfolio weights. The estimation

of the GMV portfolio weights is a clean problem in terms of evaluating the quality of the estimate of

the covariance matrix, since it does not require estimation of the expected returns simultaneously and

hence reduces estimation error. Also, the estimated GMV portfolios have desirable out-of-sample properties

according to established research. This holds not only for minimising risk, but also for attaining a relatively

high reward-to-risk level as pointed out by Jagannathan and Ma (2003) among others. The ultimate goal of

the GMV portfolio, by construction, is to reduce the out-of-sample variance to the achievable minimum while

retaining mean-variance efficiency. I evaluate the out-of-sample standard deviation for GMV portfolios using

several different methods to estimate the (inverse) covariance matrix and portfolio weights. I also include

the equal-weighted 1/N portfolio as promoted by DeMiguel, Garlappi, and Uppal (2009) as a benchmark.
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2.3 Covariance Matrix Estimators

2.3.1 Static Models

Factor Based Models

The main problem of the estimation of the covariance matrix in high dimensions is the estimation error,

which is caused by a high amount of parameters that has to be estimated. As derived by Ross (1976)

using the Arbitrage Pricing Theory (APT) and applied in broader economic settings by Chamberlain and

Rothschild (1982), a factor model can be used to explain asset returns. Factor models are one of the most

frequently used methods to reduce the amount of variables and are widely accepted as a statistical tool for

modelling multivariate volatility in finance as done by Fan et al. (2008) among others.

The main idea behind factor models is that, if it is possible to capture a significant part of cross-sectional

variability with only a few factors, then the number of parameters in the estimation of the covariance matrix

can be significantly reduced. The general notation for such a factor model is given by

Y = C +BF + ε, (3)

for an N -dimensional K-factor model where Y is the matrix of returns, C is a matrix of constants and

B = (b1, . . . , bN )′ with bi = (bi,1, . . . , bi,K)′, for i = 1, . . . , N , are the factor loadings. Furthermore, F is the

matrix of factors and ε a matrix of idiosyncratic error terms, which are assumed to be uncorrelated with the

factors F . Under this model, the covariance matrix can then be estimated by plugging in the least squares

estimates as follows

Σ̂ = B̂Σ̂f B̂
′ + Σ̂ε. (4)

Here, Σ̂f is the covariance matrix of the factors and Σ̂ε is the covariance matrix of the residual terms of the

factor representation in (3) and is assumed to be diagonal. The matrix of estimated regression coefficients

can be written as B̂ = Y F ′(FF ′)−1 and is achieved by making use of a linear regression in the sklearn

module in Python. Apply the Sherman-Morrison-Woodbury formula to (4) to derive the estimated inverted

covariance matrix

Σ̂−1 = Σ̂−1ε − Σ̂−1ε B̂[Σ̂−1f + B̂′Σ̂−1ε B]−1B̂′Σ̂−1ε . (5)

The general form of the factor model is defined without actually specifying the (amount of) underlying factors

and the choice for factors remains. Any factors that have statistical or economical explanatory power can

be chosen. I consider the well-known one factor CAPM model as introduced by Sharpe (1964) as well as the

3- and 5-factor models as introduced by Fama and French (1993, 2015), all exactly specified. Furthermore,

a latent factor model based on sparse Principal Component Analysis (PCA) is discussed in the next section.
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POET

As noted in the general formulation of the factor-based approach, the factors are left to be specified. Instead

of making use of economic theories underlying the factors, it is possible to approach this problem by inferring

factors based on characteristics of the original data by means of PCA. Fan, Liao, and Mincheva (2013) deal

with the situation in which the factors are unobserved and must be inferred. Due to the estimation of

unobserved factors less, possibly incorrect, structure is assumed, but this comes at the cost of a decrease in

the rate of convergence. However, as N gets large enough, this effect becomes negligible and the covariance

matrix can be estimated as if the factors are known.

This approach is simple and optimisation free as it uses the data only through the sample covariance

matrix. This can be done by firstly running the singular value decomposition on the sample covariance matrix

of the returns. Then, isolate the covariance matrix that is formed by the first K principal components and

apply a thresholding procedure to the remaining covariance matrix. This results in a principal orthogonal

complement thresholding (POET) estimator. By making use of the underlying data the optimal number of

common factors K can be determined. The resulting estimated covariance matrix can be decomposed in the

spectral domain as

Σ̂ =

K∑
i=1

λ̂iξ̂iξ̂
′
i + R̂T , (6)

where K is the number of (estimated) diverging eigenvalues of Σ, λ̂i are the ordered eigenvalues and ξ̂i the

corresponding eigenvectors. In my applications, I choose K to be the optimal solution to the minimisation

problem as described by Bai and Ng (2002), such that

K̂ = arg min
0≤K≤M

log

(
1

NT
||Y − 1

T
Y P̂ P̂ ′||2F

)
+Kg(T,N). (7)

Here, M is an arbitrary large upper bound smaller or equal to N , Y is the N × T returns matrix, P̂ is a

T ×K matrix, whose columns are
√
T times the eigenvectors corresponding to the K largest eigenvalues of

the T × T matrix Y ′Y . Furthermore, g(T,N) is a penalty function, for which I use the first information

criterion as given by Bai and Ng (2002), g(T,N) = N+T
NT log

(
NT
N+T

)
.

Furthermore, I define R̂T , the principal orthogonal complement after thresholding, as

R̂T = (r̂Tij)N×N , r̂Tij =

r̂ii i = j,

sij(r̂ij)I(|r̂ij | ≥ τij) i 6= j,

(8)

where sij(·) is the generalised shrinkage function of Antoniadis and Fan (2001) and τij > 0 is an entry-

dependent threshold parameter. The threshold can be chosen such that it is flexible and can incorporate

hard thresholding rules such as sij(x) = xI(|x| ≥ τij) and constant thresholding such as τij = δ. However,

in practice the most useful application is by making use of adaptive thresholding as follows

τij = τ
√
r̂iir̂jj , ∀τ > 0, (9)
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where r̂ii is the i-th diagonal element of the principal orthogonal complement before thresholding, R̂. This

is equivalent to applying the threshold with parameter τ to the correlation matrix of R̂. Combining the

thresholded matrix and the matrix from the first K eigenvalues and eigenvectors results in the POET

covariance matrix estimator in (6).

In order to denote the estimated inverse covariance matrix, I write Λ̂ = diag(λ̂1, . . . , λ̂K) as the first

K leading empirical eigenvalues and Γ̂ = (ξ̂1, . . . , ξ̂K) as the matrix of corresponding leading empirical

eigenvectors. Then, the POET estimator for the inverse covariance matrix can be defined, again by using

Sherman-Morrison-Woodbury, as

Σ̂−1 = R̂T
−1

− R̂T
−1

Γ̂(Λ̂ + Γ̂′R̂T Γ̂)−1Γ̂′R̂T . (10)

Linear Shrinkage

Ledoit and Wolf (2004) argue that, without prior knowledge about the true covariance matrix, an imposed

(factor) structure is in general misspecified and can exhibit large amounts of bias. Therefore, a different

approach for promising estimators of the covariance matrix in high dimensions, is to combine the structure

and interpretation of the pure factor-based methods with the characteristics of the data in the sample

covariance matrix. A combined estimator inherits good conditioning properties and can be more accurate

than the individual estimators. This class of estimators is generally known as linear shrinkage estimators.

The general idea of shrinkage is to find the optimal trade-off between error due to bias and error due

to variance. This optimum is reached by introducing bias to minimise the variance of the estimator. This

trade-off was already central to shrinkage techniques described by Stein (1956). Ledoit and Wolf (2004)

introduce a class of estimators that have the linear optimal shrinkage solution. In this sense, optimality

is meant with respect to some quadratic loss function and asymptotically as the amount of observations

and the amount of variables go to infinity together. In its general form, a linear shrinkage estimator of the

covariance matrix is given by

Σ̂ = αΦ̂ + (1− α)S, (11)

where α ∈ [0, 1] and denotes the shrinkage intensity, S is the sample covariance matrix and Φ̂ is the shrinkage

target, which can be the identity matrix or 1-factor model implied covariance matrix as respectively used by

Ledoit and Wolf (2004) and Ledoit and Wolf (2003) or another well-behaved target matrix.

As discussed before, the shrinkage intensity parameter α is chosen such that it is optimal with respect

to some loss function, L(α). This loss function is defined as a quadratic measure of distance between the

sample and the true covariance matrix. In my research I base the loss function on the Frobenius norm,

similar to Ledoit and Wolf (2004). Furthermore, for the target matrix, the identity matrix as well as the

1-factor model implied covariance estimate as in (4) are evaluated. For the formulas and proofs regarding

asymptotically optimal shrinkage intensity solutions, I refer to Ledoit and Wolf (2003, 2004).
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Nonlinear Shrinkage

Linear shrinkage can heavily improve estimation of covariance matrices by making use of sample eigenvalues.

As Ledoit and Wolf (2004) show, sample eigenvalues can be improved in the estimation of the covariance

matrix by replacing them with convex linear combinations with all elements shrunk using a single inten-

sity. However, when linear shrinkage does not sufficiently improve the estimation of the covariance matrix,

extension to the nonlinear domain might be preferred. The intuition behind nonlinear shrinkage is that

it improves upon linear shrinkage by applying different shrinkage intensities for different eigenvalues. By

relaxing the estimation of the covariance matrix to the entire parameter space, instead of just the linear part,

the nonlinear estimator often performs better than the linear variant as shown by Ledoit and Wolf (2012)

among others. In finite-sample, the linear shrinkage estimator rarely outperforms its nonlinear counterpart,

only when the linear shrinkage estimator is nearly optimal already.

