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Abstract

This thesis shows that Multihead Attention adds predictive power to a Long Short Term Mem-

ory model, for the purpose of financial time series prediction. Recently, Long Short Term Mem-

ory models have shown to achieve superior stock prediction performance, compared to tradi-

tional methods, which is why this paper focuses solely on Long Short Term Memory models.

I use return index data to calculate one-day standardized returns for companies that are con-

stituents of the S&P 500 in the period 1990-2015. I present two Long Short Term Memory

models, one of which implements Multihead Attention, and use them to predict directional

movement of stock returns. Several portfolios are constructed from these predictions. The

Long Short Term Memory model with Multihead Attention is significantly more accurate and

shows favorable return and risk characteristics for most of the portfolios, compared to the reg-

ular Long Short Term Memory model.

The views stated in this thesis are those of the author and not necessarily those of the supervisor, second assessor,

Erasmus School of Economics or Erasmus University Rotterdam.
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1 Introduction

Prediction of time series on the financial stock market is an intricate field of research, due to

noise and volatility (Liu 2018). According to the efficient market hypothesis, stock price pre-

diction is impossible because information is instantly digested by stock prices (Malkiel and

Fama 1970). However, numerous market anomalies have been found that contradict market

efficiency1, which leads to the conjecture that stock prices can be predicted after all. Finan-

cial time series prediction is relevant because techniques that accurately predict stock returns

may yield considerable profits to actors on the stock market. Apart from financial rewards,

prediction of financial time series provides further insights into the financial market (P. Yu and

Yan 2020). Furthermore, insights from financial time series prediction are potentially useful for

prediction of other time series. This thesis develops a new technique to predict stock return

movement, that implements Multihead Attention in combination with Long Short Term Mem-

ory (from hereinafter referred to as LSTM). I show that this technique is superior to using only

LSTM in terms of accuracy, return and risk metrics.

Contemporary stock prediction techniques can be divided into two categories: statistical

learning techniques, such as ARIMA, and machine learning techniques, such as neural net-

works. Several studies2 about stock price prediction show the prevalence of machine learning

techniques over statistical learning techniques. Consequently, research has shifted its focus to

machine learning over the past decades. A machine learning technique that outperforms sta-

tistical techniques in numerous papers3 regarding stock prediction is Long Short Term Mem-

ory (LSTM), which is a non-linear state space model. Supported by the outperformance of

LSTM compared to statistical techniques, this paper focuses solely on Long Short Term Mem-

ory models. Recently, Abbasimehr and Paki (2021) have combined such an LSTM network

with a Multihead Attention mechanism, a non-linear multi-layer model, and compared it to

several benchmarks. Their Multihead Attention LSTM model shows potential for time series

prediction: it outperforms all benchmarks, including regular LSTM, in terms of error.

Motivated by the favorable results of LSTM for stock prediction and LSTM with Multihead

Attention for time series prediction, this thesis compares the stock prediction performance of

an LSTM network with and without Multihead Attention. I answer the question: does an

LSTM network with Multihead Attention outperform a regular LSTM network, for the purpose

of stock movement prediction? Hence, the aim of this work is to determine whether adding

1See Jacobs (2015), Coval et al. (2005), Chevalier and Ellison (1999), Daniel and Titman (1999) and Hendricks
et al. (1993).

2See Bhattacharjee and Bhattacharja (2019), Adebiyi et al. (2014), Wijaya et al. (2010) and Kohzadi et al. (1996).
3See Ma (2020), Weytjens et al. (2019), Siami-Namini et al. (2019), Siami-Namini et al. (2018), Karakoyun and

Cibikdiken (2018).
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an attention mechanism improves the performance of an LSTM network for stock movement

prediction.

The experimental set up of this paper is as follows. I use one-day simple returns data,

calculated from the return indices of companies in the S&P 500 between 1990-2015. I retrieve

the return index data from WRDS and Thomson Reuters. The returns are labeled with either

a 1, if the stock outperforms the cross-sectional median of that day, or a 0, if it does not. I

build two models to predict the labels of the returns, using 240 day normalized return history

of the corrresponding stock. The first model is based on the LSTM network of Fischer and

Krauss (2018), in view of their strong results. The second model is novel and combines LSTM

and Multihead Attention sequentially. I construct several portfolios from these predictions to

analyze accuracy and return characteristics.

The results show that the accuracy of the LSTM model with attention mechanism is gen-

erally higher than the accuracy of the regular LSTM model. The LSTM model with attention

attains a maximum accuracy of 54.20%, whereas the regular LSTM model achieves a maxi-

mum accuracy of 53.84%. The Diebold Mariano test shows that the differences in accuracy

are significant for part of the portfolios. Both models achieve significantly higher accuracy for

the prediction of undervalued stocks, compared to the prediction of overvalued stocks. Hence,

the models are more adequate at predicting undervalued stocks than at predicting overvalued

stocks.

