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1 Introduction

Recommendations are an integral part of any successful online service or store. Companies such as Netflix
use recommendations to provide their users with a personalized selection of content. The value of correct
recommendations cannot be understated as the best recommendations can lead to a competitive advantage
in an age where switching costs and brand loyalty are low. The Netflix prize, a competition where the
online video streaming service Netflix challenged teams of researchers to beat their recommendation
engine for a million dollar prize, highlights this importance. Today, many different recommender systems
exist. Correct design and implementation of these systems depends on the type of target users and their
context; the devices that they would use; the role of the recommendation within the application; the goal

of the recommendation; and the data that is available (Ricci et al., 2011).

Content-based (CB) recommender systems use information, such as documents, item descriptions or other
information about items the user previously interacted with, to model the users interests based on the
features of the object rated by the user (Lops et al., 2011). Each system consists of three steps. In
the first step, the available information is analyzed and features are extracted. Documents might be
unstructured and some pre-processing might be needed to extract useful features. In the second step
the user profile is constructed. In the context of video recommendations this step might use likes and
dislikes in combination with the features extracted in the first step. These preferences for features are
generalized to extract a user profile which contains the likes and dislikes of the user. The last part of a
CB recommender system is the filtering step. In this step the user profile is exploited and items matching

the profile are recommended.

Collaborative filtering (CF) uses the opinions of other people to recommend items. CF techniques are
based on the idea that humans have been recommending items to each other since far before the rise of
the internet. If enough of your friends advise you to watch the latest movie, you might decide to see it
for yourself. You might even have that one friend who is known to recommend great movies opinion you
value more highly (Schafer et al., 2007). The internet allows us move beyond simple word-of-mouth and
compare our tastes and preferences with thousands, if not millions of other users. Generally, CF methods
outperform CB methods, although CF methods suffer cold start problems which restrict CF methods to

address new products and users (Koren et al., 2009).

Latent factor models are a type of CF method which assume that the interest in items by a set of users are
based on a relatively small set of latent factors in both the users and the items. In the context of a movie
these factors might by straightforward, such as genre of the movie, or more obscure, such as the feeling
accompanying the movie. A very popular and widely successful realization of the latent factor model
is Matrix factorization (MF). In fact, MF models were implemented by the BellKor’s Pragmatic Chaos
team to win the Netflix Prize. In it’s most basic form, MF models try to find a low-rank approximation of

user item matrix, containing all combinations of users and items. This low rank approximation consists
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of user and item vectors which are multiplied to fill the user-item matrix. Input in an MF model can
range from explicit to implicit. The most convenient input data is high-quality explicit feedback, such as

ratings on a scale of 1-5, as this directly reflects the users preferences.

Some MF methods use implicit feedback such as clicks and page views. Implicit feedback can be collected
at a much larger and faster scale compared to explicit feedback, without a need for the user to provide
explicit sentiment. An example of a MF method using implicit data is Logistic Matrix Factorization
(LMF) Johnson (2014). Besides the traditional user and item vectors LMF implements user and item
biases. These biases allow the distinction between different types of users and items. Some users might

be more willing to click on any item than others.

MF methods have grown in popularity due to their ability to scale and the predictive accuracy Koren
et al. (2009). The importance of the ability to scale cannot be understated as the amount of collected
data keeps increasing in our increasingly data driven world. The Netflix prize dataset consisted of 100
million ratings from 480 thousand anonymous subscribers on nearly 18 thousand movie titles (Bennett
et al., 2007). Storage of the dense user item matrix alone would require over 30 Gigabytes of memory?!.
This is only glimpse at the scale companies such as Netflix deal with as Netflix is expected to have 200
million paying customers in the third quarter of 2020. Another characteristic of these data sets is that
they are often highly sparse. In the Netflix example only 100 million ratings were given, such that only

1.2% of the user item matrix is observed.

The sparsity of the user item matrix can be exploited to easily handle matrices of very large dimensions.
Mazumder et al. (2010) show that the user item matrix can be decomposed in a sparse and low rank part
in the context of so called nuclear-norm-regularized matrix approximation. Hastie et al. (2015) use this
sparse plus low rank data structure to derive an alternating least squares method for maximum-margin
matrix factorization (MMMF) called the softImpute-ALS algorithm. The use of the sparse plus low
rank data structure has yet to be applied in a probabilistic context, such as LMF. Additionally, LMF
methods have yet to be applied in a sparse binary context where the users are only shown a subset of
the data, such as in a mailing campaign. In this context, we observe three types of feedback from the
user: they see the item and click, they see the item and don’t click or they don’t see the item at all.
de Bruin et al. (2020) makes a first attempt to fill this gap in the literature and introduces a probabilistic
matrix factorization model using a minimization by majorization procedure. As we build on their work,
a thorough understanding of this model is needed in this paper. Therefore we will discuss and derive the

model in full in Section 3.3.

Combining various sources of information and/or predictions from different models is a strategy which
is often used in recommender systems to their increase predictive power. de Bruin et al. (2020) employs
this hybridization by combining the predictions from two different models which use different sources of

information. In this thesis, we will look for ways to incorporate additional information directly into the

14 bytes x 480.000 x 18.000
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probabilistic matrix factorization model discussed in their paper. Hence, our research question reads:
Can we incorporate additional information in a sparse binary probabilistic matrix factorization algorithm

using the sparse plus low rank data structure?

The remainder of the paper will be structured as follows. In Section 2, we will briefly discuss some of
the related literature. In Section 3, we first describe the unrestricted model formulated in de Bruin et al.
(2020). Afterwards, we introduce both fully restricted and partially restricted probabilistic MF models.
In Section 4, we will perform a series of timing results to test our models ability to scale. In Section 5,
we test the performance of our models using various data sets obtained from a large online tour operator,

Sunweb. Finally, we conclude and discuss our findings in Section 6.

2 Related works

The term Logistic Matrix Factorization (LMF) was coined in Johnson (2014) and describes a probabilistic
model for matrix factorization with implicit feedback. This collaborative filtering method is probabilistic
in that it attempts to encode the probability of a user choosing to interact with an item using a statistical
distribution. The authors propose the use of a logistic function to model the probability of a user choosing
an item. Various other statistical functions have been used to model the problem structure in the context
of collaborative filtering. Mnih and Teh (2012) provides a probabilistic collaborative filtering method
based on implicit feedback data for item selection process of users. They model this behaviour using
a normalized exponential function. Additionally, the normalization to the distribution is approximated
using a tree structure, easing computation times. Alternatively, Gopalan et al. (2013) introduces a MF

model which uses a Poisson distribution to model the user and item factors.

Logistic models are often used in the context of binary data. The probability of a click is modelled by a
binomial distribution where the mean of this distribution is modelled by the logistic function. Groenen
et al. (2003) implements an iterative majorization algorithm for a logistic bi-additive model. Majorization
is a technique where a complex objective function is approximated by an easily optimizable, often convex,
majorization function. We can draw multiple similarities between the design of the LMF discussed in
Johnson (2014) and the logistic bi-additive model. In the context of MF, both models contain user and
item biases as well as a set of low rank user and item vectors. Both models are probabilistic, but differ in
the way in which they optimize the parameters of their model. Johnson (2014) optimizes their objective
function by performing an alternating gradient ascent procedure, whereas Groenen et al. (2003) is able to
implement a rather elegant iterative majorization algorithm to derive and solve a weighted least squares

problem in each iteration.

MF and Singular Value Decomposition (SVD) are closely related. However, traditional SVD is undefined
when dealing with sparse matrices. Early MF systems relied on filling a dense user item matrix. This

method was both computationally burdensome and relied on the often inaccurate imputation of the
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missing observations Koren et al. (2009). More modern methods only use the observed data whilst
avoiding overfitting through regularization using the nuclear norm (see (Mnih and Salakhutdinov, 2008),
(Johnson, 2014) and (Hastie et al., 2015)). The nuclear norm is equal to the sum of the singular values
of the user item matrix. Implementation of the nuclear norm in the objective function results in a

compression of the rank of the low rank approximation.