By proofs following from arguments introduced by Marčenko and Pastur (1967), which relate sample

and population eigenvalues, it is possible to show that linear shrinkage is the first-order approximation of

a fundamentally nonlinear problem. Furthermore, the findings of Marčenko and Pastur (1967) imply that

there exists a limiting sample spectral distribution such that

FN (x)
a.s.−→ F (x),∀x ∈ R\{0}. (12)

The limit in (12) states that the average number of sample eigenvalues falling in any given interval is

asymptotically known. In order to define the relation between sample eigenvalues and population eigenvalues,

it is useful to make use of the Stieltjes transform to the complex domain. For any non-decreasing function

G(·) on the real line, mG denotes the Stieltjes transform of G(·) such that

mG(z) =

∫
1

λ− z
dG(λ),∀z ∈ C+, (13)

where λ denotes the eigenvalues and C+ denotes the positive half-plane of complex numbers with a strictly

positive imaginary part. The empirical distribution function of the population eigenvalues is defined by the

limiting spectral distribution function, which is specified as

H(t) =
1

N

N∑
i=1

1[λi,+∞)(t),∀t ∈ R. (14)

Here, N denotes the amount of eigenvalues, λi denotes the eigenvalues for i = 1, . . . , N and 1 denotes the

indicator function of a set. Silverstein (1995) states that the unique solution, relating F (·) to H(·), is the

solution to the equation

mF (z) =

∫ +∞

∞

1

λ [1− c− czmF (z)]− z
dH(λ),∀z ∈ C+, (15)

where H(λ) is the limiting spectral distribution function as in (14), c = N
T and mF (z) is the Stieltjes

transform of the sample spectral distribution F (λ). Next to that, Silverstein and Choi (1995) show that

lim
z∈C+→λ

mF (z) = m̆F (λ),∀λ ∈ R\{0}. (16)
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Furthermore, let the linear operator L transform the c.d.f. of H(λ) into

LH(λ) =

∫ x

−∞
λdH(λ). (17)

Combining the transformed c.d.f. with the Stieltjes transform results in

mLH(z) =

∫ +∞

−∞

λ

λ− z
dH(λ) = 1 + zmH(z). (18)

Then, for every λ in the interior of the support function Supp(F ), which is defined as in Silverstein and Choi

(1995), there exists a unique vλ ∈ C+ such that

vλ − cvλmLH(vλ) = λ (19)

has a unique minimising solution v̂λ ∈ C+, which is uniform in λ. Then, it is able to find a consistent

estimator of m̆F (λ), also uniformly in λ, given by

m̆F (λ) =
1− c
cλ
− 1

c

1

v̂λ
. (20)

Using these preliminaries, Ledoit and Wolf (2012) develop an estimator based on the decomposition of the

covariance matrix in the spectral domain, which can be represented as

Σ∗ = UL∗U ′. (21)

Here, L∗ = diag(l∗1, . . . , l
∗
N ) with l∗i = u′iΣui for i = 1, . . . , N and U is the matrix of eigenvectors whose i-th

column is the sample eigenvector belonging to the i-th sample eigenvalue. The interpretation of l∗i is that

it captures how the i-th sample eigenvector, ui, relates to the population covariance matrix Σ as a whole.

However, this matrix is unobserved and thus has to be estimated. For this purpose Ledoit and Péché (2011)

show, by generalising the relationship found by Marčenko and Pastur (1967) between sample and population

eigenvalues under large-dimensional asymptotics, that l∗i can be approximated by the oracle quantity

l̂ori =
λi

|1− c− cλim̆F (λi)|2
, (22)

where λi are the sample eigenvalues for i = 1, . . . , N , c = N
T and m̆F (λi) is defined as in (20). Then, the

oracle estimator of the covariance matrix is given by

Σ̂or = UL̂orU ′, (23)

where L̂or = diag(l̂or1 , . . . , l̂
or
N ) is the diagonal matrix of shrunk eigenvalues and U is the matrix of accom-

panying, unchanged eigenvectors. This estimator is feasible and consistent as is does not depend on the

unobserved population covariance matrix, but only on the limiting distribution of sample eigenvalues λi and

the consistent estimator of the unknown quantity m̆F (λi). Note that Σ̂or constitutes a nonlinear shrink-

age estimator, since the value of the denominator of lori varies per eigenvalue λi. Therefore, the shrunk

eigenvalues lori are obtained by applying a nonlinear transformation to the sample eigenvalues.
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I make use of the derivation of the consistent, so-called bona fide, estimator as in (23) and described by

Ledoit and Wolf (2012). This bona fide estimator approaches the oracle estimator and is not dependent on

an unknown quantity for N < T . Furthermore, Ledoit and Wolf (2015) extend the estimation for the N > T

case. For additional details and convergence proofs I refer to their works. I have consulted Michael Wolf’s

published MATLAB code1 in order to produce feasible (non)linear shrinkage estimators in Python.

2.3.2 Dynamic Models

DCC Models

Before 1980 most theoretical time series derivations assumed the variance to be fixed over time. However,

there is an ever-growing library of research indicating that variance is not fixed but varying over time, hence

conditional. Engle (2002) proposes Dynamic Conditional Correlation (DCC) estimators, which greatly sim-

plify multivariate specifications while allowing the conditional correlation to vary over time. DCC estimators

can have the flexibility of univariate GARCH models, but not the troublesome complexity of conventional

multivariate GARCH models. The main idea behind DCC-type models is to first estimate individual condi-

tional covariance and GARCH model parameters for all of the underlying assets and then use these estimates

conditionally to estimate the parameters of the dynamic model. The general formulation of a univariate

GARCH conditional variance model, as introduced by Bollerslev (1986), is given by

hi,t = ωi + aiy
2
i,t−1 + bihi,t−1, (24)

where hi,t is the conditional variance for asset i at time t, ωi can be seen as some sort of asset specific mean-

reverting variance which has to be estimated. Furthermore, yi,t−1 denotes the return of asset i at time t− 1.

The variance parameters in this model (ωi, ai, bi) can be estimated by maximum likelihood, for this purpose

I make use of the implemented arch module in Python. Once those parameters have been estimated, the

next step is to eliminate the conditional volatility from the residuals, sometimes called “de-GARCHing” in

literature. The standardised residuals are given by

εt = D−1t yt, where D−1t = diag
(√

hi,t

)
. (25)

In general, changes in correlations appear to be temporary and mean-reverting. A DCC specification that

captures this assumption is analogous to the GARCH model in (24) and can be denoted as

Qt = Ω + αεt−1ε
′
t−1 + βQt−1, (26)

1https://www.econ.uzh.ch/en/people/faculty/wolf/publications.html
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where Qt is an approximation to the conditional correlation matrix, Ω can be seen as a matrix which Qt

reverts to and εt−1 are the standardised residuals as in (25). The DCC parameters (Ω, α, β) are analogous to

the variance parameters in (24), except that these are correlation parameters instead of variance parameters.

Unfortunately, the amount of model parameters that has to be estimated is quite high ( 1
2N(N + 1) + 2

for N assets), which can lead to computational issues. To overcome this, an adjustment can be made by

fixing the mean-reverting matrix Ω to a pre-specified estimate of the correlation matrix. For example, the

unconditional correlation matrix of the standardised residuals can be used. Hence, it is possible to write

R̄ =
1

T

T∑
t=1

εtε
′
t and Ω̂ = (1− α− β)R̄. (27)

Substitute this into the specification in (26) to write the DCC process as

Qt = Ω̂ + αεt−1ε
′
t−1 + βQt−1. (28)

Note that the amount of parameters that has to be estimated is heavily reduced to only two (α, β). Based

on this representation the conditional correlation and conditional covariance matrices are given by

RDCCt = diag(Qt)
− 1

2Qtdiag(Qt)
− 1

2 , (29)

Σ̂t = DtR
DCC
t Dt. (30)

DCC models are designed such that they can account for high-dimensional systems, but as the size increases

full maximum likelihood estimation becomes cumbersome. A way to overcome this is to look at pairs of

assets and make use of the composite likelihood method as described by Pakel, Shephard, Sheppard, and

Engle (2020). The composite log-likelihood method is computed by summing up the log-likelihoods of pairs

of assets while conditioning on the information from the GARCH estimates in the first step. This possesses

great flexibility, but is heavily dependent on a partial likelihood which boasts inefficiency.

The derivation of the conditional likelihood of DCC models is shown in Appendix A. I maximise the like-

lihood by making use of the differential evolution optimiser in the SciPy library. Due to the large amount

of likelihood maximisations and (constrained) optimisation combinations, running time easily exceeds days

for large moving windows. Therefore, I limit the moving window to T = 50 observations for the dynamic

models. I consider portfolio formations based on DCC models, which are estimated with the composite

likelihood method as in Engle, Ledoit, and Wolf (2019). I make use of methods where the target matrix,

Ω̂, is given by the sample correlation matrix of standardised residuals, the linearly and nonlinearly shrunk

correlation matrix estimates.
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DECO Models

Due to the reliance of the DCC methods on the partial likelihood, the approach will in general be inefficient.