Moreover, the portfolios constructed by the LSTM model with Multihead Attention attain

superior return and risk characteristics, compared to regular LSTM. The daily average return

is higher for portfolios constructed by the LSTM model with attention. Particularly, a trading

strategy that takes long positions in the 5 stocks that are predicted to be undervalued by the

LSTM model with Multihead Attention, yields daily average return before transaction cost

of 0.11%, compared to a maximum of 0.046% for LSTM. Additionally, the LSTM model with

attention achieves higher levels of cumulative return, compared to the LSTM model.

The contributions of this thesis are threefold. Firstly, this paper shows that adding Mul-

tihead Attention after LSTM improves stock prediction performance, compared to regular

LSTM. Secondly, to the best of my knowledge, this thesis is the first to use LSTM and Mul-

tihead Attention sequentially for this purpose. While Abbasimehr and Paki (2021) use LSTM

and Multihead Attention in combination for time series prediction, they apply LSTM and Mul-

tihead Attention in parallel. Thirdly, to the best of my knowledge, this paper is the first to

apply a combination of LSTM and Multihead Attention to a large financial dataset for time

series prediction.
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The paper is organized as follows. Section 2 describes the background and literature. Sec-

tion 3 and 4 provide the data description and the methodology. Section 5 presents and discusses

the results and Section 6 provides the conclusion.

2 Background and Literature

This section provides background on artificial neural networks and presents literature on LSTM

and Multihead Attention, from which I develop my hypothesis.

2.1 Artificial Neural Networks

I elaborate on neural networks briefly and point to Braspenning et al. (1995) for a more in-

depth introduction. Artificial neural networks consist of interconnected layers of elementary

computational units called neurons (Denning 1992). For this thesis, I train in a supervised

manner, which means that my data is labeled. Labeled data consists of features together with

an independent data point: a target. The features are fed into the input layer of the network

and transferred to hidden layers, where the features are transformed to a hidden state. These

computations include a weighted summation, which is inserted into an activation function, the

outcome of which determines whether the neuron transfers its hidden state to the next layer.

The weights in the weighted summation are trainable parameters: they are initiated randomly

and optimized during training. After transforming the features through a number of hidden

layers, the data is transferred to the output layer, which constitutes the output of the neural

network. This output is compared to the label and the error is calculated by a loss function

(Goodfellow et al. 2016). During the next training iteration, the network’s trainable parameters

are updated to minimize the loss.

2.2 Using Long Short Term Memory networks for Stock Prediction

I now provide motivation for using Long Short Term Memory (LSTM). In previous literature,

LSTM networks have been used for a variety of purposes, amongst which are speech recogni-

tion (Graves et al. 2013), natural language processing (Wang et al. 2016) and handwriting recog-

nition (Greff et al. 2016). More recently, LSTM models have been applied for the purpose of time

series prediction and have displayed their potential for this task (Hua et al. 2019). When ap-

plied specifically to financial time series prediction, namely stock prediction, LSTM networks

show learning behavior, outperforming traditional models such as GARCH and ARIMA (Jia

(2016), Siami-Namini et al. (2018), Ma (2020)). Compared to contemporary techniques, ma-
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chine learning models such as Random Forests, Deep Neural Networks and Multi-level Per-

ceptrons, the LSTM model also performs significantly better at stock prediction (Fischer and

Krauss (2018), Nelson et al. (2017), ). Specifically, Fischer and Krauss (2018) present the fol-

lowing admirable results: “The LSTM network outperforms the memory-free methods with

statistically and economically significant returns of 0.46 percent per day – compared to 0.43

percent for the RAF, 0.32 percent for the standard DNN, and 0.26 percent for the logistic re-

gression” (Fischer and Krauss (2018), p. 2). Motivated by both their favorable results and

the other mentioned literature, this thesis continues the work of Fischer and Krauss (2018), by

reconstructing their LSTM model and implementing Multihead Attention.

2.3 Using Multihead Attention for Stock Prediction

I now provide motivation for comparison of the LSTM model with an LSTM model that imple-

ments Multihead Attention. Attention mechanisms have proven useful in previous literature

in a number of applications, such as sequential learning and image and speech recognition

(LeCun et al. (2015), Chorowski et al. (2015)). Various studies show the potential of attention

mechanisms implemented in LSTM networks for stock price prediction (Kim and Kang (2019),

H. Li et al. (2018), Zhang et al. (2019)). Qiu et al. (2020) compare the performance of an LSTM

network with attention mechanism with a regular LSTM network. They find that compared to

regular LSTM, the LSTM model with attention mechanism performs best at predicting stock

prices. These findings lead to the surmise that adding an attention mechanism to an LSTM

network improves prediction power.

Motivated by the success of regular attention with LSTM to predict stock prices, I sus-

pect that Multihead Attention also improves predictive power when used in combination with

LSTM for the purpose of stock price prediction. To the best of my knowledge, Multihead At-

tention in combination with LSTM has been used to predict time series only once and only

recently by Abbasimehr and Paki (2021). They apply Multihead Attention LSTM to 16 differ-

ent datasets and show overall outperformance of LSTM with Multihead Attention, compared

to all other benchmarks, including regular LSTM.