3 Methodology

First, we define some basic notation used in the remainder of the methodology. We define Y as an n, x
n; sparse matrix corresponding to a dataset containing some sort of sparse binary feedback. To provide
some context, later in the paper we will work with a dataset containing the click behaviour of customers.
In this case y,; = 1 if the user u has clicked on item ¢ and y,; = 0 if the user u has seen item ¢ but has
not clicked on the item. A missing value corresponds to user u not having been exposed to item i. The
probability m,; of a response for a binary variable y,; is often modelled with a binomial distribution. We

model the items the user is most interested in by approximating the mean of the binomial distribution

Mo+
3.1 Logistic Bi-Additive Model

Groenen et al. (2003) implements a logistic bi-additive model which is used for the analysis of binary
data. de Bruin et al. (2020) used this model as inspiration for the model discussed in Section 3.3. The

mean of the binomial distribution p,; is modelled using a logistic function

eYui
- 1 —+ eVui :

The elements of this logistic function, ~y,;, are captured in an n, X n; matrix I'. T can in turn be

dissected into different sources of variation:

e the main effect for the users in the n, x 1 vector «,
e the main effect for the items in the n; x 1 vector 3, and

e the bi-additive interaction effect between rows and columns (users and items) estimated by the rank
[ decomposition CD’ with C = (¢}, ¢c),...,c, ) of size n, x fand D = (dy,dy,...,d, ) of size

5 SNy,

n; X f
As such, T' can be written as
=al"+18' +CD’, (2)

where B, C, and D are column-centered to maintain unique identification. Y is characterized by its

sparsity. As such, we introduce a set ¥ which contains all observed pairs of user item combinations (u, 7).
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Using this ¥ the likelihood function becomes

Lyim)y= J[ sl —pmu) v (3)
(u,i)ew

If we take the natural logarithm of the likelihood function we find

log L(T|Y) = Z Yui 108 (i) + (1 — yui) log(1 — fhui). (4)
(u,i)ew

3.2 Nuclear norm

It is common to use a nuclear norm in the context of low rank matrix completion problems. The nuclear

norm is defined as
min (m,n)

1Zzll.= Y oi(2). (5)

i=1
Where 0;(Z) corresponds to the i’th largest singular value of the m x n matrix Z. One example of
regularization using a nuclear norm is described in Mazumder et al. (2010) where a minimization problem
is introduced as

o1 2
min | E ~ Bl + Al B, (6)

where the sparse matrix F,,x, has rank 7 and A > 0 is the regularization parameter. The solution is
given by B = S\(E), where S\(E) = UD,\V' with Dy = diag[(d; — )4, ..., (d. — \)4], UDV" is the
SVD of E, D = diag[dy, ...,d,] and ¢4 = max (¢,0). The notation Sy (F) refers to soft-thresholding. The
solution demonstrates the compression of the rank and the working of the constraint as for larger values
of A, more singular values are reduced to zero, reducing the rank of the solution. Additionally, Mazumder
et al. (2010) show that the nuclear norm is intimately related to the so-called maximum margin matrix

factorization methods, MMMF in short. The criterion corresponding to MMMF reads

min ,HE Uv'|i+ 2 (||UHF+HV||F> (7)

Mazumder et al. (2010) formally prove that for any matrix B it holds that

. o . 1 2 2
min | Bl = min o (U + V). (5)

We can show the equality of these two criteria with a short and informal proof (not shown in Mazumder
et al. (2010)). Given the minimization problem in (6) define the singular value decomposition of UV' as

B = P®Q, with U = P®: and V = Q<I>%. Using the properties of the singular value decomposition,



8 T.F. de Bruin Master thesis

PP=QQ=1Iand PP = &P, we can rewrite

o1 2 | A 2 2
—min SIE-UV'IE+ 5 (1P2E + Q@ |R)
uyv 2 ) i "

1
=min _|E- B+ itr(«1>%P'P<I>%) + %tr(@%Q’Q@%)
A

2
= min 1||E—BH2—l—étr(q))—}-ftr(‘I))
B 2 Pl 2
.1 2
=min o |E -~ Bllg + | B].. (9)

3.3 Minimization by majorization

3.3.1 Majorization

Minimization by majorization (MM) is a technique that is used to simplify complex optimization prob-
lems, by replacing the objective function with a majorizing function for which the minimum can be found
more easily (de Leeuw and Lange, 2009). The definition of a majorizing function is as follows. A function
g : Dy — Ry is considered to be a majorizing function for an objective function f : Dy — Ry at the

point xzq if

g(wo; wo) = f(x0), (10)
g(z;xo) > f(x), Va € Dy. (11)

Additionally, if f and g are both twice differentiable, the following properties should also apply:

gl(iﬂo;xo) = f/(xO)a (12)

9" (zo; o) > f" (o). (13)

Optimization (i.e. minimization) of f using MM is achieved iteratively by first finding a majorization
function ¢ at the current best solution (%) and updating the solution with z(**1) where z(**t1) mini-
mizes g. Then, a new majorization function is created at the updated solution after which this is again
minimized. This process is repeated until the solution has converged. Following from the properties of
majorizing functions shown in (10) and (11), this process guarantees descent of the objective function,

as illustrated by the ‘sandwich inequality’
Py < g(@™D:aW) < g(aM;2®) = (=), (14)

which demonstrates that when ¢ majorizes f at 2(*), the = that minimizes ¢ yields an objective value for

f that is at least as small as the previous objective value.
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de Bruin et al. (2020) implements logistic majorization based on the bi-additive model proposed in
Groenen et al. (2003). Instead of maximizing the log likelihood, the authors minimize the negative log
likelihood using convex quadratic majorizers. Rewriting the log likelihood function in equation (4) yields

the following negative log likelihood

—log LTY) = Y yuilog(l+ ™) + (1 = yusi) (yui + log(1 + 7). (15)
(u,i)ew

The following terms are majorized

f1(vui) = log(1 + e~ 7=?) if yui=1A (u,0) €7, (16)
Fo(Yui) = Yui Hlog(1+e7 7)) if g, =0 A (u,i) €, (17)
f3(’7ui) =0 if (U,Z) ¢ \Ilv (18)

using quadratic majorizating functions

0
g(’}/’uu 71(“,)) = aui'yii - 2bu17u1 + Cuis (19)

with 7(0)

ui

indicating the current value of 7,;. Then, the properties from (10) - (13) are used to find
parameters aq;, by, and c,; as follows. First, second derivatives of the separate terms f; are found for
all k € {1,2,3} and g(ym;'yq(g)), given by

R L

1 (Yui) = f3 (Yui) (14 ever)2’

The second derivative of f; and f; has a maximum of i. Therefore, a,; is set to % such that the second
derivative of g(yus; fyfn)) is always larger or equal to the second derivatives of f, satisfying property (13).
All a,; are now restricted to % in order to simplify and ease computation. Next, (10) and (12) are used

to derive the conditions for b,; and c,;, illustrated below for fi,

HOO) = g4y = 8(%(3)) — 20,7 + cui (21)
1
RO =g 027 = 30 = 20 (22)

Solving these equations for b,; and c,;, we get

b = 510 — HOD) (23)
1 (0)
Cul fl (’Y’u,z ) (’Yuz ) fl (711,7, )rYuz ° (24)

8
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Extending the above for f2 and f3, and keeping in mind that f3(vu;) = f5(vu:) = 0, the parameters of
9(Vui; 752)) can be defined as

w =X

wi =73
871(2) lff(%gg)) if yys =1 A (u,i) €9,

bui = 4 190 = SO iy =0 A (ui) €9, (25)
Ly© if (u,i) ¢ U,

A+ 1052 = DD iy =1 A (ui) €W,
cui = 3 o) + 2D = DD iy =0 A (u,i) € W,

1y D)2 if (u,7) ¢ 0,

where the derivatives of f; and f5 are defined as

1

1 wi) = 5 26
J1(ui) 1+ evwi (26)
1
!
$50i) = T (27)
(15) is then rewritten using (25) as
1
—log LT'Y) < Z (875i — 2byiYui + cm-> , (28)
(u,i)ew
which can be rewritten as the weighted least-squares problem
1 2
—log L(T|Y) < ¢ Z (P — Yui)? + s
(u,i)ew
1
= SIH -T2+, (29)
where
hui = Sbuza
(30)

(u,i)ew
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3.3.2 Parameter updates

Using the definitions of b,; in (25), H can be reformulated using a sparse plus low-rank structure. Define

the sparse matrix Z; as

~4fi(ng) iy =1 A (wi) €V,
2= §—60) iy =0 A (i) e v, oy
0 if (u,i) ¢ 0.

Now, H can be written as

H=2,+1T"

=(Z,) + (a(o)l’ 1180 4 C(O)D(O)/)

= sparse + low-rank. (32)
By pre- and post-multiplying H with centering matrices J,, and J,,,, we get

J,,HJ,, = (I,, —n;'11")H(I,, — n;*11)
=H —n,;"11H —n; 'H11' + (n,n;) 11" H11'
=H-n'H11 —n;'11HJ,,, (33)

which implies

H=J, HJ, +n; "H11' +n;'11'HJ,,. (34)

By substituting T' with equation (2), H with equation (34), and regrouping the terms in problem (29),

we can majorize the log likelihood as

1
—log L(TY) < S| H —T[[i +5
1
— LJE (a1 118+ CD)J 4 5
1
= |, H 0 HAL 40 TV H,,) — (@1 + 18+ €D+ 5

1
=3 |(ny"H11' — al’) + (n;'1VH J,, — 18') + (J., HJ,, — CD’)||§ +s. (35)
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Now we can see the importance of column centering 3, C, and D for identification purposes. We have

B =08'J,, and CD' = J, CD'J,,, such that

—log L(TY) < % |(ny"H1— )l + 1(n,'VH — 8')J,,, + (Jn, (H — CD')Jm)Hi + s
- é (H(n;lm — V|2 + |1(ng VH = ), |2 + | Jn, (H — CD') J,, i)
+ itr (1 (7 H1 = @) 1 (0, VH - 8) J,.,)
+ itr (1 (ny'H1-a) J,, (H - CD') Jn)
+ i tr (o, (n'1VH = §) 10, (H - CD') J,,, ) +. (36)

Using the cyclic property of the trace and 1’.J,, = 0 and J,,1 = 0, all traces are equal to zero, this

leaves

—log L(T]Y) < (H(n;lHl—a) V|2 + |1 (ng'WH = 8) T, |5+ | I, (H — CD') J,,

‘)

s. (37)

+ oolm

This formulation allows to split the problems into three separate minimization problems. The majoriza-

tion function in (37) is minimized with respect to a and 8 when

a=n;'H1, (38)

B =n;'1HJ,,, (39)

as both ||(n; "H1 — a) 1'|Z and |1 (ng;'1"H — 8') J,,,||% will then be zero. Next, estimates for C and

D should be obtained to minimize the remainder of the majorization function. We minimize
minlﬂﬁfCD'HQ (40)
C,D 8 F

where H = J,, HJ,..