Also, the specification of structural assumptions is controversial and prone to errors. Engle and Kelly

(2012) solve this trade-off between imposing (unknown) structure and (inefficient) composite likelihood by

introducing a system in which all pairs of returns have the same correlation on any given time, but allowing for

time-varying correlation. This model is called the Dynamic Equicorrelation (DECO) model and eliminates

computational and presentational difficulties of high-dimensional systems. DECO correlations of assets i and

j depend on all return histories of all pairs of available assets, whereas DCC models only take the history

of those two assets into account. Therefore, DECO models draw more useful information from a broader

set of observations and are able to capture a pooling aspect. In a DECO setting, a matrix RDECOt is an

equicorrelation matrix of N × 1 vectors of random variables if it is positive definite and takes the form of

RDECOt = (1− ρt)I + ρtJ, where ρt =
1

N(N − 1)
(ι′RDCCt ι−N). (31)

Here, RDCCt is the conditional correlation matrix of standardised returns as in (29), I is a N ×N identity

matrix and J is a N ×N matrix of ones. The main idea is to shrink the off diagonal elements of RDCCt to

their average. The estimate of the covariance matrix in this setting is given by

Σ̂t = DtR
DECO
t Dt, (32)

where Dt is the diagonal matrix of conditional individual volatilities and RDECOt is the estimate of the

dynamic equicorrelation matrix as in (31). The inverse of RDECOt is then given by

RDECO
−1

t =
1

1− ρt
I − ρt

(1− ρt)(1 + [N − 1]ρt)
J. (33)

Note that RDECO
−1

t only exists if and only if ρt 6= 1 and ρt 6= −1
N−1 . Furthermore, Rt is positive definite

if and only if ρt ∈ ( −1N−1 , 1). If these prerequisites hold, the estimate of the inverse covariance matrix can

be computed. Again, I consider portfolio formations based on DECO models where the target matrix, Ω̂, is

given by the sample correlation matrix of standardised residuals, the linearly and nonlinearly shrunk corre-

lation matrix estimates.
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2.4 Overview of Models of Interest

Table 1 shows the portfolio formations and methods to construct the covariance matrix with the objective

of minimising the variance as specified in Section 2.2. All calculations and estimations of the covariance

matrices are done in Python 3.7.4.

Table 1: Overview of methods to construct the covariance matrix and form the portfolios.

# Method Description

1 1/N The equal weighted portfolio as promoted by DeMiguel et al. (2009). This can be seen as a benchmark

portfolio.

2 Sample The portfolios where Σ̂ is given by the sample covariance matrix. This portfolio is in general not available

when N > T , since the sample covariance matrix is not invertible in this case.

Static models

3 1F The portfolios where Σ̂−1 is given by the inverse of the exact one-factor implied covariance as in (5).

4 3F The portfolios where Σ̂−1 is given by the inverse of the exact three-factor implied covariance as in (5).

5 5F The portfolios where Σ̂−1 is given by the inverse of the exact five-factor implied covariance as in (5).

6 POET The portfolios where Σ̂−1 is given by the inverse POET estimator as in (10).

7 Lin1 The portfolios where Σ̂ is given by the linear shrinkage estimator as in (11) with the identity matrix as

target matrix Φ̂.

8 Lin2 The portfolios where Σ̂ is given by the linear shrinkage estimator as in (11) with the one factor implied

covariance matrix as target matrix Φ̂.

9 NL The portfolios where Σ̂ is given by the nonlinear shrinkage estimator as in (23).

Dynamic models

10 DCC-S The portfolios where Σ̂ in (30) is obtained with the sample correlation matrix as target matrix Ω̂ in the

DCC process.

11 DCC-L1 The portfolios where Σ̂ in (30) is obtained with the pre-processed Lin1 correlation matrix as target

matrix Ω̂ in the DCC process.

12 DCC-L2 The portfolios where Σ̂ in (30) is obtained with the pre-processed Lin2 correlation matrix as target

matrix Ω̂ in the DCC process.

13 DCC-NL The portfolios where Σ̂ in (30) is obtained with the pre-processed NL correlation matrix as target matrix

Ω̂ in the DCC process.

14 DECO-S The portfolios where Σ̂ in (32) is based on the inverse equicorrelation matrix R−1
t as in (33) with the

sample correlation matrix as target matrix Ω̂ in the DCC process.

15 DECO-L1 The portfolios where Σ̂ in (32) is based on the inverse equicorrelation matrix R−1
t as in (33) with the

pre-processed Lin1 correlation matrix as target matrix Ω̂ in the DCC process.

16 DECO-L2 The portfolios where Σ̂ in (32) is based on the inverse equicorrelation matrix R−1
t as in (33) with the

pre-processed Lin2 correlation matrix as target matrix Ω̂ in the DCC process.

17 DECO-NL The portfolios where Σ̂ in (32) is based on the inverse equicorrelation matrix R−1
t as in (33) with the

pre-processed NL correlation matrix as target matrix Ω̂ in the DCC process.
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2.5 Evaluation Criteria

I report the following out-of-sample performance measures in order to compare the different high-dimensional

covariance estimator methods with each other.

• Average (Avg): I compute the average of the out-of-sample returns in excess of the risk-free rate,

multiplied by 250 to annualise.

• Standard Deviation (Std): I compute the standard deviation of the out-of-sample excess returns

multiplied by
√

250 in order to annualise. This performance measure is minimised by construction

in (1), with lower values indicating the strength of a method to construct a GMV portfolio with the

lowest variance.

• Sharpe Ratio (SR): The annualised Sharpe ratio is calculated as the annualised average divided by

the annualised standard deviation. The Sharpe ratio gives an intuition of the risk-adjusted return per

unit of risk, where a higher Sharpe ratio is superior for a mean-variance investor.

• Utility (Util): For all methods I compute the out-of-sample expected utility as a performance measure

of using portfolio weights ŵ by

Ũ(ŵ) = ŵ′µ̂− γ

2
ŵ′Σ̂ŵ.

For this calculation I use the conventional value of γ = 3. The value of utility is ordinal and is used in

order to determine the preference for a utility investor to assess the relative indifference for the optimal

solutions. I compute the average realised utility for all periods and the relative gain (loss) in utility due

to diversifying from the 1/N portfolio construction. This can be calculated as using portfolio weights

ŵ opposed to equal weighting w
1
N raising the loss function

L(ŵ, w
1
N ) = Ũ(ŵ)− Ũ(w

1
N ).

• Turnover (To): I compute the turnover as the difference between the weights of the underlying assets

in the portfolio at rebalancing dates. Turnover is calculated as

Turnover =
1

M − T − 1

M−1∑
t=1

N∑
j=1

(|wk,j,t+1 − wk,j,t+|).

Here M is the total amount of observations and T is the amount of in-sample observations used for

construction. Furthermore, wk,j,t+1 is the desired asset weight at t+ 1 and wk,j,t+ is the weight in the

same asset before rebalancing. Turnover is a proxy for transaction costs, with high turnover indicating

large deviations in weights between investment universes. In order to maintain the optimal solution, an

investor has to buy or sell stocks and possibly even lever their position, which all lead to an increase in

unfavourable transaction costs. Turnover is only calculated and shown for the portfolios which contain

assets which have a total return history for the complete out-of-sample period.
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2.6 Robustness Analyses

In this section, I describe shifted environments for testing the capabilities of the described methods in order

to construct a (high-dimensional) covariance matrix estimate that minimises the out-of-sample variance. The

first three robustness analyses are included in Section 5, whereas the latter three are discussed in Appendices

B.4, B.5 and B.6

Low Market Capitalisation Habitat

In the general set-up, I choose N assets to construct GMV portfolios based on a random selection from the

largest market capitalisation stocks at the investment dates. This selection procedure makes sure that the

underlying assets consist of stocks of the largest established companies and those are often frequently traded

stocks. However, there resides a well-known size effect, as described by Banz (1981) and Fama and French

(2008) among others, for low market capitalisation stocks as their risk-adjusted returns are significantly

higher and often unexplained by asset pricing models. Therefore, I also construct GMV portfolios consisting

of N assets with the lowest market capitalisation at the investment dates. The performance of the methods

in minimising the variance for the formed portfolios is compared with the regular asset selection procedure.

Short-sale Constraints

Some fund managers are bounded to short-sale constraints, due to for example transaction costs of leveraging,

or risk exposure. Therefore, I also perform and analyse the performance of described methods while imposing

a lower bound of zero on all weights in the portfolio. The non-negative weight constraint is added to the

minimisation problem in (1) such that the new minimisation problem is given by

min
w

w′Σw (34)

s.t. w′1 = 1, w ≥ 0.

This problem can be solved for w with constrained optimisation techniques. As Jagannathan and Ma (2003)

state, this optimisation on its own is a different form of shrinkage as imposed from the weights instead of the

covariance matrix. I discuss the effects of imposing shrinkage both through the weights and the covariance

matrix as imposed by the different methods.

Subperiod Analysis

The out-of-sample period comprises 285 months (or 6,237 days). It might be possible that the performance

of certain models is driven by superiority in subperiods, but does not hold universally. I address this concern

by dividing the out-of-sample period into three subperiods of 95 months (or 2,079 days) each and repeat the

described procedures in each subperiod. Also, a subperiod analysis allows for a more thorough analysis of

how the different methods perform during periods of crises.
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Longer Formation Period

In the general setup, at any investment date h, the covariance matrix is estimated using the most recent

T = 250 daily returns, corresponding roughly to one year of past data. As a robustness check, I also use the

most recent T = 500 daily returns, corresponding roughly to two years of past data, to construct the covari-

ance matrix. This procedure implies that the sample covariance is relatively stable for a higher amount of

assets. This method shortens the out-of-sample period by 250 trading days from the start. Also, the sample

covariance is now invertible for the asset space consisting of N = 250 assets. Besides that, the methods

remains equal. The results are discussed in Appendix B.4.

Different Return Frequency

Throughout the report, I use observed daily stock returns as these are widely available from 1962 onward.

To measure the ability of the methods of minimising the variance for different frequencies and magnitudes of

asset returns, I download and use monthly data from CRSP from 28 June 1985 through 31 December 2019.

In this case, I use the T = 120 most recent months, equalling ten years of monthly asset returns, to estimate

the covariance matrix and subsequently hold the constructed portfolio for one month. Consequently, the

out-of-sample investment period yields 295 out-of-sample returns. The remaining details are as before. The

results are discussed in Appendix B.5.