Based on the suggested potential of Multihead Attention LSTM found in the literature, I

compare Multihead Attention LSTM with regular LSTM to predict directional movements of

stocks. I synthesize the findings above in the following hypothesis: an LSTM model with Mul-

tihead Attention mechanism achieves better performance, characterized by favorable accuracy,

return and risk metrics, compared to a regular LSTM model.
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3 Data

The data for this paper consists of one-day simple returns, calculated from return index data of

all companies in the S&P 500 over the period January 1990 to September 2015. This data period

is the same as in Fischer and Krauss (2018), for the purpose of comparability. The data consists

of two parts: constituency data of the S&P 500 index and return index data. I first describe how

the data is retrieved, after which I present the preprocessing of the data.

3.1 S&P 500 Constituents and Return Index Data

I retrieve the monthly S&P500 index constituency information from the Center for Research in

Security Prices via Wharton Research Data Services, under the DSP500LIST. The DSP500 list

contains the enter and leave dates of all companies that have been listed on the S&P500 since

the origin date. I use this list to determine whether a company was part of the index some time

in the period January 1990 to September 2015.

After determining the 1228 companies that were a constituent of the S&P500 during the ob-

servation period, I retrieve the Return Index (RI) data of these companies via Thomson Reuters.

The Return Index includes all stock splits, dividends and relevant corporate actions (Fischer

and Krauss 2018), rendering it the most suitable price metric for this research. Due to lack of

data availability, the number of companies in the final dataset equals 772, with a total number

of observations equal to 5,366,644.

3.2 Data Preprocessing

The preprocessing of the data follows Fischer and Krauss (2018). I construct 23 study periods,

that include 750 days of observations for training and 250 days of observation for testing. The

data set from 1990 to 2015 is divided into rolling blocks of 1000 days, in which the testing

periods do not overlap. The stocks included in study period i, are all stocks that were in the

S&P 500 at the last day of training period i, as in Fischer and Krauss (2018).

The features fed into the models are normalized one-day simple returns. For all of the

observations in a study period i, I calculate the one-day simple return of a stock s, R1,s
t , as

R1,s
t =

Ps
t

Ps
t−1
− 1, (1)

in which Pt is the price index at day t. For each study period i, these one-day returns are stacked

into a matrix Zi, in which row t corresponds with day t and column s corresponds with stock

s. The summary statistics of matrix Zi for all study periods are shown in Table 3.1.
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Table 3.1: Summary Statistics of the one-day simple return data, calculated from the Return
Index data of companies in the S&P 500 over the period December 1989 to September 2015

Statistic Value
Mean 0.001
Standard Deviation 0.024
Maximum 3.15
Minimum -0.972

The entries of matrix Zi are normalized by subtracting the mean of the training one-day returns

and dividing by the standard deviation of the training one-day returns. I use the mean and

standard deviation of the training sample only, to avoid look-ahead bias. I gather the features

for a prediction of stock s in a vector, that contains the 240 day history of normalized one-day

returns of stock s. This is the return information of approximately one trading year, similar to

Fischer and Krauss (2018).

The targets of the neural networks are constructed as follows. Each return is labelled with

either a 1 or a 0, depending on the class to which it belongs. I define class 0 as the class to

which all one-period returns belong that perform below the cross-sectional median of that day.

I define class 1 as the class to which all one-period returns belong that perform above the cross-

sectional median of that day. Stocks with label 1 can be interpreted as undervalued, in the

sense that they outperform the cross-sectional median return. Stocks with label 0 can similarly

be interpreted as overvalued.

Figure 3.1: Percentage distribution of the companies in the data set over industries of the stan-
dard industry classification

The choice and preprocessing of the data introduce two biases. Firstly, by choosing S&P 500

companies, I introduce an S&P 500 bias. All companies in the S&P 500 meet strict requirements,

causing them to have similar characteristics, such as their industry classifications. Figure 3.1

shows the percentage distribution of the companies in the dataset over different industries, as

classified by the Standard Industry Classification. The distribution is unbalanced: companies in
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the manufacturing industry comprise 41.4% of the total number of companies, whereas there

are little to no companies in the agriculture and public administration industries. Therefore,

it is uncertain whether my results are generalizable to outside the S&P 500. Secondly, when

preprocessing the data, I include those companies in a study period that are in the S&P 500 at

the last day of training. As a consequence, there is a look-ahead bias: on day 1 (to 749) I use

those companies for training that are in the S&P 500 on day 750. These biases should be taken

into account for the remainder of this thesis.