Groenen et al. (2003) highlights the importance of imposing proper restrictions on 7,;. Without these
restrictions, the majorized solution may converge to the trivial solution of maximizing the log likelihood
in equation (3): vu; = oo for y,; = 1 and 7,; = —oo for y,; = 0. This should be avoided as it could
lead to overfitting and would reduce the predictive power of our model. Therefore de Bruin et al. (2020)
implements the nuclear norm, introduced in Section 3.2, to restrict parameter estimation of C' and D.

As shown in the aforementioned section, nuclear norm regularization is equal to minimizing
1,=~ A A
in—|H - CD'|} + Z||C|% + | D|} 41
min o I+ S IClE + 51Dl (41)

To minimize (41), the Rank-Restricted Soft SVD algorithm from Hastie et al. (2015) is used. This

algorithm is optimized with respect to the sparse + low rank formulation of H. The algorithm alternates
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between fixing C and minimizing (41) with respect to D using a ridge regression, and vice versa. After
each ridge regression, a low-rank approximation is obtained using singular value decomposition. This

process is iterated until the convergence of CD’. More formally, the algorithm is given in Algorithm 1.

Algorithm 1 Rank-Restricted Soft SVD for finding C' and D
1: Initialize

H <+ J, HJ,,

U < an n, x f random matrix with orthonormal columns
Z If

C—UZ
2: repeat

3: Given C| solve for D:
R 1 ~ A —
D = argmin - | H — CD'|% + 5\\DH% =H'UZ(Z*+4\I)™!
D

4: Compute the SVD of DZ = VZ2R/,andlet V<V, Z + Z, and D« V Z

5: Given D, solve for C:
. 1~ A —
C = argmin é||H ~CD'|% + §||C’H% =HVZ(Z?+4\I)"!
c

Compute the SVD of CZ = UZ?R/, and let U « U, Z + Z,and C + UZ

=

7: until C D’ has converged

8: Compute the SVD of HV = UZ, R/, and let Sx(Z,) + diagmax(o1 — A,0),...,max(cy — A, 0)],
and V<~ VR

9: return C = US\(Z,)"/? and D = VS\(Z,)/?

Using the estimates of & and 3 from equations (38) and (39) and C and D from Algorithm 1, H can
be re-estimated, which can then be used to find new estimates of the parameters of I'. These steps are
iterated until the negative log likelihood in equation (15) has converged. The complete majorization

algorithm is given below.
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Algorithm 2 Unrestricted: Complete unrestricted minimization by majorization algorithm
1: initialize o(®, g, C© DO
2. while t = 0 or (log L(IT*=V|Y)) ™" (log LTV |Y) — log LT*"D|Y)) > ¢ do

3: t—t+1

4: Update H: hi? — SbEffl)

5: Update a: o) < n ' H®1

6: Update B: B « n'1H® J,,

7 Update C® and D® using Algorithm 1

8: Update vy;: '71(1? —al + ﬁi(t) + cq(f)’dz(»t) vV (u,i) € ¥
9: Compute — log L(T')|Y)

10: end while

11: return o®, g c® DO

3.4 Restricted minimization by majorization

Our interest lies in incorporating available additional information into the method in the previous section.
Consider the scenario in which we have additional information on both the users and the items. Define
matrix X as the n, x d, matrix with n, users and d, variables. G is the n; X d, matrix with n; items
and d, variables. Without loss of generality, we assume that both X and G are column centered. In

Section 3.1, the bi-additive model is formulated as
'=al"+18 +CD'". (42)
We now restrict the bi-additive interaction effect to be a linear combination of the X and G, such that
r=al +18' + XC,D, &, (43)

where C) is the d, x f weight matrix for the user characteristics and D, is the d4 x f item characteristics
weight matrix, where f is the specified number factors. Notice that C = X C, and D = GD,., where
both X and G are given. If we set X = I, and G = I;, where I, and I; are identity matrices of rank
n, and n; respectively, we have equality of both C = C,. and D = D, leaving us with the unrestricted

problem in (42).

Changing the bi-additive modelling of T" does not alter the steps involved in majorizing the likelihood
function (4). In fact, we can majorize the likelihood function in exactly the same way as described in

Section 3.3.1, yielding the majorized least squares problem:

1 2
—log L(T|Y) < ¢ > (hui —vui)? + s

(u,i)ew (44)
1
Il H — Tl +s,
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where T' = al’ + 18’ + XC,.D.G', s is a constant not dependent on I" and ¥ is the set containing all

observed user item pairs. We are again able to formulate H using a sparse plus low-rank structure as

H=2,+T"
= (Z,) + (a(o)l’ +18'0 ¢ XCT(O)D;(O)G’)

= sparse + low-rank, (45)

where Zj is defined as in (31). To obtain updates we once again need to column center 3. Once column

centered we can derive, similar to Section 3.3.2

—log L(T]Y) < éHH ~T|E +s

- é |H - (a1’ + 18’ + XC,D.G)|> + s

- é |(Jn, HIn, +n; "H11 + 0 "1V HJ,,) — (o’ + 18" + XCTD;G’)H; + s
= é (ny"H11' — al’) + (n,;"1VHJ,, — 18') + (J,, HJ,, — XC’TD;G’)Hé +s
= (07 B )V | oV EH - )
+ s, (46)

2 e 2
o+, (H = XC,DLG) T, I}

using the cyclic property of the trace and centering matrix property that 1’.J,, = 0 and J,,1 = 0. This
minimization problem can be split into three different minimization problems. The first two of which are

minimized with respect to a and 3, respectively, when

a=n;'H1, (47)

/@/ = nqjll/HJnm (48)

as both || (n; "H1 — a) 1|2 and |1 (n;'1"H — B') J,,, ||% will then be zero. This leaves us with one final

minimization problem

1 1,

3.4.1 Regularization

Rank restricted parameter regularization of C, and D, is required to avoid the overfitting problem as
discussed in Groenen et al. (2003). To introduce the nuclear norm in (49) we need to introduce the
concept of the Generalised Singular Value Decomposition (GSVD). In a GSVD, two positive definite

square matrices M and W are used to express constraints imposed on the rows and columns of a given
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matrix A (Abdi, 2007). The matrix A is now decomposed as
A= P®Q’, (50)

with PPMP = Q'WQ = I. Thus, the generalised singular vectors are orthogonal under the constraints
imposed by both M and W (Abdi, 2007). To obtain P and Q we need to define a new matrix

A=M:AW?, (51)
Computing the standard Singular Value Decomposition of A as
A=PoQ, (52)
with P'P = é’ Q = I. The generalised singular vectors are then calculated as
P=M P and Q=W :Q. (53)

The matrix of singular values of A is simply equal to the matrix of singular values Av, or similarly ® = o.
Proof of this statement follows by substitution and can be found in Abdi (2007). In our example, row
constraints are set to M = (X’X) and column constraints are set to W = (G'G), which are positive
definite matrices if all columns of X and G are linearly independent. We decompose matrix B = C,.D..
by the GSVD B = C, D, =U®V’, with C, = U®3 and D, = V®3. Now we can introduce a weighted
nuclear norm in (49), similar to the introduction of a nuclear norm in (9), as
. 1= ! )2 A 2 2
pin  |H - XCD.G N+ 5 (IXC + 1GD )

1,=~ A
—min |H - XB&|} + 5 (IXU@? |} + |GVed|})

1 - A 1 1 A 1 1
= mén §||H - XBG'|3 + 5 tr(@2U' X' XUPZ) + 3 tr(®2V'G'GV ®*2)

1~
= min g||H—XBG’||%+Atr(¢>) (54)

1 —
= min §||H—XBG’||%+/\||B||*. (55)

We minimize (55) with a different approach compared to the Rank-Restricted Soft SVD algorithm in
Section 3.3.2. We rewrite (54) using the cyclic property of the trace and the properties of the GSVD
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U'(X'X)U =V'(G'G)V =1 as

min énﬁf XBG'|3 + M (®)
— min %Hﬁ _XUSV'G|% + Air (®)
— min é (1E 3 + | xU2V'E|3) - itr (H'XUBV'G) + A ir ()
~ min éuﬁu% + étr (GVIU'X' XUDV'G) — itr (H'XUBV'G) + A ir ()

1, =~ 1 1 —~
= min §||H||% +gtr (BV'G'GVP) — Tt (H'XU®V'G') + \r (®)

U3,V
o . 1 Tr2 1 2 _1 7/ Pall
= Juin, 8||H||F-|—8H<I>||F 4tr(H XURV'G') + Ar (®). (56)

We can find UV’ by (51)-(53). We substitute B = C,D.. = U®V’ for B = (X'X)2 B(G'G)* in (56),
which we decompose by the SVD B = (X'X)2B(G'G)t = U®V'. As the matrix of singular values of
B is equal to the matrix of singular values of B we substitute ® by :1;, this yields

min

I SO G L 1 .
min - SIH + G I@IE - o (H'X(X'X) 3 08V'(G'G) G ) + Au (@), (57)