Portfolios as Assets

So far, I focused on individual stocks as underlying assets in the formed portfolios. This is assumed to be

the most relevant case for fund managers. On the other hand, in academic research often portfolios are used

as traded assets and generally the variance of a portfolio is lower than that of individual assets. To check the

robustness of the findings for the implemented models, I perform the same analysis with sorted portfolios

as assets instead of individual stocks. I consider three sorted portfolio sets of size N = 100 from Kenneth

French’s Data Library2, the sorted portfolios consist of:

• 100 Portfolios formed on size and book-to-market

• 100 Portfolios formed on size and operating profitability

• 100 Portfolios formed on size and investment

For this implementation I use daily data, the out-of-sample period and the formation period are equal to

the general set-up. The results are discussed in Appendix B.6.

2https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data library.html
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3 Data

For this research, I make use of daily stock return data from the Center for Research in Security Prices

(CRSP). The CRSP database covers historical data on US equities for equities listed on the NYSE, NASDAQ

and ARCA. The data set of interest starts from 13 February 1995 up to 17 December 2019, totalling 6,237

trading days. For simplicity, I adopt the common convention that 21 consecutive trading days constitute

one month.

At any investment date, h, a covariance matrix is estimated using the most recent T = 250 daily returns,

corresponding roughly to one year of past data. I construct GMV portfolios using these estimated covariance

matrices. The formed portfolios are then held for one month, without adjusting or rebalancing the weights

of the underlying assets in the portfolio. Thus, the procedure follows a regular buy-and-hold strategy. The

portfolios are updated on a monthly basis, this is done in order to prevent unreasonable amounts of turnover

which in turn lead to unfavourably high transaction costs and this is common practice among academics

and portfolio managers. As a result, the out-of-sample period ranges from 9 February 1996 through 17

December 2019, resulting in a total of 285 months (or 5,987 days). I consider GMV portfolios of assets of

sizes N ∈ {30, 50, 100, 250, 500, 1000}. This range covers the majority of the sizes of important stock indexes,

such as the Dow Jones Industrial Average, NASDAQ and S&P.

For a given combination (h,N), the investment universe is obtained as follows. Firstly, I determine

the 1000 largest stocks, as measured by their market capitalisation on the investment date h, that have a

complete return history over the most recent T = 250 days as well as a complete return history over the next

21 days. Then, I filter for possible pairs of highly correlated stocks, which exceed a sample correlation of

0.95 over the training observations. I leave out the stocks with the lowest market capitalisation of the pair

and iteratively add new stocks until the sample comprises N = 1000 stocks again. Then, I select N stocks

at random from those 1000 stocks, ensuring for example that the assets for the GMV portfolio containing

N = 30 assets are also part of the GMV portfolio containing N = 50 together with 20 other randomly

selected assets. This formation procedure holds for all test sets consisting of increasing amounts of N assets.

These N randomly selected stocks constitute the investment universe for the upcoming 21 days. As a result,

there are h = 285 investment universes possibly containing different assets for different investment dates h

over the out-of-sample periods.
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Figure 1 shows histograms of the average returns and average standard deviation, for all 285 test sets for

N = 1000 assets. Table 2 shows the average returns, denoted as r̄, and average standard deviations, denoted

as σ̄, over all test set observations for the formed portfolios and for the market. The GMV portfolios for

different values of N are for a large part overlapping as the portfolio containing 50 assets contains all assets

from the portfolio containing 30 assets and 20 randomly selected other assets. As can be seen in the table,

average asset returns and standard deviations are very close to each other for the different dimensions, with

returns very close to zero and identical up to 1 basis point for all portfolios of N assets and average standard

deviations within a range of around 1% for all N . Furthermore, it can be seen that the market is scoring

relatively high from a mean-variance perspective, as for the sample on average it attains higher average daily

returns and lower volatility than for any portfolio containing N randomly selected individual assets.

Figure 1: Average returns and average standard deviations in percentages calculated for each of the 285 test sets for the

portfolio containing N = 1000 assets. The sample period ranges from 13 February 1995 to 17 December 2019.

Table 2: Average returns and average standard deviations in percentages over all test observations for the portfolios of assets.

The sample period ranges from 13 February 1995 to 17 December 2019.

N 30 50 100 250 500 750 1000 Mkt

r̄ 0.0295 0.0342 0.0350 0.0344 0.0394 0.0416 0.0425 0.0466

σ̄ 1.5023 1.6093 1.6850 1.7649 2.2538 2.4202 2.4995 1.0796
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4 Simulation

The described methods only focus on empirical asset returns. To check whether the results also hold true in

a theoretical setting, I perform a simulation study in Python with returns simulated from a factor model.

Therefore, I make use of a simulation similar to the one described by Fan, Liao, and Mincheva (2011). The

procedure is split up in a calibration part and a simulation part. I choose to simulate the returns from a

5-factor model, K = 5, with the amount of simulated observations equal to one year, T = 250, and the same

dimensions as in the empirical setting, N ∈ {30, 50, 100, 250, 500, 750, 1000}.

Calibration Part

1. First estimate the parameters in the Fama and French (2015) 5-factor model by using roughly two years

of daily data (500 observations) from 22 December 2017 to 19 December 2019 of the 100 portfolios

sorted on size and book-to-market value. Perform least squares regression yt = Bft + ut and take

the columns of B = (b1, b2, b3, b4, b5), such that B is a 100 × 5 matrix. Gather sample means as µB

and sample covariance as ΣB . These sample moments are used for drawing factor loadings from the

multivariate normal distribution N5(µb,ΣB).

2. Let ut = yt−Bft, then for each portfolio i, let σ̂i be the standard deviation of the residuals of the i-th

portfolio. Store minimum and maximum values as well as sample mean and standard deviation of σ̂.

Let V = diag(σ2
1 , . . . , σ

2
N ), where the σi’s are generated independently from the Gamma distribution

G(α, β) with mean αβ and standard deviation α
1
2 β respectively matched to the sample average and

sample standard deviation of σ̂ and obtain α and β. Create a loop that only accepts a value for σ if it

is between the minimum and maximum value of σ̂. Furthermore, generate si, where si is drawn from

N(0, 1) with probability 0.2√
Nlog(N)

and si = 0 otherwise for i = 1, . . . , N . For each dimension N , create

sparse matrix Σu = V + ss′ − diag(s21, . . . , s
2
N ). Create a loop that generates Σu until it is positive

definite.

3. Assume the factors follow a VAR(1) model ft = µ + Φft−1 + εt for a 5 × 5 matrix Φ and where εt is

simulated i.i.d. from a N5(0,Σε) distribution for t = 1, . . . , T . I estimate Φ, µ and Σε from the data

and obtain Σf .

Simulation Part

For each dimension, N , independently generate return series yt according to the factor model with calibrated

parameters. I generate T = 250 returns per asset, roughly equal to one years of daily returns.

1. Generate bi independently from N5(µB ,ΣB) for i = 1, . . . , N and set B = (b1, . . . , bN )′.

2. Generate ut independently from NN (0,Σu) for t = 1, . . . , T .

3. Generate ft independently from the VAR(1) model ft = µ+ Φft−1 + εt for t = 1, . . . , T .

4. Calculate yt = Bft + ut for t = 1, . . . , T .
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With this simulated returns, yt, it is possible to follow the same procedure in forming an estimate of the

covariance matrix as through the empirical approach. However, now the true covariance matrix from which

the daily returns are simulated from is known. In order to check the capabilities of the different methods to

minimise the variance I compute and compare the distance between the true inverse covariance matrix and

its estimate, 1√
N
||Σ̂−1−Σ−1||F . I make use of 200 simulations and display averages and standard deviations

for increasing dimensions with respect to the amount of observations.

Figure 2 and 3 show the average and standard deviation of 1√
N
||Σ̂−1−Σ−1||F for the simulated returns.

It shows the deviation between the constructed inverted covariance matrix from the simulated data and

the true inverse covariance matrix for 200 simulations. As observed all methods outperform the sample

covariance matrix in constructing the true inverted covariance matrix from N > 50. It can also be seen that

the sample covariance matrix becomes singular and thus very ill-behaved from N = 250.

Furthermore and as expected, the 5-factor implied covariance estimator and POET estimators are among

the best performing methods. By construction, the data is simulated from a 5-factor model combined with a

threshold. The promising POET method of Fan et al. (2013) shows the strong capability of shrinking without

imposing the five factors, but to only use information through the eigenvalues and eigenvectors. Also, the

linear shrinkage toward the 1-factor model is working extremely well. This shows that allowing bias by

linearly shrinking toward the 1-factor implied covariance matrix is a robust method even when the data is

not simulated from a 1-factor model. The dynamic models have somewhat inferior results with respect to

the factor models, however they do show a steadily decreasing deviation pattern for increasing dimensions.

Also, their standard deviation is converging to even lower levels than the factor models. Both these findings

indicate that this class of methods are able to produce stable estimators for the (inverted) covariance matrix

even in high dimensions.

Figure 3 shows the same results as in Figure 2, except for the fact that the sample covariance is now

excluded. All of the methods converge as the dimensionality diverges with respect to the amount of ob-

servations. Also, there is a clear visible decrease in the variance of the deviation with the true inverted

covariance matrix and from N > 250 all estimates remain relatively stable. Despite the good performance

of the 5-factor implied covariance matrix and the POET method, they remain among the methods with

the highest deviations in performance. However, this deviation with other methods is equal for up to three

decimals lacking significance of higher standard deviations.
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Figure 2: Averages and standard deviations of 1√
N
||Σ̂−1 − Σ−1||F , the deviation of the inverse covariance

matrix constructed from the shrinkage method applied to the simulated data with respect to the true

underlying inverse covariance for 200 simulations.

Figure 3: This Figure shows the same results as in Figure 2, excluding the deviations of the performance of

the sample covariance matrix.
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5 Results

In this section, I present the obtained performance measures for the different methods of interest. Firstly,

I describe the capabilities of the methods in minimising the variance by the formed GMV portfolios in the

general setting. Then, I discuss the performance of the methods for the shifted empirical environments.

5.1 Performance of the Formed GMV portfolios

Table 3 shows summary statistics for the underlying weights in the assets of the formed GMV portfolios.