4 Methodology

The methodology consists of five parts. First, I describe the software and hardware used in

Section 4.1. Secondly, I present the workings of LSTM and Multihead Attention in Sections 4.2

and 4.3. Thirdly, I elaborate on the model architectures and hyperparameter settings in Section

4.4. Lastly, I describe the training procedure and the portfolio construction in Section 4.5.

4.1 Software and Hardware

For preprocessing the data and building and training the neural network models, I employ

Python version 3.8 (Python Software Foundation 2019). Data preprocessing is performed with

the packages pandas, numpy and math. For building both models, I rely on the Keras and

Tensorflow libraries. The models are trained and tested on an Intel(R) Core i5 CPU. For output

analysis, I use both Python and R (R Foundation n.d.).

4.2 Long Short Term Memory

(a) Illustration of an LSTM layer (b) Illustration of an LSTM neuron

Figure 4.1: Illustration of LSTM. Figure (a) illustrates the architecture of an LSTM layer, in
which the connections within the layer are shown. Figure (b) shows the inner architecture of
an LSTM neuron, where the calculations, activations and other operations are depicted.
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The LSTM neural network is a prominent type of neural network, introduced by Hochreiter and

Schmidhuber (1997) and further refined by Gers and Schmidhuber (2001). The macro structure

of an LSTM layer is presented in Figure 4.1(a), which shows the recurrency inherent in LSTM

layers. The interconnections between the neurons within the LSTM layer enable the model to

feed data from previous iteration back into the neurons, creating an inner state: the cell state

(Jia 2016). Hence, information from previous parts of the time series can be stored and used for

the prediction of the current part for a dynamic period of time (Mehtab and Sen 2019). In the

context of financial time series predictions, the cell state can be assigned several interpretations

depending on the input data, such as the state of the economy. This inner state renders the

model especially useful for this thesis. I train the model in order of time such that the cell

state of the model contains return information of other stocks at the same time frame. This

information, stored in the cell state, gives the model information on the overall state of the

stock market, which is probably useful for the prediction.

The cell state is determined by three distinct calculations4, as shown in Figure 4.1(b). I

present the calculations of the cell state ct and the output of an LSTM neuron, ht, following Qiu

et al. (2020), and I use the following notation:

• Vectors xt and ht−1 are the input vector of a neuron in a previous layer at the current

time step t and the input vector from the LSTM neuron at the previous timestep t − 1,

respectively.

• Matrices U f , W f , U i, W i, Uc, W c, Uo, W o are weight matrices of trainable parameters.

• Function f is the forget calculation, i the input calculation and o the output calculation.

The outputs of these functions are the vectors f , i and o, respectively.

• Vectors ĉt and ct are the candidate cell state and the cell state, respectively.

• Vector ht is the output vector of the neuron at the current time step.

• The symbol � denotes the Hadamard elementwise product.

• The symbol σ is the sigma function and tanh is the tanh function, given by following

equations, in which x is a vector:

σi(x) =
1

1 + e−xi
, tanhi(x) =

exi − e−xi

exi + e−xi
. (2)

An LSTM neuron first inserts its inputs xt and ht−1 into the forget calculation, next into the

input calculation, and lastly into the output calculation. The forget calculation decides what

information is irrelevant for further calculations, by calculating a distribution-like vector over

its inputs. The forget calculation is given by the equation:

f (xt, ht−1) = σ(U f xt + W f ht−1). (3)

4More commonly referred to as gates.
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The sigma function, σ, maps its inputs onto the range [0, 1]. We can thus interpret the elements

in the vector output f of the forget calculation f as the likelihoods that datapoints are not

forgotten, meaning that they are not fed to further LSTM cells (Y. Yu et al. 2019).

After the forget calculation, the input calculation determines what information is main-

tained in the cell state (Y. Yu et al. 2019). Together with the candidate cell state ĉt, the input

calculation i determines the cell state ct, via the following equations:

i(xt, ht−1) = σ(U ixt + W iht−1), (4)

ĉt(xt, ht−1) = tanh(Ucxt + W cht−1), (5)

ct = ct−1 � f + ĉt � i. (6)

The output of the current cell, ht, is jointly determined by the output calculation o and the cell

state ct. The output calculation o determines what information from the current cell state ct is

transferred to the next neuron. The output calculation o and the output vector ht, are calculated

via:

o(xt, ht−1) = σ(xtUo + ht−1W o, ) (7)

ht = tanh(ct)� o. (8)

The choice for an LSTM network is further motivated by the fact that the calculations above

avoid common problems of recurrent neural networks: the vanishing gradient problem and

the exploding gradient problem (Gers and Schmidhuber (2001), Greff et al. (2016)). The van-

ishing gradient problem occurs when the gradient decreases to such an extent that it vanishes.

This problem results in either a slow network or in the inability of the network to update its

trainable parameters (Hochreiter 1998). It is caused by an exponentially fast decaying factor in

the derivative of a hidden state, which LSTMs avoid via the cell state ct, whose derivative does

not contain such a decaying factor (Bayer 2015). The exploding gradient problem occurs when

the gradient increases exponentially (Philipp et al. 2017) and is caused by an exponentially in-

creasing factor in the derivative of the hidden state, similar to the vanishing gradient problem.