In the remainder of this section we will substitute X (X'X)"2 = X and (G'G) G = @ to case
notation. We minimize (57) in an iterative procedure where we fix two of the three matrices U , E
and V and minimize (57) for the remaining matrix. Minimizing with respect to U and V requires the
introduction of a lower bound inequality derived by Kristof (1970). This inequality states that if L is a

diagonal matrix with non negative entries, and IN is orthogonal then it holds that
—tr(NL) > —tr (L), (58)

with equality if and only if N = I, where I is the identity matrix. We will use this inequality to
obtain updates for U and V similar to Borg and Groenen (2005) in their chapter about the Orthogonal

Procrustean Problem. Minimizing with respect to U we rewrite (57) as

1~ 1 /=~ N1~ -
min S| — 7 (HX0SV'G') + SR+ Atr (@)

1 P
=min c¢— - tr (H’XU@V’G/>
U 4

1
=min c¢— 1 tr (®V'G'H' XU). (59)
U
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min c¢-— i tr (®V'G'H'XU)
. ]- o
=min - tr (PAQ'U)
=min c¢— ! tr (Q'UPA)
U 4

1
>min ¢— —tr(A), (60)
U 4

where ¢ captures all constant terms. Since U is orthogonal, so is Q’ UP. The minimization problem is
now in the form of (58), with N = Q' UP and L = A. From the Kristof inequality, we know that (60)
is minimal if and only if N = Q'UP = I. Hence, we should set U = QP’ such that Q' QP'P = I due

expensive. To ease computation we derive
SVETX

= BV'G (J,, (ZS +a01' 4180 XCﬁO)D;(O)G’> 7)) X

— VG (ZS +a®1 4180 4 XCﬁO)D;@)G’)/ X

_ VG LR V10X

+V'GBO1TX +dV'G'GDVC.OX' X

—®V'G'Z X +®V'(G'G):DVC V(X' X)?, (61)

where ®V'G'1a/© X and #V'G/B©1'X are both zero since (G'1) = (1’X) = 0 as both X and G are

column centered. To further increase the efficiency of the algorithm, we can calculate matrices which do

not change over each iteration, such as (X’X)z and (G'G)? this yields
PV'GH'X =dV/'(G'Z X) + 2V’ ((G’G)%D5.°>c;.<°>(X’X)%)) . (62)
Minimizing (57) with respect to V is done in similar fashion. This yields the update

V =PQ, (63)

where we decompose G'H'XU® by the SVD G'H'XU® = PAQ'. Again, for efficiency reasons, we
rewrite G'H' XU ® similar to (62) as

GHXU® = (G'ZX)Ud + ((G'G)%D§0>c;<0>(X'X)%)) Ud. (64)
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To minimize (57) with respect to ® we derive

1 - -
min f||H||F -t (HXUSV'G) + 7|\<I>\|§ + A tr (@)
P
1 e e~ ~ ~
=min c— tr (VG'H'XU®) + §||<I>||§ + M tr (@)
P

:H}gn C_iZﬁigii+éZ($?i+)‘Z(gii
=1 i=1 i=1
=min c+ Z [( > i + qﬁu} , (65)

&

where F = V'G'H' XU and r = min {(fz + ny — ng), (dg + n; — ng)} for the (fz4+n,—ng) X (dg+n;—ng)
matrix B. Minimization problem (65) can be minimized by minimizing r separate convex minimization

problems. We derive for each ¢;;, i € {1,...,7}
min c—&—Z[( )gb“—l— qb]
¢’I7/
1\~ 1+
dT“ <C+Z|:< 4fzz> ¢zz+8¢ii:|> =0

ifu‘ + Z¢ii =0

© i = fii — A\ (66)
Following Section 3.2, each ¢;; is regularized as
dii = max (fi; —4),0). (67)
F = V'G'H'XU can once again be more efficiently calculated, similar to (62) and (64), as
VGHXU =V'(G'Z.X)U + V' ((G’G)%D§0>C;<0>(X'X)%)) U. (68)

Now we find U and V using (53) by setting U = (X’X)"2U and V = (G'G)"2V. We also set ® = ®.
Using these parameters we derive updates for C,. and D,. as C,, = U ®3 and D, = V&3, We denote

the process of obtaining parameter updates more formally in Algorithm 3.
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Algorithm 3 Updating of C;. and D,
1: Initialize

Z,<— 7,

Vea d, X r random matrix with orthonormal columns
. I,
X+ X

GG
2: repeat

3: Given ® and ‘N/, solve for U:

and let U + QP
4: Given ® and (7, solve for V

Compute the SVD of GH'XU® = (G'Z. X)U® + ((G’G)%Dﬁo)C’;(O)(X’X)%)) U® = PAQ/,

and let V « PQ’
5: Given U and ‘7, solve for ®

Compute F = V'(G'Z. X)U + V' ((G’G)%Dﬁo)C;(o)(X’X)%» U,

set ¢y; < max (fi; — 4\, 0) Vie {1,...,7}

6: until I}, ® and V have converged
return C, = (X’X)":U®'/2 and D, = (G'G) " : V&'/2

I

Using the estimates of a and 3 from equations (47) and (48) and C, and D from Algorithm 3, we can
re-estimate H under a restricted solution, which can then be used to find new estimates of the parameters
of I'. We iterate these steps until the negative log likelihood in equation (15) has converged. The complete

restricted minimization by majorization algorithm is given below.
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Algorithm 4 Fully restricted: Complete restricted minimization by majorization algorithm
1: initialize a(®, 3©. ¢ D
2: Column center 89, X, and G
3: while t = 0 or (log L(T®|Y) —log L(T*~V|Y))/log LT'*V|Y) > ¢ do

5. Update H: h") « gp{™

6:  Update a: o) « n; 'H®1

7. Update B: B'® « n'1"HW.J,,

8: Update Cr(t) and Dﬁt) using Algorithm 3

9: Update 7y;: ’Yq(ji) — ol + Bi(t) + 2!, CHODM g,V (u,i) € U
10: Compute — log L(T"|Y)

11: end while

12: return o), B0, cY. p

3.5 Partially restricted minimization by majorization

In the previous section we restricted all users and items. In practice, there could be a large part of the
user and items for which we do not observe additional information. We should therefore also consider a
model for which we only restrict the bi-additive interaction effect of a subset of users and items. This is
achieved by reformatting the matrices X and G from Section 3.4 as

X = X0 and G = G0 . (69)

0o | I, 0 | I,

Where the n, x d, matrix X and the n, x d, matrix G correspond to extra information on the subset
of users and items. The matrices I, and I, correspond to rank n, —n, and n; — ny identity matrices,
respectively. As we restrict a subset of the bi-additive interaction effect to be a linear combination of the
columns of X and G, C,. and D, are always smaller in terms of dimensions compared to the unrestricted
solution, requiring less parameters to be estimated. However, if the number of unrestricted users or items
is large the size of I, and I, increases. In turn, X and G become harder to store and calculating inverses

become computationally infeasible. To avoid these issues we formulate the partially bi-additive model as
T'=a,l +18, + XC,. D, G (70)

Now we introduce a block structure to the parameters corresponding to the users and items for which we

do and do not have additional information, defining a,, and ﬂ;,r as

(851

and 8, = [ 8 | 8, |, (71)

Qpy =
(e 5]
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where o, and By, are the respective n, x 1 and 1 x n; matrices containing two vectors of which the first
corresponds to the restricted users and items and the second corresponds to the unrestricted users and

items. Furthermore, we define X and G as in (69). Lastly, we define C,, and D, as

C, D,
Cor = and Dy, = ) (72)
C D

where C,. and D,. correspond to restricted bi-additive terms whereas C' and D correspond to unrestricted
bi-additive terms. Majorization of the likelihood function and the formulation of H,, is identical to the

previous sections. We formulate H,,, as

H, =2Z,+ T
AT
= sparse + low-rank, (73)

where Z is defined as in (31). We can define H,,, similar to the block structure observed in the parameters

in (71)-(72) as

where H ; is the ngy x ng block corresponding to the users and items for which additional information is
observed and Hy 5 is the (n, —ng) x (n; — ng) block corresponding to the users and items for which no
additional information is observed, the remaining two blocks correspond to the user and item combinations
for which we only observe either a restricted user or item, not both. We rename the indices n, = (n, —ny)
and n, = (n; —ny) as we will be often using them in this section. For identification purposes we column
center B, 82, X*,G*,C and D. It should be noted that this method is more restrictive on I" as opposed
to the methods discussed in previous sections. We now center both 3; and B2 whereas before we only
required the entire 3 to be centered as a whole. Similarly we now require X*, G*, C and D to be centered

independently whereas before we required the entire bi-additive interaction effect to be column centered.
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Now we can rewrite the majorized likelihood as

—log L(TY)
1
1 2
=3 |Hpr — (pel’ +18,, + XC,\ D, G| + 5
1 (e3] ,
e[
8 o
2
X*| o0 C, G| 0
+ { D. | D } +s
o5 ||c 0|1,
F
2
||| Hua - (a1 +18 + X°C,DLG") | His — (an1 18} + X°C, D) e )
_ = S.