The table shows average minimum and maximum weights in the formed portfolios and the average standard

deviation of the weights. The table gives an indication of how realistic the constructed portfolios are from a

practical point of view. High positive or negative weights could indicate instability and imply that, in order

to construct GMV portfolios, one has to possibly lever their position by taking large short/long positions in

the underlying assets. In general, this is undesirable and impractical due to risk exposure and transaction

costs. For all methods, there is an evident indication of decreasing magnitude in both negative and positive

weights for increasing dimensions, which is as desired for stable methods. Furthermore and as previously

described, the sample covariance becomes ill-behaved as N is roughly equal to or larger than T . This results

in very unstable weights and performance. These incomparable results are not shown in the table(s).

Table 4 and Figure 4 show the annualised performance measures for the different methods of interest.

For N > 100, all shrinkage methods show to be able to produce meaningful, well-behaved covariance matrix

estimates. Next to that, almost all methods decrease the variance with respect to the 1/N portfolio for

all values of N . In general, the POET method turns out to be the most robust shrinkage estimator for

the sample. This method proves to score among the models with the lowest variance out-of-sample in both

low and high dimensions. Next to that, there are no clear preferred methods for the static and dynamic

models. Also, there does not seem to be a clear preference for shrinkage targets in the DCC process across

dimensions. For this sample, the results do not indicate that the dynamic approach outperforms the static

pure (non)linear shrinkage methods in producing estimates that minimise the out-of-sample variance.

For static models, the POET estimator often ranks amongst the models scoring the lowest standard

deviation across dimensions. In general, for higher dimensional cases (N > 250), the pure 1-factor implied

linear shrinkage is also a robust estimator in terms of minimising the out-of-sample variance. On average, the

nonlinear shrinkage methods performs relatively poorly for N > 100, which is not in line with the findings

of Ledoit and Wolf (2017b). Especially when the amount of observations is equal to the amount of assets,

N = 250, the method is not able to successfully shrink the sample eigenvalues in order to produce stable

covariance estimates. This could be due to the fact that there is a large linear dependence between the

selected assets and that for N = 250 all sample eigenvalues are used and shrunk. In that case eigenvalues

could become very close to zero and deteriorate the performance of the shrinkage method. Despite that, the

performance restores somewhat for larger dimensions, but it remains the least-performing shrinkage method.
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For the dynamic models there is no clear winner among dimensions, although there is a slight indication of

DECO models outperforming DCC models for N < 100. All dynamic methods perform roughly equal in

terms of achieving the minimum variance and do not have extreme turnover values. Therefore, the preference

for one shrinkage target over another has to be proven in the time series setting. When comparing the static

and dynamic models, it can be seen that the dynamic models have a good and very stable performance across

all dimensions. However, lower out-of-sample variances can be achieved in higher dimensions (N > 100) by

making use of static methods. This does not hold uniformly as most of the static methods perform worse

for N = 750. Furthermore, the level of turnover is on average lower for the static methods indicating lower

weight rebalancing and possible transaction costs. Moreover, the table shows that the 1/N portfolio attains

the highest average annualised returns and that no GMV portfolios based on shrinkage methods outperform

this method in terms of Sharpe Ratio.

The shrinkage intensities for the pure linear and nonlinear shrinkage methods are shown in Figure 5. For

the linear shrinkage methods, the intensities of both shrinkage methods show a peaked figure, with peaks

before the dotcom bubble and in the period from 2012 to 2016. Furthermore, it can be seen that the intensity

for the method shrinking toward the 1-factor implied covariance on average attains higher, more extreme,

values than the method shrinking toward the identity matrix. During periods of high intensities, the sample

covariance is given a relatively low weight, indicating that it is very ill-behaved or singular. In this cases, it

is beneficial to deviate from the sample covariance and shrink (fully) towards the shrinkage target. As can

be seen in the figure, both shrinkage methods attain relatively low intensities from 2000 to 2012. The global

financial crisis is fully captured in this period and it can be seen that the shrinkage targets are given very low

weights. This could be due to the fact that the factor models are much less explanatory on average during

crisis periods. For example, Bessler and Kurmann (2014) show that stocks of banks had very fluctuating

risk exposures and that the common factors were not able to correctly capture the cross-sectional variation

well during the financial crisis. Whether this holds in a more broader context is left for further research.

The nonlinear shrinkage intensities figure shows the 5-th and 95-th percentile and the median shrinkage

intensity across all shrunk eigenvalues. The figure shows that the median of the intensities is around 0.75

for the sample up to 2008, followed by a small bump following the global financial crisis and a slightly

upward sloping trend from 2009 onward. Because the median value is smaller than 1, on average the

sample eigenvalues are decreased in order to achieve the optimal solution of the nonlinear shrinkage method.

However, there is a large dispersion in deviations for smaller eigenvalues as some smaller eigenvalues are

increased up to 3.0 times during the financial crisis. Also, after the global financial crisis, it can be seen that

the eigenvalues on the lower end are pulled up more. Whether this is because the eigenvalues tend to be

relatively smaller or whether there resides a different structural effect remains for further research.
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Figure 4: Annualised performance measures (Avg & Std in percentages) for the formed GMV portfolios as in Table 4,

N ∈ {30, 50, 100, 250, 500, 750, 1000}. The sample period for the portfolios ranges from 13 February 1995 to 17 December 2019.

This sample comprises of 285 portfolio formations.
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Figure 5: (Non)linear shrinkage intensities for the formed GMV portfolios. The sample period ranges from 13 February 1995

to 17 December 2019, based on 250 training observations used per portfolio for the construction of the covariance matrix and

21 test observations per portfolio. The sample comprises 285 portfolio formations. N = 1000.

5.2 Robustness Analyses Results

In this section, I describe the performance of all implemented static and dynamic methods for constructing

covariance matrix estimates and the goal of achieving the minimum variance in shifted empirical settings.

5.2.1 Low Market Capitalisation Habitat

In order to assess whether the methods perform equally well in a low market capitalisation environment, I

implement the different methods while using daily asset returns of the smallest companies as measured by

market capitalisation. Table 5 shows the performance of the methods with respect to achieving the minimum

variance. For this setting turnover is not shown, since every investment universe will most likely differ due

to the fact that the N lowest market capitalisation assets are varying over time.

On average, the annualised returns and accompanying standard deviations are higher than for the regular

case. This is in line with the underlying foundations of the size effect, as discussed by Banz (1981) and

Fama and French (2008), which state that risk-adjusted returns of smaller companies outperform larger

companies. Furthermore, again the POET shows to be a robust estimator as it performs well in both low

and high dimensions. Next to that, it is interesting to note that the pure linear and nonlinear methods do

not perform well for the returns of low market capitalisation assets. For this sample, dynamic models tend

to achieve slightly lower variance across dimensions, but they do not show a clear winner among shrinkage

targets.
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Along the lines of Banz (1981) and Fama and French (2008), the performance of the method based on the

1-factor model is inferior in small dimensions comparing with multi-factor models which account for this size

effect. However, this effect seems to diminish as the dimensions increase. Also, the sample covariance shows

to be fairly competitive in lower dimensions. This could be due to the fact that, according to Reinganum and

Smith (1983), risk of small firms is much more identified as idiosyncratic rather than systematic. Idiosyncratic

means that it is diversifiable, which can be achieved by holding small firm assets within a relatively large

portfolio. For this sample, the pure nonlinear shrinkage estimator is less unstable for N = 250. Whether this

is due to less dependence between small firm asset returns has to be determined. Regarding utility, nearly

no method is able to outperform the 1/N method in low dimensions.

Furthermore, the dynamic models are again fairly stable for all shrinkage targets and tend to achieve

lower variance for low dimensions up to higher dimensions of N = 750 assets. For all methods there is a

strong declining variance pattern for increasing dimensionality up to N = 250. For higher dimensionalities,

the standard deviations remain roughly the same magnitude. Also, these models outperform the 1/N and

static methods in terms of utility, as almost all methods attain a higher relative value. This indicates that

a utility investor prefers these methods over static methods.

The statistics regarding the weights can be found in Table 10 in Appendix B.1. For every method, the

weights are decreasing in absolute value for the average minimums and maximums, which is as expected

for stable methods. The (non)linear shrinkage intensities are shown in Figure 7 in Appendix B.1. For the

linear shrinkage intensities, the figure completely differs with respect to the regular case. In general, the

linear shrinkage intensities are a lot higher for the low market capitalisation sample than for the regular

sample. This indicates that there is given a heavy weight to the shrinkage target in the optimal solution

and thus that the sample covariance is very ill-behaved. The figure clearly shows the impact of the captured

periods of crises in the sample. During these periods the weight on the shrinkage target decreases and thus

increases on the sample covariance, which also holds for the regular case. Furthermore, the 1-factor implied

linear shrinkage intensity again takes on more extreme values, often attaining the upper bound of 1. Next to

that, it can be seen that this shrinkage intensity remains at a lower level for a longer period after the global

financial crisis around 2008.

The nonlinear shrinkage intensities follow roughly the same pattern as for the regular sample up to 2012,

with the median of the nonlinear shrinkage intensities around 0.75 in the period from 1995 to 2012. Also, the

bumps in increased eigenvalues during the global financial crisis and during the dotcom bubble are clearly

visible. However, after 2012 the nonlinear shrinkage intensities show an upward trend which holds for all

eigenvalues as can be seen by the 5-th and 95-th percentiles increasing as well. This pattern is not present

for the regular case and the cause of this effect is subject for further research.
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5.2.2 Short-sale Constraints

Table 6 shows the performance measures for the robustness analysis involving non-negative weights in the

underlying assets. Only the static methods are considered due to computational constraints, with the con-

strained optimisation combined with minimisation being cumbersome for dynamic models. As Jagannathan

and Ma (2003) argue, constraining the weights to be non-negative can be viewed as implying some form of

shrinkage as imposed from the weights. As can be seen in the table, this type of shrinkage conditions the

sample covariance matrix such that the obtained estimator is feasible even in high dimensions (N > 100).