LSTMs decrease the likelihood of the exploding gradient problem because the derivative of the

cell state ct does not contain an exponentially increasing factor. An LSTM model is unable to

avoid the exploding gradient problem completely because it may occur via a different path.

4.3 Multihead Attention

This section elaborates on Multihead Attention, as introduced by Vaswani et al. (2017). At-

tention mechanisms use vector multiplications to distinguish information that is useful in the

sense that it decreases the loss of the prediction, by calculating attention values over the range

[0, 1] (W. Li et al. 2020). This calculation creates a density-like distribution over all observations
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for each prediction, in which higher values correspond to a higher likelihood that the value is

important for the prediction.

I present the calculations that determine the attention values. Multihead Attention receives

input X from the hidden state of the LSTM layer. Matrix X is a matrix of dimension d × l,

where d is the feature vector size, in this case 240, and l is the hidden sequence length of the

previous layer. This input matrix X is transformed into matrices V1, V2 and V3
5, via matrix

multiplication of X with weight matrices W1, W2, W3, as presented in the following equations:

V1 = XW1, XV2 = XW2, V3 = XW3. (9)

The matrices W1, W2, W3 are trainable parameters and their dimensions are equal to l × d. The

matrices V1, V2 and V3 form the input of the Scaled Dot Product Attention function, which com-

putes the compatibility of the columns of V1 with the columns of V2 via matrix multiplication6

of V1 with Vᵀ
2 . The entries of the resulting matrix are divided by the square root of the feature

vector size, d, and inserted into a softmax function to scale to the range [0, 1]. The calculation

of the matrix of Attention values and the softmax function are given by:

Attention(V1, V2, V3) = softmax(
V1Vᵀ

2√
d

)V3, (10)

softmaxij(Z) =
e(Z)ij

∑K
i=1 e(Z)ij

, (11)

in which softmaxij is the i, j-th element of the output matrix of the softmax function and Z is a

matrix with K rows. The intuition behind the Attention computation is that columns that are

closer to one another in a multidimensional space and, hence, present more important infor-

mation to one another, have a larger product than vectors that lie further away from each other.

I use Scaled Dot Product Attention because it is more rapid and resource efficient, compared to

other forms of attention (Vaswani et al. 2017).

Figure 4.2: Illustration of the Multihead Attention Mechanism. The green rectangles depict
different stages of the Attention computation. Matrices V1, V2 and V3 are transformed into
Attention values via matrix multiplication and scaling via softmax.

5More commonly referred to as query, key and value.
6The matrix multiplication of V1 with Vᵀ

2 is equivalent to performing a dot product operation on all columns of
V1 and V2 separately, hence Dot Product Attention.
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The crux of Multihead Attention is that V1, V2 and V3 are used q times to calculate Attention,

as illustrated in Figure 4.2. Matrices V1, V2 and V3 are calculated q times by linearly projecting

input matrix X with different trainable weight matrices W1, W2, W3, through the use of lin-

ear layers (Vaswani et al. 2017). The q different attention outputs are eventually concatenated

into a single layer, which forms the final hidden state of the Multihead Attention. Hence, the

Multihead Attention model learns from q different data representations V1, V2, V3 of the same

input data X. Multihead Attention learns more often from the same data compared to regular

attention, where V1, V2 and V3 are used only once to calculate Attention.

4.4 Model Architecture and Hyperparameter Settings

Figure 4.3: Model Architecture. The left part of this figure shows the LSTM model. The right
part of this figure, called "LSTMAtt", shows the LSTM model with Multihead Attention.

I build two models, to determine whether adding an attention mechanism to an LSTM model

improves model performance. Firstly, I reconstruct the LSTM model from the paper by Fischer

and Krauss (2018), which is presented on the left in Figure 4.3. The LSTM model implements

the following hyperparameter settings:

• An input layer with 1 feature and 240 timesteps.

• An LSTM layer with 25 hidden neurons and a dropout value of 0.1.

• An output layer with two neurons and a softmax activation function.

• The binary cross-entropy loss function, which is suitable for binary classification prob-

lems.

• The RMSprop optimizer, which is one of the most used optimizers (Xu et al. 2021) and

is generally an apt method (Fischer and Krauss 2018). RMSprop avoids the vanishing

gradient problem and uses an adaptive learning rate, which could potentially help the

model escape local minima (Tieleman and Hinton 2012).
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For the second model, called “LSTMAtt”, I add a Multihead Attention layer to the LSTM model.