81| Hoi— (a0l +18{+CD/G™) | Hay— (aul +18 + CD)

If we define each block in (75) as €, with the indices a,b corresponding to the position in the block

structure we can rewrite

—log L(TY)

— 2
1| H - @i+ ap 4 xeeojer) | Hio— (a1 +18,+ X*C, D) ..
~ 8 i H2’1 — (ag].’ + 1,8’1 + CD,:‘G/*) ‘ H2’2 — (021/ + lﬁé + CD/)

2
! +
= - s
8
F
1 2 2 2 2
= 5 (I12all5 + 19020 + 1922405 + 192203) +5. (76)

Now, with ||©1,1 H2F as an example, each of the four norms can be rewritten in the following fashion

2
121,15
=||Hi1 — (eal’ +18] + X*CTD;G/*)Hi
= ||(anH1,1Jng + n;lHLlll’ —+ n;111’H171Jn9) — (all’ + 16; —+ X*C’”‘D;G/*)Hi‘

= ||(n; H1111' — an1') + (n; "1V Hy 1 J,, — 18)) + (o, Hiad, — X*C.DLG™)|

= [y a1 = o) V]l |1 (g "0 = 8)

+ || Jn. (Hiy — X*C.DLG"™) J,, ||, (77)
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where we use the cyclic property of the trace and the fact that 3; and X™* are column centered to drop

the cross products. Now we can rewrite (76) as

g L(T

1

=3 ( ) +s

= g(” (ng‘lHl,ll —on) V|3 +|[1 (0" VHyy = B5) I, |3 + || In, (Hiy — X*C.DLG™) T, ||

a1l + 19205 + |

1y Bt — ) V2 [ - 8)

b (Ho = XG0 T |+ | (0 a1 — ) V2
{1 (ny 'V Hoy — B1) T, || 4 || T, (Hoy — CDLG™) T, ||2
| (ny " Hz2l = o) V|54 [[1 (g 1 Hae = 85) T

+ [, (Haop = CD') T, [12) + 5. (78)
We use (78) to derive parameter updates. First we minimize (78) with respects to o, yielding

1
min = ([|(ng  Hiat = o) V|[} + ||y Hi2l = a)1|[7)

a1

2
n;lﬂl,gll’ — Ollll :| HF) . (79)

=i ([ e - e
a8

Equation (79) is most intuitively minimized by considering each separate element of a;. Minimizing (79)

with respects to a; 4 for ¢ € {1, ...,n, }, where h21.1) , €quals row g of Hy; yields

2
n;lHl’Qlll — all’ :| HF

min H{ n;1H1,111' — o1’

a1,q
~1 ~1 2
— 1 / ! !
~ g [ g By 11— a1l ‘ R1,2),411 — a1l ”‘F
= glllnng(h(l D~ 1g)” (1,2, — 01,)°

d _
< E (n!](h(l,l),q - al,q)2 + np(h(1,2),q - O‘Lq)z) =0

A *2"9(71(1,1)#1 —Qiq) — 2"19(71(172)41 —aig) =0

ngh(lyl),q + npﬁ(1,2)7q
ng + ny '

= Q19 = (80)

In other words, (79) is minimized if we set a; equal to the weighted row means of Hy ;. Similar reasoning

for ag, 31 and Bs yield the following updates

oy = ng}_lLl =+ np’TLLQ Qg = ngil/zl + ’rlp}_lLl (81)
Ng + 1Ny 7 ng+ny
h h h h
/3/1 _ Nahig + noha 1 and ﬁé _ e 1,21+ "no 2,27 (82)

Nge + Ny Ng + No
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where 71171 = n;lHLll and lALLl = n;ll’HLlJng. The remaining to be minimized terms in (78) can be
written as

1 . . 2 . 2

(1, (Hio = X*C.DLG) 3, |3 + ||, (Hi2 = X*C.D) 1, 7

[ Ju, (Hay = CDIG) 3, |3+ || Ju, (Hap = CD') T, )

F

11~
=3 HHW - XC,.D, G

pr

2

| =

(H,. - XC,.D.,.G')

2
)
F

as X*,G*,C and D are column centered.

3.5.1 Regularization

Again, rank restricted parameter regularization of Cp, and D,, is required to avoid the overfitting
problem as discussed in Groenen et al. (2003). We can introduce the weighted nuclear norm similar to
Section 3.4.1 as

1= 2 A
< | = XCouD, &|| + 5 (IXCprllE + 1GD, ) (34)

Now, we can take two approaches to minimize (84). Firstly, we can implement the same methodology
as used in Section 3.4 and update both Cp, and D,, at once. Secondly, we can take a block relaxation
approach by fixing all but one of the matrices C,., D,., C and D and minimizing (84) with respect to the
remaining matrix. In the first minimization approach we minimize (84) with respects to both C,, and
D, and follow the same approach as described in Section 3.4.1, using Algorithm 3 to obtain updates
for Cp, and D,,.. The block structure of X and G does allow us to rewrite of the matrices matrices in

Algorithm 3. If we redefine V and U from Algorithm 3 as

_ v
Vor =

— and ﬁpr = (85)
\4 U
where the ‘7} and ﬁr correspond to the restricted terms whereas Vand U correspond to the unrestricted

terms. We should also implement the block structure from this section in the other matrices in Algorithm

3. In Step 3 of the algorithm we have to calculate %‘Z,’TCNJ’ ﬁ;’)rf , this matrix can be rewritten. For
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simplicity we will first start with G’ ﬁz’,,j{v

G’HI’JTX
- ~ / —~
G*| 0 Jn, | O H,, | H Jn, | O X*10
0 | I, 0 ‘Jno Hgl‘HQQ 0 ‘an 0 ‘Ig
G| o H1 . ‘ H}, X | 0
L 0 J"p L H1,2 ‘ H2,2 0 ‘ Jno

G*H{,X* | G*H} J,,
J"pH{,QjX\:* an Hé,QJnO

where we again use the fact that G* and X™ are column centered. Where we briefly redefine the blocks

using Z for ease of derivation. We can then rewrite ®V,) G'H,, X as

(87)
We can simplify each block as
E11=GH{, X" =G ( o T1log + 811 + G*DT-C;X*/) X
_G*Z’ a, 1)X*+G*G*D C”X*’X* (88)
5172 = é*HélJn = ( (2,1) + 102 + ﬂlll +G*D C/)

=G"Z, 51)Jn, + G'G"D,C’, (89)

Zoq = Jo H| , X" = J,, (Z;’(Lz) + 1o + Bl + Dc;X*') X
=Jn,Z. 1 X"+ DCLX" X", (90)

Bo2 = Jn, Hj o Jn, = Jn, (Zs,22) + 1oy + 821" + D, C}) J
=Jn,Z; (3.2)n, + DC’, (91)
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since both D and C' are column centered and J,,, 1 = 1'J,,, = 0. Similarly, we can use the block structure
in both é’ﬁ;rfﬁpri’ and F = Wré’ﬁérfﬁpr to find

G'H), XU, & =

and

F-VERXU -V

v

= [‘7,./5171&1» + ‘2{5172{]2 -+ V/EQJU?« ‘7/52 2[7:| . (93)

Algorithm 5 summarizes these changes.
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Algorithm 5 Updating of C), and D,, using the SVD approach

1: Initialize
Z,+ Z,
‘71,7“ + a (dg + ne) X r random matrix with orthonormal columns
. I,
X" X*

G* — G*
2: repeat

3: Given ® and ‘7,,“ solve for ﬁpr:

Compute the SVD of ®V, G'H., X = & [ V/E 1+ V'Eyy | V/Ei1 s+ V'E,y,y | = PAQ,

and let ﬁpr — QP
4: Given @ and ﬁpr, solve for ‘Z,T

I B U +51.U0 | =~ __
Compute the SVD of G'H), XU, & = |—————"__| & = PAQ,
01U, + EqgpU

and let V,, «— PQ’
5: Given ij,« and ‘7;,7«, solve for &

Compute ﬁ = [‘2!51’167‘ + ‘77”/5126 + ‘7/52}115} + ‘7/52’2&} s

set ¢ < max (fi; —4X,0) Vie {1,...,r}

6: until ﬁ, ® and V have converged
C, (X*IX*)féﬁr,i,l/2 D, (G*/G*)fé’f}r,’i’l/2

7. return C,, = = — and D, = = -
C Udl/? D Vel/2

However, we see that this method requires the SVD of a both a r x (d; +n,) and a (dg +np) X r matrix.

If we lack additional information of a large part of the users or the items, n, or n, become large

and

the SVD may slow down. We can implement another computational trick to replace the SVD using an

eigendecomposition. Suppose we define M as an n matrix where n >> r and decompose M by

the

SVD M = PAQ'. We can then calculate both @Q and A by the eigendecomposition of M'M = QA2Q’,

where M'M is an r x r matrix. Now using this Q and A we can derive

M = PAQ' = MQ = PA

& MQA™! =P,

to retrieve P. Similarly, we can calculate the eigendecomposition of MM’ = PA?P’ and retriev

(94)

e Q
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similar to (94). If we define F} = ‘i’f/p’ré’ﬁérkv and Fy = é’ﬁ;’nfﬁm:ﬁ we can summarize this method

in Algorithm 6 as

Algorithm 6 Updating of C), and Dy, using an eigendecomposition

1: Initialize

N

:'

return C)p, = = and D, = =

Z, < 7,

‘prr < a (dy + n,) X r random matrix with orthonormal columns
> I,

X* + X*

G* + G*

repeat

Given ® and ‘N/pr, solve for ﬁpr

If the SVD of F} = ‘5‘71,'70@'?{/’ X = PAQ', calculate the eigendecomposition F F| = PA*P'.

pr

Now set Q' = ® ' P'F; and let ﬁpr — QP
Given ® and ﬁp,., solve for ‘71,,»

If the SVD of F; = é’ﬁ;rfﬁpri’ = PAQ/, calculate the eigendecomposition FyFy, = QA*Q’.