However, its performance is inferior to all shrinkage methods across dimensions.

For this sample there is a clear winner among the static methods. The 1-factor implied linear shrinkage

model turns out to consistently achieve the lowest out-of-sample variance for N > 30. Also, the general level

of standard deviation is much lower across dimensions. Next to that, the factor models and the POET model

have very similar results. For all dimensions, except when the amount of observations equals the amount of

assets (N = 250) the nonlinear shrinkage method is also a good candidate. However, the performance for

the special case is a recurring non-stable result. Also, the generated average returns are fairly low or even

negative for these two models, indicating that it might not be desired from a return perspective.

Another interesting result is that the covariance matrix from the 1-factor model is performing better than

models which include more economic factors. This does not hold for other sub-samples and remains subject

to further research. Furthermore, the similarity between the performance of the 3- and 5-factor implied

covariance methods and POET methods are striking. Whether this results hold true due to the stopping

criteria of the optimiser or whether the optimal results converge to the same solution, remains for further

investigation. Nevertheless, this underlines the strength of the POET method without actually specifying

the underlying factors. Due to the weight restrictions, there is only put a positive weight in some assets and

turnover is lower in general. Despite the promising results, the outperformance from a utility perspective

with the 1/N strategy does not hold consistently, with all methods attaining lower levels of utility for all

utilities.

The statistics regarding the underlying weights in the assets can be found in Table 11 in Appendix B.2.

By construction, the weights can not be negative for the different methods, which is reflected in the average

minimums being zero or even slightly positive. This constraint also lowers the standard deviations. The

comparable results for the 3F, 5F and POET estimators are somewhat as expected as the underlying weights

are very close to each other. Because this analysis only constraints and adjusts the weights without altering

the covariance estimators, the (non)linear shrinkage intensities for the sample eigenvalues remain the same

as in the regular case and hence are not shown.
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5.2.3 Subperiod Analysis

The performance measures for the subperiod analysis can be found in Tables 7, 8 and 9. For both the

first two subperiods, the 1-factor implied linear shrinkage model turns out to be a robust minimiser in high

dimensions. Only for the last subperiod, the POET method shows to be a more robust candidate. For the

dynamic models, there are no clear winners among dimensions and subperiods. Furthermore, the results do

not support a logical preference for a shrinkage method as a target in the DCC process across subperiods.

The results from the subsamples do not indicate that the dynamic shrinkage approach outperforms its static

counterparts.

For the first subperiod, the 3-factor implied covariance matrix performs best in the lower dimensions

(N < 250) and also has a good performance in the higher dimensions being only consistently outperformed

by the 1-factor implied linear shrinkage method. These methods are both favoured in respectively the lower

and higher dimensions. Again, the pure nonlinear shrinkage method is unstable for N = 250. This holds

across all subperiods and also holds in the regular case. This result shows that the found instability is not

due to specific crisis periods, but tends to be present over the whole sample. The dynamic models show less

clear winners in lower dimensions, but the DCC model with the nonlinear shrinkage as a target is the best

estimator in high dimensions. Furthermore, the methods are very competitive in achieving the minimum

variance for this sub-sample comparing with the static methods.

For the second subperiod, the magnitudes of average returns and standard deviations are more dispersed

among dimensions. Most of the methods have negative average returns during this period, indicating the

impact of the global financial crisis. For the static methods, the linear shrinkage methods mainly reach

the lowest out-of-sample variance across dimensions. The factor implied covariance methods are remarkably

noncompetitive for this sub-sample. This is in line with findings of Bessler and Kurmann (2014), which

indicate that factor models have lower explanatory power during periods of crisis. From higher dimensions

the 1-factor implied linear shrinkage performs uniformly best. For dynamic models, the overall level of

variance out-of-sample is somewhat higher across dimensions than for the other methods. There is no clear

winner in lower dimensions for this sub-sample, but for higher dimensions the DECO method with the sample

correlation matrix as a target is a relatively robust minimiser.
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For the third subperiod, average returns are mainly positive and have the lowest standard deviations across

subperiods. The nonlinear shrinkage method performs good in lower dimensions, efficiently shrinking the

eigenvalues to reach the lowest variance. However, this method deteriorates for larger dimensions. Also,

the POET estimator is a good estimator for semi-high dimensions, but inferior in the highest dimension.

Also, for the dynamic models I find relatively higher average returns and lower standard deviations than

for other subperiods, except for the highest dimensions N = 1000 where the standard deviation is around

12% for every method. What causes this sudden increase remains for more thorough research. In line with

the superior performance of the nonlinear shrinkage method, the DCC method with the nonlinear shrinkage

covariance matrix as a target has a robust performance along dimensions. Comparing the static and dynamic

models with each other, I find that the dynamic models are very competitive across dimensions. However,

this performance deteriorates for the extremely high dimensions case of N = 1000 as the models do not have

the ability of the pure shrinkage methods to decrease the variance to single digit percentages. The cause

remains for further research.

Except for the dynamic models in the third sub-period and the pure nonlinear shrinkage method for

N = 250, almost no method outperforms the 1/N method in terms of realised utility over the sub-samples.

This indicates that there remain arguments for the utility investor in favour of the 1/N method. Regarding

turnover, all methods in the three sub-periods show relatively stable results except for the pure linear

shrinkage methods. These methods show a present monotonically increasing amount of turnover across

dimensions indicating large amounts of rebalancing. Therefore, they are relatively unfavourable from a

pragmatic point of view due to the need and importance of rebalancing in order to achieve the minimum

variance.

Tables with weights and shrinkage intensities can be found in Tables 12, 13 and 14 and in Figure 12

in Appendix B.3. The weights tables show stable patterns of decreasing magnitudes of the maximum and

minimum weights for the first two subperiods. However, for the third sub-sample, this pattern does not

uniformly hold. Especially the factor implied covariance methods and the POET method show relatively high

values for the average maximum values of the weights for N > 250. However, a relatively bad performance

of these estimators is only reflected for N = 1000. What is underlying these increased weights remains for

research. Furthermore, the (non)linear shrinkage intensities are equal to the regular case and hence are only

shown for comparison purposes.
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6 Conclusion

In this paper, I have summarised and extended different existing estimators of the covariance matrix when

the dimensionality does not ensure a well-conditioned sample covariance matrix. My empirical analysis is

based on a stylised version of the global minimum variance portfolio formation as introduced by Markowitz

(1952) under large-dimensional asymptotics, where the amount of assets tends to go to infinity with respect

to the amount of observations.

For this estimation I have used the implied covariance matrix following from 1-, 3- and 5-factor models as

initiated by Fan et al. (2008) as well as latent factor models as proposed by Fan et al. (2013). Furthermore,

I have used linear shrinkage methods, which usage have arisen due to the works of Ledoit and Wolf (2004).

These linear shrinkage methods are extended along the nonlinear domain by optimally shrinking the sample

eigenvalues in a nonlinear fashion in the beneficial works of Ledoit and Wolf (2012). Furthermore, I have

approached the covariance estimation in the portfolio setting dynamically with time-varying volatility. This

is done by first estimating asset returns as individual GARCH series. Then, devolatise the return series and

finally model them while allowing for conditional correlations in the DCC process as introduced by Engle

(2002). These models are extended by Engle and Kelly (2012), by allowing for pairs of returns to have the

same correlation on a given day, but varying over time in DECO models. I combined these two fruitful

dynamic methods with the static shrinkage methods, by first applying the (non)linear shrinkage methods to

construct a pre-processed correlation matrix and then use this as a target matrix in the DCC process.

My main findings are that DECO models ensure stable weights and have the potential to establish

well-conditioned estimates of the (inverse) covariance matrix in high dimensions as well as low dimensions.

However, this class of estimators does not consistently outperform the previously suggested factor implied

or pure (non)linear shrinkage methods. Also, the results do not indicate a strict preference for DECO

models above DCC models. The various and diverging results in the robustness analyses do not point out

one uniform winner among those methods and indicate that the prior chosen shrinkage targets are only

marginally affecting the performance of the estimate with the goal of attaining the minimum variance.

In contrast to the findings of Ledoit and Wolf (2017b), I do not find that the nonlinear shrinkage method

consistently dominates its linear shrinkage counterparts. Especially when the amount of assets equals the

amount of observations, the performance heavily deteriorates. This could be due to some negligibly small

sample eigenvalues entering the nonlinear optimisation due to the high amount of correlation or linearly

dependence between the asset returns. In this case, the optimal nonlinear shrinkage intensities are very

unstable and produce inferior estimates of the covariance matrix. It remains for further research how to

treat such cases. If one estimator has to be chosen as a winner in my research, it has to be the POET

estimator of Fan et al. (2013). This estimator has the capability of being among the most stable estimators

across dimensions and different empirical settings. This is achieved without actually imposing factors and

by only making use of the principal components of the data.
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Next to the empirical study, I performed a theoretical simulation, where I simulate asset returns based on

the 5-factor model with thresholding as described in Fan et al. (2011). For these theoretical returns, the only

method outperforming the 5-factor implied covariance method in minimising the out-of-sample variance, is

the 1-factor implied linear shrinkage model. Also, the POET and dynamic models show very promising

results without actually inferring the true model from which the returns are simulated from. This shows the

strong underlying theoretical optimal solution and the strength of these class of estimators.

Concluding, I have shown that all shrinkage methods of interest are able to effectively produce con-

ditioned, invertible covariance matrix estimates. These methods are able to handle high dimensions, but

could also improve upon common estimators in low dimensions. However, none of the inspected individual

methods is able to consistently outperform another in shifted empirical settings or for other samples of asset

returns.
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7 Discussion

In this research, I focus exclusively on estimating the covariance matrix in high-dimensional settings. The

impact of the estimation error of the expected returns is isolated by using global minimum variance portfolios,

which are only dependent on the estimate of the covariance matrix. This is common practice for researchers,

however an optimal stable estimator, minimising estimation error for both the covariance matrix and expected

returns in high dimensions is still lacking and remains an exhaustive topic in finance and beyond.