This model can be viewed in Figure 4.3, on the right. I substantiate my argument that imple-

menting Multihead Attention after LSTM improves model performance as follows. Whereas

LSTM layers use all information from previous iterations, Multihead Attention mechanisms

distinguish information that is useful for the current prediction. Multihead Attention can at-

tend to previous hidden states directly through positional encoding7, instead of using a state

variable that contains information from all previous hidden states, as in LSTM. LSTMs consider

the entire dataset and save all previous information in a state variable. Presumably, not all in-

formation from previous iterations and thus not the entire hidden state of the LSTM model is

relevant for the prediction of the stock movement at hand. It is likely that return information

of the most recent days is more relevant for a prediction than return information of the least

recent days. An attention mechanism thus discerns information that is important for the pre-

diction at hand and the mechanism might thereby reduce noise. By implementing Multihead

Attention after LSTM, I expect that the Multihead Attention identifies the relevant parts of the

hidden state of the LSTM layer.

For reasons of comparability, the hyperparameter settings are the same in the LSTMAtt

model as in the LSTM model. The number of heads of the Multihead Attention layer needs to

be chosen. In the original paper on Multihead Attention, Vaswani et al. (2017) use 16 heads. In

the well-known BERT Multihead Attention model by Devlin et al. (2018), 12 attention heads are

used. However, removing some of the heads from these models does not reduce performance

for NLP tasks; Michel et al. (2019) suggest to invest parameters efficiently and use less heads

than in the BERT and the original Multihead Attention model. Because no specific number is

provided, I decide to reduce the number of heads used in these models by trial and error and

to use 5 heads.

I implement two methods to avoid overfitting. Firstly, the model uses dropout, which en-

tails that certain neurons are randomly removed during training. I use a dropout value of 0.1,

which I find to be optimal via trial and error. Secondly, I implement early stopping, such that

the model quits training when the validation loss stops decreasing. For validation, I split the

training samples into two parts: 80% of the training sample is used for training and 20% of the

training sample is used for validation. I use a patience value of 10, which means that the model

quits training when the validation loss does not decrease for 10 epochs. The maximum number

of epochs is set to 1000.

7See Vaswani et al. (2017).
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4.5 Training, Forecasting and Portfolio Construction

The training procedure is organized with the aim to avoid future bias as much as possible.

Consider study period i, for which data of S stocks s is available over 1000 days. The first

750 days of this study period are used for training. The first input sequence consists of 240

consecutive standardized one-day returns R1,s
t before date di1 of one specific stock s, where di1

is the 241-st day of the training sample of study period i. I start training from the 241-st day to

ensure that the moving window is of equal length during the entire training period. Once the

network has worked through this first input sequence, the next sequence is the 240 day return

history of the next stock in the sample period, for the same date di1. This procedure repeats

until the model has trained on all S stocks on date di1. After this iteration, the model continues

training with the next date di2. The model thus receives its input sequences in order of time.

This process repeats until the model has trained on the sequences of all 750 days since the 241st

day. Testing is performed on the 250 out of sample observations. The model is trained and

tested for each of the 23 study periods separately.

In order to construct portfolios and gain insight into the return characteristics of the models,

I list the predictions of both models in ascending order. The data used for prediction are the

250 out-of-sample observations of each study period. Each model predicts the probability Ps
t+1|t

that stock s outperforms the cross-sectional median return on day t + 1 given the 240 previous

one-day returns. Hence, the upper k stocks on the list correspond with the stocks that the model

predicts to be undervalued on day t + 1. The lower k stocks correspond with the stocks the

model predicts to be overvalued on day t + 1. I construct 9 different portfolios for each model:

the portfolios go either long in the k undervalued stocks, short in the k overvalued stocks or

both long and short, where k ∈ {5, 10, 100}. I assume round-trip transaction costs of 10 basis

points, in line with Avellaneda and Lee (2010). The accuracy of both models is calculated

separately for each portfolio to provide insight into the specific capabilities of the models. In

addition, I calculate an error vector, from which I derive the Diebold Mariano statistic to assess

the significance of the differences in accuracy.

5 Results

This section presents the results in four parts. First, I compare the accuracy of the two models

for different portfolios in Section 5.1. Second, I elaborate on the return and risk characteristics of

the portfolios in Section 5.2. Finally, I show the development of cumulative return and analyze

the training loss of the models in Sections 5.3 and 5.4.

13



5.1 Accuracy

Table 5.1 shows the accuracy of the models for different portfolios with different values of

k. The accuracy of the LSTMAtt model is generally higher than the accuracy of the LSTM

model. This indicates that the LSTMAtt model performs better than the LSTM model. The

difference between the accuracy of the models is largest for the undervalued predictions for

k = 10, for which the LSTMAtt model achieves an accuracy that is 0.69% higher than the

LSTM model. Furthermore, the accuracy of predicting the undervalued companies is universally

higher compared to the accuracy of the overvalued predictions. Both models appear to perform

better at predicting undervalued stocks.

Table 5.1: Accuracy of the forecasts of the LSTM model and LSTMAtt model in
percentage, for different portfolios that go long, short or both in k stocks

k=5 k=10 k=100
Predictions LSTM LSTMAtt LSTM LSTMAtt LSTM LSTMAtt
All (in %) 51.16 51.29 50.47 50.77 50.02 50.21
Undervalued (in %) 53.84 54.20 52.66 53.29 52.19 52.41
Overvalued (in %) 48.48 48.38 48.27 48.25 47.85 48.00

The table presents the accuracy for all predictions in portfolio with k ∈ {5, 10, 100}
(“All”), predictions of the undervalued stocks (“Undervalued”) and predictions of the
overvalued stocks (“Overvalued”).