Now set P = F,Q® ! and let ‘~/pT «— PQ’
Given ﬁpr and ‘71,“ solve for ®

Compute .i‘:’ = [17/5171[1 + WELQ(} + ‘7/52,167 + ‘7/52726} R

set ¢ < max (fi; —4X,0)Vie{l,..,r}

until ﬁ, ® and V have converged

C, (X*IX*)_%ﬁri)l/z D, (G*/G*)—%i}r&;lm

C Ud'/? D Vel/2

The block relaxation approach involves minimizing (84) using a more traditional approach. We rewrite

(84) to find

1= A
< |[H - X606+ 5 (IXCollt + 16D, )

2
F

1
=< (10, (1 = X*CoDLG™) Iy, 3+ || T, (Hiz = X CoD') I |
4, (Has = CDLG™) I I3 4|0, (Haz = CD) 1)

P "
+5 (IX°C & +ICF + |G Dy || + [ D) - (95)

We now fix the other parameters and minimize (95) with respects to C,, this yields the minimization
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problem

1 A
min < (|[Jo, (Hiy = X*CDG™) Jo, 3+ [T, (Hio = X°C,D) 0, [[1) + SIXC}

,(
: 1 Ir * INa LIV Ir * 7112 A * 2
—win <(|Hyy - XTCDLG [} + |y~ XPCDF) + 1 X°C
1 . A
=min Z||He, — X C,»D;,.G’H%+§||X C.|%
. 1 * 1 112 1 T7/ * / / A * 2
= Hcl'l}l §||X C,.D,. G|} — 1 tr(Hp, X*C,. D, G') + §||X C,lg, (96)

. N N /
where Hg, = [ H|, ‘ H], ] and dropping the parts not containing C,.. We can continue by writing

. 1 * 2 1 I7 * A * 2
win L1 X°C,D}, G}~ § u(HE X°C,D;, G + 51X G

1 1=
& (8 tr (GD,,C,X"'X"C, D,,G') —  tr(H(, X*C, D}, G') + tx (C;X*’X*CT)> =0

dC,
& %X*’X*CTD;,.G’GDW - iX*’IA{/CTGDW +AX*X*C, =0
& X*'X*C, (D.,,G'GD,, +4\I) = X*'Hc,GD,,
& XV X*C, (D,,G'GD,, + 4\ ) = X" (Z, ¢, + X*C"”D)'G')GD,,
& Cr = (X"X*) ' X" (Z,0, + X*CODYW'G)GD,, (D,.G'GD,, +4\I) ", (97)

where Z; ¢ corresponds to the n, x n; block in Z;. Similar updates can be derived for D,, C and D,

these updates read

D, = (G"'G*)"'\G"(Z, p, + G*DOCY' X)X C,, (C,,. X' XC,, +4XI) ", (98)
C=1J,,(Z.c +asl’ + CODYW'G)GD,, (D, G'GD,, +4\I) ", (99)
D=J, (Z.p+B:1 + DOCY' X)XC,, (Co, X' XCpy + 4XI) . (100)

We can summarize this for finding updating C), and D,, as well as the complete minimization by

majorization algorithm below.
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Algorithm 7 Updating of C), and D,, using block relaxation

1: Initialize

Z,+ Z,
C, —C,
c—C
D, D,
D+ D
X*| 0
X
0 | I,
G| 0
G+
0 | I,
2: repeat

3: Given D,., C and D, solve for C,:

set C, = (X*'X*) ' X" (Z, ¢, + X*CODYW'G)GD,, (D,,.G'GD,, +4\I)”"

4: Given C,., C and D, solve for D,.:

set D, = (G'G*)'G*(Z. p. + G*DOCY' X"\ XC,, (Cl, X' XC,py +4N) "

5: Given C,., D, and D, solve for C"

C=J,,(Zc + a1’ + CODYV'G)GD,, (D, ,G'GD,, +4\I)"'

6: Given C,., D, and C, solve for D:

D =1,,(Z.p+B:1 + DOCY' X)XC,, (Cl. X' XCpy +4NI) "

7. until C,., D,., C and D have converged

C, D,
and Dy, =
C D

8: return C), =
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Algorithm 8 Partially restricted: Complete partially restricted minimization by majorization al-
gorithm

1:

2:

3:

10:

11:

12:

0 g0 ¢ pO

initialize oy, By, Cpr,
Column center ,6%0), 50)7 X*, G*,C9, and D©
while ¢t = 0 or (log L(T®|Y) — log L(T*~V|Y))/log L(T*~V|Y) > ¢ do

t+t+1
Update Hy,: h{) « 80
Update ay: ol « (ny + ny) Y (ngh 1 + nyhy )
Update as: a2 — (ng+ny) " t(ng ho1 + npl_zz 2)
Update 31: /(t — (g 4 no) " (nghi 1 4+ nohoy)
Update Bs: /(t — (ne +10) Y (nzhy g + noha o)
Update C(t) and D(T using Algorithm 5, 6 or 7
Update 7y;: 'ngi) — ol + 51@ +x!, CODM g,V (u,i) € U
Compute — log L(T'™|Y)
: end while

: return al(fr), 1(71:(')7 C;()fr), D(f)

3.6 Baseline models

The models discussed in in this paper will be tested against four different baseline models. We will

implement the same baseline models as discussed in de Bruin et al. (2020). These baseline models serve

as elementary approximations for the probability of a user clicking on a certain item. Despite their

elementary nature, the baseline models turn out to be relatively hard to beat in practice. We estimate

the following four baseline models

. Majority rule: the mode response to all observed items in the response dataset, i.e. zero for all

predictions.

. Global average click rate: (35, ;e Yui) 1P|, where |¥| is the cardinality of the set of observed

user items combinations.

. Average click rate per user: (3_(;)cq, Yui) LW, |, where |¥,| is the cardinality of the set of items

seen by user u.

. Average click rate per item: (3, cy. Yui)”'|¥;, where |, is the cardinality of the set of users who

have seen item 1.

3.7 Evaluation metrics

Appropriate evaluation metrics are important when evaluating the performance of the models. In this

section we will discuss and contrast various performance measures. We define the observations in our



33 T.F. de Bruin Master thesis

test set as the set G.

3.7.1 Root Mean Squared Error

The implicit feedback used in this paper is binary. A common performance measure used in this setting

is the Root Mean Squared Error (RMSE). The RMSE is defined as

1
RMSE = | = > (yui — ftus)*. (101)
|g| (u,i)€G

The RMSE rewards the correct classification of both 0 and 1. As such, the RMSE is a good performance
metric when considering binary datasets. We will use data from a large online tour operator to evaluate
the performance of our models in Section 5. One of the datasets available contains implicit feedback data,
we will refer to this dataset as the Sunweb dataset. This data set, and most implicit datasets alike, is
very imbalanced. In the Sunweb dataset the global clickrate is only 2.19%. Simple baseline models, such
as majority rule classification, might be expected to perform relatively well under these circumstances
in terms of RMSE. Additionally, implicit datasets are known to be troublesome in encoding negative
feedback (Johnson, 2014). The implicit feedback in the Sunweb dataset contains the clicks on items in
opened emails from various email campaigns, where users are only shown a subset of all available items
(those contained in the opened emails). In this context we only observe an indication that the user saw
the item but did not click on the item. Not clicking the item can be due to various reasons besides him
not liking the item. As the promotional emails contained multiple items we could for example think of a
situation where the user would be interested in multiple items in the email but he is so satisfied with the
first item he clicked on that he simply stops his search. Because of this, we might be more interested in

correct classification of the clicks only.

3.7.2 Mean Percentage Ranking

We consider a second evaluation metric, which is more commonly used in the literature dealing with
implicit feedback; the Mean Percentage Ranking (MPR) (see Hu et al. (2008) and Johnson (2014)). The
MPR is a recall based evaluation metric which evaluates the user’s satisfaction with an ordered list of
recommended items. For each user in the test set we generated a ranked list of items sorted by preference.
Let rank,; denote the respective percentile rank of item 7 for user w. Thus, rank,; = 0% reflects the
highest ranked items for user u. Similarly, rank,; = 100% reflects the least preferred item for user w. If

we define y!,; as the implicit feedback of user w on item i in the test set the MPR is defined as

_ Z(u,i)eg Yrranky;

MPR 7
(uyi)eG Yui

(102)
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Lower values of the MPR are more desirable as they reflect that the user clicked on the items high on
the predicted list. It should be noted that randomly produced recommendations have an expected MPR,
of 50%. Notice that as we evaluate the MPR per user, we cannot use the first three baseline models
(majority rule, global average click rate and average click rate per user). These three models produce the
same predictions for all items per user. The resulting rankings and MPR statistic is therefore identical
and meaningless. For this reason we will still cover the RMSE, as this allows us to compare our models

with all baseline models.