Regarding considered methods and results, the POET method turns out to be a very robust estimator

for the covariance even without imposing observable factors but by only making use of the data through

PCA. However, in my research, the choice for the thresholding is somewhat arbitrary. In my research, I

have used the adaptive thresholding function as Fan et al. (2013) do, but any other thresholding functions

could be employed and analysed for performance. Also, for the factor models, I assumed exactly specified

diagonal matrices for the errors. Other initialisations could be employed and used for cross-validation. This

is common practice, but the impact of this restriction has yet to be determined.

Also, for nonlinear shrinkage methods, there is still room for improvement. Ledoit and Wolf (2017a) work

out a method to directly estimate the inverse covariance matrix instead of inverting the estimate. However,

this is still a working paper and the provided code and methods did not result in optimal estimators for

my sample. Next to that, Ledoit and Wolf (2017b) prove that their method is the optimal nonlinear

shrinkage solution for minimising a certain loss function, but acknowledge that it somewhat lacks intuition

or interpretation. Therefore, it is hard to mathematically explain the found instability of this estimator for

the samples when the amount of assets is equal to the amount of observations. Applying a correlation filter

did not overcome this unstable results and thus this remains for a deeper underlying analysis.

Unfortunately, the estimation of DCC-type models remains computationally heavy due to the presence

of multiple likelihood maximisations. Due to this, I have limited the estimation to only include a relatively

small amount of observations per moving window. Estimating and optimising the parameters by making use

of a longer time series window could possibly improve the performance of this class of estimators. Another

extension along the DECO models could be to employ the sorted correlation structures between component

in blocks, called Block-DECO. Block-DECO directly models the block correlation structure ex-ante and

makes use of it within the estimation procedure. In this way, the estimation structure is allowed to have

multiple blocks and employ this structure. A potentially interesting usage of blocks are blocks formed of

stock returns with particular intra- and inter-industry correlation dynamics.
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Other promising directions for improvements are for example in the field of design-free estimation and

graphical lasso. Abadir, Distaso, and Žikeš (2014) introduce design-free estimation by making use of the

orthogonal decomposition of the sample covariance matrix. The estimation exploits conditioned orthogonal

matrices and improves the estimation of the eigenvalues. The key principle is that the eigenvectors are

estimated from only a small fraction of the data. Then, those are used to transform the rest of the data into

approximately orthogonal series that deliver well-conditioned estimators by construction. This method for

constructing covariance matrices has promising characteristics. First, it is design-free in the sense that no

assumptions are made on the densities of the random sample or any underlying parametric model. Second,

the method always delivers nonsingular well-conditioned estimators, which are invertible by construction.

However, the simple sample covariance estimation that Abadir et al. (2014) use in both steps of their

procedure optimises the LS criterion, which is proven to be sub-optimal for estimating the inverse of the

covariance matrix.

A different approach would be to estimate the inverted covariance matrix directly, conditional on certain

financial or statistical factors. Yuan and Lin (2007) introduce penalised likelihoods for this task, optimised

using the graphical lasso (Glasso) algorithm of Friedman, Hastie, and Tibshirani (2008). Graphical lasso

regularises the estimate of the inverted covariance matrix by shrinking all entries. The method sets small

elements equal to zero and results in a sparse matrix. Also, graphical lasso has the advantage of producing

estimates that are symmetric and positive semi-definite. Furthermore, for the calibration it is easy to cross-

validate the regularisation for a given specific task, for example minimising portfolio volatility. In this

way, the method overcomes the issue of inverting high-dimensional covariance matrices, while remaining

computationally feasible. However, one possible drawback is that it is unclear what the factors (should)

represent and the heavy dependence on the structure of the factors. Summarising, there is reasonable doubt

for some of the found results and potential improvements could be made. One paper is not enough to cover

all recent advancements of current state-of-the-art methods and improve upon them in order to deliver an

optimal estimate of the covariance matrix in high dimensions. Indications and proposals given here only

make up a small domain which can be studied more extensively, but demonstrate that there is ample room

for development in high-dimensional covariance estimation.
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Appendices

A Composite Likelihood for DCC

Assume:

yt|t−1 ∼ N (0, DtRtDt) ,

hi,t = ωi + aiy
2
i,t−1 + bihi,t−1,

Dt = diag
(√

hi,t

)
,

εt = D−1t yt,

R̄ =
1

T

T∑
t=1

εtε
′
t,

Ω̂ = (1− α− β)R̄,

Qt = Ω̂ + αεt−1ε
′
t−1 + βQt−1,

Rt = diag(Qt)
− 1

2Qtdiag(Qt)
− 1

2 .

By writing Ht = DtRtDt, the log likelihood can be written as

L = −1

2

T∑
t=1

(
N log(2π) + log |Ht|+ y′tH

−1
t yt

)
,

= −1

2

T∑
t=1

(
N log(2π) + log |DtRtDt|+ y′tD

−1
t R−1t D−1t yt

)
,

= −1

2

T∑
t=1

(
N log(2π) + 2 log |Dt|+ log |Rt|+ ε′tR

−1
t εt

)
,

= −1

2

T∑
t=1

(
N log(2π) + 2 log |Dt|+ y′tD

−1
t D−1t yt − ε′tεt + log |Rt|+ ε′tR

−1
t εt

)
,

which can be split in a volatility part and a correlation part

L(θ, φ) = LV (θ) + LC(θ, φ),

with the volatility part equal to

LV (θ) = −1

2

T∑
t=1

(
N log(2π) + 2 log |Dt|+ y′tD

−1
t D−1t yt

)
,

and correlation part equal to

LC(θ, φ) = −1

2

T∑
t=1

(
log |Rt|+ ε′tR

−1
t εt − ε′tεt

)
.

44



The volatility part of the likelihood function is equal to the sum of individual GARCH likelihoods by writing

LV (θ) = −1

2

T∑
t=1

N∑
i=1

(
log(2π) + log (hi,t) +

y2i,t
hi,t

)
.

The two-step approach to maximizing the likelihood is to find

θ̂ = arg max {LV (θ)} ,

subsequently conditional on the optimal value for the volatility likelihood, find the optimal solution to the

correlation likelihood

φ̂ = arg max
{
LC(φ | θ̂)

}
.
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Figure 6: Annualised performance measures (Avg & Std in percentages) for the formed GMV portfolios when using the lowest

market capitalisation stocks as in Table 5, N ∈ {30, 50, 100, 250, 500, 750, 1000}. The sample period for the portfolios ranges

from 13 February 1995 to 17 December 2019. This sample comprises of 285 portfolio formations.
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Figure 7: (Non)linear shrinkage intensities for the formed GMV portfolios when using the lowest market capitalisation asset

returns for the training period. The sample period ranges from 13 February 1995 to 17 December 2019, based on 250 training

observations used per portfolio for the construction of the covariance matrix and 21 test observations per portfolio. The sample

comprises 285 portfolio formations. N = 1000.
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Figure 8: Annualised performance measures (Avg & Std in percentages) for the formed GMV portfolios when using a con-

strained optimization enforcing non-negative weights in the underlying assets as in Table 6, N ∈ {30, 50, 100, 250, 500, 750, 1000}.

The sample period for the portfolios ranges from 13 February 1995 to 17 December 2019. This sample comprises of 285 portfolio

formations.
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Figure 9: Annualised performance measures (Avg & Std in percentages) for the formed GMV portfolios when using the first

subperiod of the sample period as in Table 7, N ∈ {30, 50, 100, 250, 500, 750, 1000}. The sample period for the portfolios ranges

from 13 February 1995 to 16 January 2004. This sample comprises of 95 portfolio formations.
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Figure 10: Annualised performance measures (Avg & Std in percentages) for the formed GMV portfolios when using the

second subperiod of the sample period as in Table 8, N ∈ {30, 50, 100, 250, 500, 750, 1000}. The sample period for the portfolios

ranges from 19 January 2004 to 3 January 2012. This sample comprises of 95 portfolio formations.
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Figure 11: Annualised performance measures (Avg & Std in percentages) for the formed GMV portfolios when using the

third subperiod of the sample period as in Table 9, N ∈ {30, 50, 100, 250, 500, 750, 1000}. The sample period for the portfolios

ranges from 4 January 2012 to 17 December 2019. This sample comprises of 95 portfolio formations.
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(a) 13 February 1995 - 16 January 2004 (b) 19 January 2004 - 3 January 2012 (c) 4 January 2012 - 17 December 2019

Figure 12: (Non)linear shrinkage intensities for the formed GMV portfolios when using three equally sized subperiods of the

sample period. The sample period ranges from 13 February 1995 to 17 December 2019, based on 250 training observations used

per portfolio for the construction of the covariance matrix and 21 test observations per portfolio. The sample comprises 285

portfolio formations. N = 1000.
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B.4 Longer Formation Period

Table 16 shows the performance for the different methods using 500 return observations per asset in the

training set. For this sample, the sample covariance is much more competitive in lower dimensions, possibly

due to the enlarged training set of returns. Next to that, the POET method again shows to be a robust

minimiser, especially in higher dimensions. For the dynamic models there is not a straightforward method

to be chosen as most promising target. Also, there is no clear distinction in the performance of static models

and dynamic model

Furthermore, in lower dimensions, the shrinkage toward identity is a good estimator for the covariance

matrix in order to achieve the lowest out-of-sample variance. Also, the nonlinear shrinkage method performs

well in low dimensions. However, both performances do not hold in higher dimensions as performance

deteriorates. Again, I find that the performance of the nonlinear shrinkage method is very poor when the

amount of assets is equal to the amount of observations. For the dynamic models, the DECO model with

linear shrinkage toward identity target is a robust estimator across dimensions. Also, the DCC method with

the nonlinear shrinkage covariance matrix as a target performs well on average except for the extremely high

dimension N = 1000, which is in line with the inferior performance of the pure nonlinear shrinkage method.