I evaluate the significance of the differences in accuracy with a Diebold Mariano test as in-

troduced by Diebold and Mariano (2002). The results are presented in Table 5.2. Overall, the

difference between the accuracy of LSTM and the LSTMAtt is significant in part of the cases,

for a significance level of 5%. Specifically, the difference is significant for the undervalued pre-

dictions of k = 10 and both and either the under- and overvalued predictions of k = 100.

Whilst there are differences in accuracy between LSTM and LSTMAtt for k = 5, the difference

is not significant. The predictions of the LSTM model are not significantly more accurate than

the predictions of the LSTMAtt model for all, the undervalued and the overvalued predictions.

Moreover, the predictions of the undervalued stocks are significantly more accurate than the

predictions the overvalued stocks, for all values of k and for both models. This confirms the

idea that both models are more apt at predicting which stocks are undervalued, compared to

predicting which stocks are overvalued. A possible cause for this finding is that the patterns

that show that stocks are undervalued are clearer, or at least more perceptible by the models,

than the patterns that show that stocks are overvalued.
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Table 5.2: Results of the Diebold Mariano test of predictive accuracy for alternative
forecasts of returns, for different values of k

k=5
Alternative Hypothesis 2 > 1 1 6= 2 2 < 1
Predictions 1 Predictions 2 DM statistic p-value p-value p-value
LSTM LSTMAtt 0.48 0.32 0.63 0.68
Underv. LSTM Underv. LSTMAtt 0.92 0.18 0.36 0.82
Overv. LSTM Overv. LSTMAtt -0.24 0.59 0.81 0.41
Overv. LSTM Underv. LSTM 12.62 0.00 0.00 1.00
Overv. LSTMAtt Underv. LSTMAtt 13.69 0.00 0.00 1.00
k=10
Alternative Hypothesis 2 > 1 1 6= 2 2 < 1
Predictions 1 Predictions 2 DM statistic p-value p-value p-value
LSTM LSTMAtt 1.53 0.06 0.13 0.94
Underv. LSTM Underv. LSTMAtt 2.24 0.01 0.03 0.99
Overv. LSTM Overv. LSTMAtt -0.08 0.53 0.94 0.47
Overv. LSTM Underv. LSTM 14.63 0.00 0.00 1.00
Overv. LSTMAtt Underv. LSTMAtt 16.88 0.00 0.00 1.00
k=100
Alternative Hypothesis 2 > 1 1 6= 2 2 < 1
Predictions 1 Predictions 2 DM statistic p-value p-value p-value
LSTM LSTMAtt 2.95 0.00 0.00 1.00
Underv. LSTM Underv. LSTMAtt 2.52 0.01 0.01 0.94
Overv. LSTM Overv. LSTMAtt 1.65 0.05 0.10 0.95
Overv. LSTM Underv. LSTM 46.18 0.00 0.00 1.00
Overv. LSTMAtt Underv. LSTMAtt 46.98 0.00 0.00 1.00

The alternative hypotheses state that predictions i are more accurate (>), less accurate (<),
or unequal to ( 6=) predictions j, where i, j ∈ [1, 2]. The overall predictions (under- and over-
valued) are called “LSTM” and “LSTMAtt”, whereas the predictions of the undervalued and
overvalued stocks are called “Underv.” and “Overv.” respectively. “DM” statistic stands for
the Diebold Mariano statistic. P-values smaller than 0.05 are in bold.

5.2 Return and Risk Characteristics

The return characteristics are presented in Table 5.3. In general, the average daily returns of

LSTMAtt portfolios are higher than the returns of the LSTM portfolio. Specifically, the Long

& Short average return is negative for LSTM and positive for LSTMAtt for all k. The returns

of going long are higher than going short or going long and short, for both models and all k,

corresponding with the higher accuracy of the undervalued predictions. Irrespective of k, the

returns of the Short portfolios are negative for both models, corresponding with the lower accu-

racy of overvalued predictions. The highest average return is achieved by the k = 5 LSTMAtt

Long portfolio, which achieves an average daily return equal to 0.11%. An optimal trading

strategy involves going long in the k = 5 most undervalued predicted stocks by the LSTMAtt

model, holding them one day and selling them the next day. Compared to these results, the

LSTM model by Fischer and Krauss (2018) achieves a factor 10 higher average returns of 0.46%

for k = 10.