3.7.3 Precision-recall plots

As a last means of analysing the performance of the various methods we will estimate precision-recall
(PRC) plots. PRC plots are shown to be very informative in the context of unbalanced binary data
(Saito and Rehmsmeier, 2015). PRC curves plot the precision = (TP + FP)~(TP) where TP are True
Positives, on the y-axis against the recall = (TP + FN)~!(TP) for a gradually changing threshold value.
This threshold value indicates the value above which a probabilistic prediction is deemed a click. A
common issue with unbalanced datasets is that they predict a large number of true negatives. These true
negatives then drown out the true positives in metrics such as the false positive rate = (TN + FP)~!}(FP)
used in for example ROC curves. Notice that the metrics used in the PRC curves do not use the true
negatives, as such, they are only concerned with correct prediction of the minority class, the positive

cases.

3.8 Additional implementation details

3.8.1 Model selection

All models discussed in Section 3 require optimized hyperparameters to maximize performance. The
most important parameter which needs to be optimized is the value of A\. The second parameter is the
number of factors our models use. One important characteristic of our models is the models ability to
drop redundant factors if they do not help in increasing the objective function (due to implementation
of the nuclear norm). As such, we do not need to optimize them to optimize the value of the objective
function. Although we do not need to optimize the number of factors, we can use the factors to add
additional constraints to the models to increase predictive power. To make our parameter selection
as robust as possible we implement 5-fold cross validation. In 5-fold cross validation a training set is
randomly divided into five different data sets. In each iteration, the model is trained using four of these
sets and the performance is evaluated on the remaining dataset. Afterwards the results are averaged over
these different folds. This method is known to yield more robust results compared to simply evaluating
performance of the whole training set at once. We obtain both the training and the test set by splitting
the full dataset at random using a 80/20 split for the training and test sets, respectively. The test set

will only be used to evaluate the final performance of the models in Section 5.
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3.8.2 Warm starts

The sparse plus low rank data structure also allows us to easily incorporate warm starts. This implemen-
tation is especially helpful during the cross validation of the models. Recall that the Unrestricted model
described in Section 3.3 is formulated as ' = a1’ + 18’ + CD’. For each fold in the cross validation
procedure we estimate the model parameters corresponding to the first set of hyperparameters, in the
model above these would be o, 3, C' and D. These converged parameters are used as an initial estimates
for the next set of hyperparameters. As we implemented a majorization approach in all of our methods,
which guarantees decrease of the objective function in each iteration, the objective function either de-
creases further than the previous set of hyperparameters or fails to formulate an additional decrease and
stops. The first iteration was performed using a very large value for A\. With a very large value of lambda,
essentially all factors in C' and D are reduced to zero. We slowly lowered the value for A, releasing more

factors in the process.

4 Timing experiments

In this section we will compare and contrast the models introduced in Section 3 in terms of their speed.
As these models are novel in the type of data to which they are applied, we have no other known models
to compare the performance of our models to. One of the most important characteristics of our models is
their ability to scale. Therefore, we compare our models in two different settings and compare how they

scale in these circumstances.
4.1 Simulation setup
Each ~,; is simulated using the data generating process
Yui = + Bi + ., CD’g; + yi, (103)

where ¢,; is a random error with mean zero. The probabilities for each user item combination are

calculated using a simple logistic function

e 104
Pui = Tt (104)

Afterwards we transform this probability to implicit feedback with the simple rule
Yui = (105)

0, otherwise.

A distribution of the probabilities can be found in Figure 1. We can see that the probabilities reflect a

small number of items in which the users are interested and a much larger fraction of items in which the
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users are not interested.
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Figure 1: Frequency bar chart on a logarithmic scale of the probabilities with the mean as a dotted line

Five different models are compared, of which the last three all represent the Partially restricted

model:

1. Unrestricted - Algorithm 2

2. Fully restricted - Algorithm 4

3. SVD - Algorithm 8 using Algorithm 5 to update the C,, and D,,
4. Eigen - Algorithm 8 using Algorithm 6 to update the C,,, and D,,

5. Derivative - Algorithm 8 using Algorithm 7 to update the Cp, and Dy,

4.2 Timing experiments

In the following timing experiments we will investigate the speed and scalability of our algorithms. The
methods proposed in Section 3 all implement a sparse plus low rank data structure. This data structure
allows us to efficiently work with sparse binary data sets. The Sunweb dataset has three classes for
example, unobserved, no click, and click. More traditional implicit recommender systems would only
consider the click, and consider the remaining observations as no click. Therefore, we generate two series
of datasets, varying in size. In the first series we set the sparsity of the user item matrix (0) to 5%. This
implies that only 5% of the user item matrix is filled with feedback data which is similar to the Sunweb
dataset, where only 6.2% of the data is observed. In the second series we set the sparsity to 100%. We
will refer to these series of datasets as the sparse and dense series, respectively. To make our results more
robust we average the timing results over five different runs. Figure 2 shows the average timing results

on the two different sets of data. The remaining parameters of the simulation, the size in user (u) and
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items (i), factors of the data generating process (factors), factors used in the methods (f), percentage
of the users and items we have additional information for ({) and the value of the restrictive parameter
A are fixed across the models. A model is said to have converged once the change in it’s likelihood over
the iteration falls under a certain threshold e. Note that we only compare Unrestricted with Fully

restricted in the case in which we have additional information on all users and items (¢ = 1).
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Figure 2: Four timing experiments. The following parameters are fixed across the simulations: ¢ = 100,
factors= 5, f =5 and A = 0.5.

Panel (a) from Figure 2 demonstrates the scalability of our models compared to the binary models. We
observe that generally, an increase in the number of users corresponds to an increase in the difference in
convergence times for all methods. In this experiment, the size of the dataset varies from 100 to 100.000
users with 100 items. The size of these datasets is tiny compared to the size of many recommender
problems in practice. Thus, the fact that we can already demonstrate significantly lower convergence

times for the sparse binary setting is an important finding. Panel (b) plots the averaged convergence times
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for all partially restricted methods on the sparse datasets against one another. The panel demonstrates
that for all dataset sizes, the Derivative model required the most amount of time to converge. When we
compare SVD and Eigen we do not observe any significant difference in convergence times for the larger
datasets and we can conclude that for larger datasets, there does not seem to be an added benefit in
terms of convergence time due to using an eigen decomposition. Panel (c) and (d) from Figure 2 show
similar experiments applied to the fully restricted methods, when all additional data is available. Panel (c)
shows that again, the fully restricted method also follows the pattern observed with the partially restricted
methods. Interestingly, the computation time in panel (d) seems to break the pattern observed in panel
(b) for Fully restricted. The convergence time is influenced by both the number of iterations needed
and the time per iteration. On closer inspection it seems that the number of iterations vary significantly
for the Fully restricted. The data generating process of the simulation is perfectly aligned with the
restricted models. As such, when more additional information is available, the restricted methods are able
to make a greater initial jump towards convergence. Figure 3 shows this characteristic for two different
amounts of additional information. Since the fully restricted method has all additional information
available it is able to converge after only a handful of iterations for the large datasets, resulting in small

convergence times.
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(a) Example of convergence for 75% available additional (b) Example of convergence when all additional infor-
information mation is available

Figure 3: Two examples of objective function convergence for varying amounts of available additional
information

5 Empirical application

In this section we will apply both the unrestricted and the restricted methods on the Sunweb dataset. As
SVD, Eigen and Derivative all minimize the same objective function and only differ in their optimization
approach it makes little sense to estimate all three models. Therefore, we only estimate the SVD in the

partially restricted method class as it performed the best in terms of speed in Section 4.
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5.1 Data description

First we will analyse the available datasets. In total we have three datasets available. The first dataset,
which we will refer to as the click dataset, contains the data on the click behaviour of the customers of a
large online tour operator, Sunweb. Sunweb sends out weekly emails containing items which might be of
interest to the customers. The click dataset collects the responses of these customers to the given items
and proxies whether the customer is interested in the item, by clicking on the item, or is not interested
in the item, by not clicking on the item. It is important to note that the dataset only contains opened
emails. Our second and third datasets contain additional information on both the users and the items.
As such, we will refer to these datasets as the user and item datasets, respectively. Our click dataset
contains 40.216.265 observations with 12.347.588 unique mails send. The dataset contains 299.248 unique
users and 2.199 unique items. This means that our feedback is highly sparse, with only 6.1% of all user-
item combinations being observed. The click-through rate of the individual emails is 6.2% implying that
for only a small fraction of emails the user is directed to the Sunweb website. On average each email
contained 3.26 items. If we consider the number of total items and clicks we find a global click rate? of
2.19%. Figure 4 shows frequency bar charts of various statistics relating to the users. Panel (a) shows
that on average, each user in our sample opened roughly 41 emails, with a median of 6. Some users
opened more than 600 emails in roughly a two year period. Panel (b) shows that on average, each user
recorded 2.95 clicks, which is tiny in comparison to the number of opened emails, with a median of 0.
In fact, the vast majority of users (70.43%) did not click on a single item. We do observe some outliers
with over 600 clicks. These individuals might be simply clicking on every item or simply like browsing for
holidays. If we look at the clickrates in panel (¢) we find that on average each individual has a clickrate
of 1.62%. logically, a large group of users has a clickrate of 0%. We also observe a small group with a
clickrate of 100%. Our models are unable to calculate predictions for these groups as they lack variation
in the response variable. We will therefore predict zeros for all items for users with a clickrate equal to

zero, and ones for all items for users with a clickrate equal to one.