From a utility perspective, no method achieves a higher utility than the naive 1/N diversification, favouring

it from the approach of a utility investor. Tables with weights and (non)linear shrinkage intensities can be

found in Table 15 and in Figure 14. For factor models, (non)linear shrinkage models and DCC-type models

the usual decreasing magnitude of weights over dimensions is observed.

The linear shrinkage intensities in Figure 14 show capricious intensities for both linear shrinkage models.

This is partly due to the fact that there are fewer portfolio formations and thus intensities, but this does

not explain the jumpy pattern for this sample. Whereas the shrinkage intensity toward the 1-factor implied

covariance matrix is above the shrinkage intensity toward identity for the regular case, the opposite is the

case when using a longer training observation set. This could be due to the fact that the sample covariance

is much less ill-behaved when the amount of assets is only double the amount of return observations instead

of four times as large. Next to that, the intensities increase faster and remain higher for a longer period after

the global financial crisis indicating heavy reliance on the target matrices. Also, the nonlinear shrinkage

intensity shows a different pattern with a higher median of around 1.2 and increased 95-th percentiles

intensities around 6-7 for the sample. This shows that on average the eigenvalues are increased and the

smaller eigenvalues are generally increased more than for the regular case. Intuition and interpretations

around this finding remains for further research.
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Figure 13: Annualised performance measures (Avg & Std in percentages) for the formed GMV portfolios when using 500

returns per asset in the formation period as in Table 16, N ∈ {30, 50, 100, 250, 500, 750, 1000}. The sample period for the

portfolios ranges from 13 February 1995 to 17 December 2019. This sample comprises of 273 portfolio formations.
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Figure 14: (Non)linear shrinkage intensities for the formed GMV portfolios when using 500 returns per asset in the formation

period. The sample period ranges from 13 February 1995 to 17 December 2019, based on 500 training observations used per

portfolio for the construction of the covariance matrix and 21 test observations per portfolio. The sample comprises 273 portfolio

formations. N = 1000.
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B.5 Different Return Frequency

The performance measures for monthly asset returns can be found in Table 18. For the monthly asset returns,

the amount of observations is equal to T = 120. This means that the factor of dimensionality plays an even

bigger role as the largest amount of assets is more than eight times as large as the amount of observations.

For this setting, in general, the asset returns are somewhat higher, which is as expected as the returns are

accumulated monthly instead of daily. Therefore these returns have increased magnitude, but also increased

standard deviations. For this sample, there is a strong indication for the usage of factor models across

dimensions. Both the POET and 5-factor model have very robust results. Furthermore, for this sample with

monthly returns, the dynamic models seem to achieve superior results for higher dimensions.

Among static methods, the POET estimator is the clear winner in lower dimensions (N < 250), be-

ing consistently the lowest in terms of out-of-sample variance. For higher dimensions the 5-factor implied

covariance method scores best. In terms of out-of-sample realised utility I find that the 1/N outperforms

all methods. Furthermore, the method shrinking the sample covariance matrix toward the identity matrix

is performing the least of the pure shrinkage methods. This holds over all dimensions and this method

does not improve upon the 1/N method for most dimensions. Next to that, it attains the highest level of

turnover, indicating high transaction costs. The dynamic models score substantially lower variances than

static methods. Especially in high dimensions (N > 100) extremely low out-of-sample covariances smaller

than 1% are reached. These results indicate that time-series models are superior when using monthly asset

returns in order to construct a portfolio which minimise the variance out-of-sample. For higher dimensions

the DCC and DECO models which use the nonlinear shrinkage method as a target perform the best. All

dynamic methods have reasonable and stable turnover, but generate an inferior utility with respect to the

1/N strategy, indicating that they are not optimal from a utility perspective.

The weights can be found in Table 17, which all show stable and decreasing patterns in magnitude. Figure

16 shows the shrinkage intensities of the different methods. Both due to the fact that monthly returns are

used in this robustness analysis and the fact that the dimension of the training set is somewhat different, an

exceptional pattern can be seen. The linear shrinkage toward identity seems to be mean-reverting to a level

of around 0.96, whereas the method shrinking toward identity puts full weight on the identity matrix over

the whole sample. Due to the extremely high dimension of assets with respect to the amount of observations,

this could be explained as the covariance matrix is very ill-behaved. Also, for this sample, the shrinkage

intensities remain high even during crisis periods.

For the nonlinear shrinkage intensity, a similar pattern arises as in Figure 7, with nonlinear shrinkage

identities increasing over the observation sample. Up to around 1995, the nonlinear shrinkage intensities are

fairly stable with a median around 0.5, indicating that most eigenvalues are decreased in order to achieve

the optimal result. After 1995 the median and 5-th percentile scores are almost monotonically increasing.

This indicates that after this period most (smaller) eigenvalues are increased instead of decreased in order

to get the optimal nonlinear solution. What causes these effects remains for future research.
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Figure 15: Annualised performance measures (Avg & Std in percentages) for the formed GMV portfolios when using monthly

asset returns with 120 returns in the formation period and 1 in the test set as in Table 18, N ∈ {30, 50, 100, 250, 500, 750, 1000}.

The sample period for the portfolios ranges from 28 June 1985 to 31 December 2019. This sample comprises of 295 portfolio

formations.
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Figure 16: (Non)linear shrinkage intensities for the formed GMV portfolios when using monthly asset returns in the formation

period. The sample period ranges from 28 June 1985 to 31 December 2019, based on 120 training observations used per

portfolio for the construction of the covariance matrix and 1 test observations per portfolio. The sample comprises 295 portfolio

formations. N = 1000.
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B.6 Portfolios as Assets

In order to assess the robustness of the results from the daily asset returns, I measure the performance of all

methods when using daily returns of three different sorted portfolios, each containing 100 portfolios. Table

20 shows the performance of the methods with respect to achieving the minimum variance. For the sorted

portfolios on size and book-to-market value and investments I find that the nonlinear shrinkage method of

Ledoit and Wolf (2017b) reaches the minimum variance, whereas it is near optimal for the portfolios formed

on size and operating profitability. Also, both the linear shrinkage methods perform well for the portfolios.

Furthermore, there is a slight indication of static models outperforming dynamic models in achieving the

lowest variance for this sample.

The least effective method when using 100 portfolios as assets, both seen from a minimum variance

and a utility point of view, is the naive 1/N construction. Given the dimensionality of the portfolios,

T = 100, the sample covariance matrix remains non-singular and thus invertible. However, introducing any

form of shrinkage to the sample covariance matrix outperforms the regular sample covariance in attaining

the minimum variance out-of-sample. This shows that shrinkage can already be quite useful even when the

dimensionality of the data ensures a nonsingular sample covariance matrix. Regarding turnover and feasibility

of the formed portfolios, the factor implied methods consistently score among the methods attaining the

lowest turnover. Turnover is higher for pure linear shrinkage models. Also, in the conditional correlation

models, I find that a DCC model with nonlinear shrinkage target performs best over all portfolios. However,

allowing the covariance to be varying over time does not lead to an improvement with respect to minimising

the out of sample variance. Also, turnover is relatively high comparing with the factor implied and pure

shrinkage methods. All models in this sample attain a higher level of utility with respect to the 1/N method,

indicating beneficial diversification for the utility investor.

Furthermore, the statistics regarding the weights and the shrinkage intensities for the three sorted port-

folios can be found in Table 19 and Figure 17. The linear shrinkage intensities shown are lower than for the

other robustness analyses, but this is as expected as only 100 sorted portfolios with 250 training observations

are investigated. Hence, the covariance matrix is non-singular and thus invertible. The figures and tables

show that introducing only a small deviation from the sample covariance towards the shrinkage target im-

proves the performance of the covariance matrix. The figures also show that the shrinkage methods perform

very similar for the different portfolios and that the two different shrinkage methods follow each other some-

what. The figure shows a shrinkage intensity toward the factor model being shifted down with regards to the

shrinkage intensity toward the identity matrix. Next to that, the nonlinear shrinkage intensities show that

the eigenvalues are increased on average in order to find the optimal nonlinear solution, with the median

around 1.2 for all samples. The 5-th percentile is around 0.75 for the samples and the 95-th percentile is

around 4.0 for all sorted portfolios. This indicates that there is a large amount of small eigenvalues that are

increased in order to obtain the optimal solution of the nonlinear shrinkage method.
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(a) Size x Book-to-Market (b) Size x Operating Profit (c) Size x Investments

Figure 17: (Non)linear shrinkage intensities for the formed GMV portfolios when using sorted portfolios as assets. The

sample period ranges from 13 February 1995 to 17 December 2019, based on 250 training observations used per portfolio for the

construction of the covariance matrix and 21 test observations per portfolio. The sample comprises 285 portfolio formations.

N = 100.

71


	Introduction
	Methodology
	General Sample Covariance
	Global Minimum Variance Portfolio
	Covariance Matrix Estimators
	Static Models
	Dynamic Models

	Overview of Models of Interest
	Evaluation Criteria
	Robustness Analyses

	Data
	Simulation
	Results
	Performance of the Formed GMV portfolios
	Robustness Analyses Results
	Low Market Capitalisation Habitat
	Short-sale Constraints
	Subperiod Analysis


	Conclusion
	Discussion
	References
	Appendices
	Composite Likelihood for DCC
	Robustness Analyses Results
	Low Market Capitalisation Habitat
	Short-sale Constraints
	Subperiod Analysis
	Longer Formation Period
	Different Return Frequency
	Portfolios as Assets