2(Total clicks) * (Total observations) ™!
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Figure 4: Frequency bar charts on a logarithmic scale of various statistics with the means as a dotted
lines

An overview of the variables available in the item dataset can be found in Table 1. These characteristics
are available for 1.713 out of the 2.199 unique items. The mean of the discounted price is 506.40 euros
whilst the original price has a mean of 700.2 euros. This means that on average, the items have a 27.7%
discount. The average star rating of the items is 3.87. The most popular holiday destination in the email

items is Greece.
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Table 1: Overview of item characteristics.

REVIEW_RATING
DURATION

PRICE
PRICE_ORIGINAL
STAR_RATING
CHILDREN
ACCO_FULL_WIDTH
item_POSITION

The rating of the accommodation on a scale of 1-10.
Length of the holiday.

Current price of the item.

Original price of the item.

Star rating of the accommodation.

Whether there are beds for children in the room

Whether the layout in the email was full or half width.

Position of the item in the email.

DESTINATION Destination of the holiday.

YEAR Year when the item was send.

QUARTER Quarter when the item was send.

MAX_PERSON Maximum amount of adults.

DEP_MONTH Month of departure.

MEALPLAN Meal plan of the item (all inclusive, full pension etc).

Unfortunately we do not have much user information available. The available user information is extracted
from the website behaviour of the users on the Sunweb website. The raw data contains the website
browsing behaviour from 71.705 anonymized users in our click dataset. The data contains information on
the time of the sessions, which holiday destinations the user was browsing for and the layer of the ordering
process. We assume that these layers reflect the interest of the user in the item as navigating through
the layers requires more time and clicks. For example, we can infer that the user is more interested in
the item if he is already browsing dates and prices compared to the situation where he is simply viewing
the item. We can rank all available layers corresponding to the stage in the ordering process. We refer to
these layers as webpages, with the most interest shown in the "deepest" webpage. Each user may have

browsed the website on various occasions. The final variables we extracted from this dataset are shown

in Table 2. The average user visited the Sunweb website on 16.24 different occasions.

Table 2: Overview of user characteristics.

MOST_RECENT_WEBPAGE Deepest webpage in the most recent session.

MOST_RECENT_COUNTRY Destination of the most interesting item in the most recent session.

MOST_INTEREST_WEBPAGE Deepest webpage over all sessions

MOST_INTEREST_COUNTRY Destination corresponding to the most interest.
MOST_RECENT_YEAR Year of the most recent session
MOST_RECENT_QUARTER Quarter of the most recent session

SESSIONS Number of total sessions of the user.
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5.2 Results

First we need to optimize the hyperparameters of both Unrestricted and SVD. We implemented the
cross-validation procedure discussed in Section 3.8 on A = {250, 100, 50, 25, 20, 15, 10, 8,6, 5,4,3,2,1,0.5}.
Five-fold cross-validation yields A = 25 for Unrestricted, for which 5 factors were retained. For SVD we

find A = 8, and only retain 2 factors.

Table 3: Test RMSE of baseline and novel models

Majority rule  Global average User average Item average Unrestricted SVD

RMSE 0.1481 0.1465 0.1403 0.1455 0.1372 0.1389

Table 3 shows the RMSE results of Unrestriced, SVD and the baseline models. As we can see, all
baseline models perform moderately well compared to our methods. Although we should keep in mind
that small improvements in terms of RMSE can have huge value for businesses. In the Netflix prize, the
winning team managed to beat Netflix’s RMSE by only 10% and earned one million dollars. The best
baseline method is the average click rate per user with a RMSE of 0.1403. Our models manage to beat

the baseline predictions by 2.2 and 1.0 percent for Unrestriced and SVD respectively.

Table 4: Test MPR of baseline and novel models

Item average Unrestricted SVD
MPR 0.3468 0.3085 0.3371

Table 4 shows the MPR results of Unrestriced, SVD and the average click rate per item. MPR results
for the other baseline models are meaningless, as described in Section 3.7. All models beat the ran-
dom prediction threshold of 0.5. Again, both our models also manage to beat the baseline model with

Unrestriced performing the best, followed by SVD.

Lastly, we look at the results from the PRC plot shown in Figure 5 as well as the AUC values in Table
4. As precision can be interpreted as the models ability to correctly predict the click while recall refers
to the percentage of total clicks correctly classified. If we view the plot from left to right, the prediction
threshold, the value above which a prediction is classified as a click, is moved from zero to one. In the
top left of the figure we thus simply predict everything as a click (as zero is the threshold) in that case
we see that we have a precision of one, we predicted every click correctly. However our recall rate is close
to zero since we classified all no clicks wrongly as well. A perfect algorithm hugs the top right and has
an Area Under the Curve (AUC) of 1. The AUC is often used to quantify the results of the PRC plot.
In both Figure 5 and Table 4 we dropped the results from the majority rule and the global average click
rate baseline models as they did not add any additional information to our analysis. Once again, both

our models outperform the baseline models, with Unrestricted performing the best.
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Figure 5: Precision-recall plots of four selected methods

Table 5: Area Under the Curve (AUC) of four selected methods

Item average User average Unrestricted SVD

AUC 0.051 0.170 0.239 0.201

Unrestricted was able to outperform SVD in all three cases. Nonetheless, we should be careful in
concluding that the Unrestricted is a better method than SVD. Firstly, we cross validated our results
over a set of roughly 20 values of A\ and 5 different factors. Whilst Unrestricted performed best in this
subset of parameters further parameter tuning might lead to increased performance of SVD. Secondly,
as we saw in the simulation example, all restricted methods were able decrease their objective functions
significantly when more additional data was available. In this dataset, we only had additional information
on roughly 25% of users. Additionally, this data was unfortunately not very informative as it consisted
of a hand full of dummy variables. More and better additional information about the users themselves
could also lead to increases in performance. Nonetheless, we can conclude that both Unrestricted and

SVD were able to outperform the baseline models.

6 Conclusion and discussion

In this paper, we tried to answer the research question: Can we incorporate additional information in
a sparse binary probabilistic matriz factorization algorithm using the sparse plus low rank data struc-
ture? In total we derived and tested three models: Unrestricted, Fully restricted and Partially
restricted. The first model was introduced in de Bruin et al. (2020) and exploits one source of infor-
mation, in this paper we used click data from a mailing list of a large online tour operator. The second
model exploits three sources of information: click data, and additional information on all users and items.

Partially restricted differs from Fully restricted in that the model only requires additional infor-
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mation on a subset of users and items. All models are based on the principle of majorization using simple
convex functions. This results in a few useful characteristics of our models. First, all models guarantee a
decrease in the objective function in each iteration. This means that the path to convergence is smooth
and dealing with convergence issues is rare when setting an adequate convergence parameter. This char-
acteristic also allows for implementation of warm starts, where parameter estimates of a different set of
hyperparameters are used as a starting point in the next set of hyperparameters. These warm starts

drastically increasing the speed of the cross validation procedure.

We compared the speed and scalability of our sparse binary algorithms to a more traditional binary
setting in a simulation study. In a series of timing experiments we showed that all three models generally
require significantly less computation time to converge for our binary, highly sparse, datasets compared
to the binary dataset. The difference in convergence times also seems to increase with the size of the
dataset. This is an important results as it shows the power of our models, in terms of efficiency, as most

real-life datasets are highly sparse.

In an empirical application we applied both the Unrestricted and Partially restricted models on
data from a large online tour operator. We found that beating the baseline models was a difficult task.
In terms of RMSE, we found that Unrestricted and Partially restricted managed to beat the best
performing baseline by 2.2 and 1.0 percent respectively. Additionally, we considered the mean percentage
ranking (MPR), an evaluation metric commonly used when dealing with implicit feedback. With MPR
values of 0.3085 and 0.3371 both models significantly beat the random prediction threshold of 0.5 as well
as the baseline of 0.3468. Based on the precision-recall plot we also conclude that both models beat the
baseline. We cannot conclude that either Unrestricted or Partially restricted is the best model as
both models are dependent on hyperparameter tuning and available data. We can, however, conclude

that both models outperform the baseline models.

One of the main limitations of our model, and many collaborative recommender systems alike, is the cold
start problem where predictions cannot be formulated for new users and items. In this paper, we chose to
simply use non-personalized predictions by implementing the global click rate. Other approaches exist,
such as using a content-based filtering recommender for the new users and items. Implementation of
these content-based filtering techniques would be essential if one would wish to deal with these cold start

problems.

We have shown that our models perform well on large datasets although implementation on industry sized
datasets might require more advanced computing techniques such as parallelization. Other latent factor
recommender systems implement sharding techniques to partition the problem into smaller pieces and run
them in parallel (Johnson (2014), Das et al. (2007)). Additional research is required to investigate possible
implementation of both the content-based recommender systems and parallelization as implementation

of these techniques could yield better results, both in terms of performance and speed.
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