Furthermore, I analyze several risk metrics: standard deviation, a measure of risk, Sharpe
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Table 5.3: Return and risk characteristics for different portfolios: average
daily return before transaction costs, standard deviation (st. dev.), annual-
ized Sharpe ratio and 5-percent daily Value at Risk (VaR)

k=5 k=10 k=100
Metric LSTM LSTMAtt LSTM LSTMAtt LSTM LSTMAtt
Return (%)
Long & Short -0.045 0.021 -0.039 0.022 -0.014 0.012
Long 0.046 0.11 0.045 0.097 0.045 0.067
Short -0.137 -0.067 -0.123 -0.053 -0.073 -0.043
St. Dev. (%)
Long & Short 1.61 1.40 1.16 1.01 0.44 0.38
Long 2.23 2.56 1.94 2.08 1.28 1.35
Short 3.27 2.50 2.55 2.04 1.49 1.33
Sharpe Ratio
Long & Short -0.43 0.23 -0.51 0.34 -0.49 0.49
Long 0.32 0.67 0.36 0.72 0.54 0.77
Short -0.66 -0.42 -0.07 -0.40 -0.76 -0.50
5-percent VaR
Long & Short -0.021 -0.019 -0.016 -0.013 -0.006 -0.005
Long -0.034 -0.031 -0.029 -0.027 -0.020 -0.019
Short -0.039 -0.033 -0.033 -0.028 -0.020 -0.018

Ratio, a measure of return per risk unit, and VaR, a measure of downside risk, all presented

in Table 5.3. Overall, the LSTMAtt portfolios show favorable risk characteristics. The LSTM

Long & Short portfolios have higher standard deviation, regardless of k. The LSTMAtt portfo-

lios take more risk while going long, whereas the LSTM portfolios take more risk while going

short. The annualized Sharpe Ratio is generally higher for the LSTMAtt portolios compared

to the LSTM portfolios. Hence, the risk taken by the LSTMAtt portfolio provides higher re-

wards, compared to LSTM. The 5-percent daily VaR shows that the downside risk is smaller

for the LSTMAtt portfolios, compared to the LSTM portfolios, for all values of k. Hence, not

only do the LSTMAtt portfolios outperform LSTM in terms of return characteristics, they also

outperform LSTM in terms of risk metrics.

5.3 Development of Cumulative Return

This section focuses on portfolios with k equal to 5 because these portfolios show superior

development of cumulative return, compared to portfolios with k = 10 and k = 100. The

portfolios with k = 10 and k = 100 lose their edge after subtraction of transaction costs, as

presented in Appendix A. Figure 5.1 shows the cumulative return after transaction costs over

the entire observation period for portfolios with k = 5.

Figure 5.1(a) and (b) show the cumulative returns of the Long & Short portfolios and the

Long portfolios as constructed by the LSTM and LSTMAtt models for k = 5, respectively. In

general, the cumulative return of the Long portfolio progresses to much higher levels for the
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(a) Cum. return LSTM and LSTMAtt Long & Short (b) Cum. return LSTM and LSTMAtt Long

(c) Cum. return LSTM (d) Cum. return LSTMAtt

Figure 5.1: Development of cumulative return after transaction costs. In this figure, Cum.
denotes cumulative.

LSTMAtt model than for the LSTM model. The development of cumulative return for the

Long & Short portfolios is quite similar for both models. Specifically, Figure 5.1(a) shows that

both Long & Short portfolios move to a negative 100% cumulative return over the observation

period, with only small fluctuations. Fluctuations are much clearer for the Long portfolios in

Figure 5.1(b).

I analyze the Long portfolios in 5.1(b) more extensively. From 1993 to around 1998, the

cumulative return of the long portfolios varies between roughly 0− 100% and the LSTMAtt

portfolio attains slightly higher levels. In 1998, before the dotcom bubble crisis, the cumula-

tive returns of both portfolios decreases to negative values, until just before 2000, the start of

the dotcom bubble crisis, when the cumulative return of the LSTM portfolio experiences an

increase. The LSTM portfolio appears to profit from the dotcom bubble crisis, whereas the

LSTMAtt portfolia suffers from it. The LSTM portfolio reaches its peak cumulative return in

2002, after which it decreases to a level around 0%. In 2008, the start of the Financial Crisis, the

LSTMAtt portfolio experiences a sharp increase in cumulative return, after which it increases

to levels above 400% in 2011. The LSTMAtt portfolio experiences a decrease in cumulative re-
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turn in 2011, from which it recovers in the following years. Simultaneously in 2008, the LSTM

portfolio experiences a sharp decrease in cumulative return. However the LSTM portfolio does

not recover from this contraction during the observation period.

Hence, the largest difference in cumulative return between the models arises during the Fi-

nancial Crisis, which the LSTMAtt model predicts more accurately than the LSTM model. The

large peak of the LSTMAtt portfolio might be caused by the inner workings of the LSTMAtt

model. The LSTMAtt model pertains to previous data directly and is able to skip outliers and

noise consequently. The LSTM model pertains to previous data via a cell state, which summa-

rizes all data and cannot skip outliers or noise. The LSTM model is therefore more sensitive to

outliers and noise. This produces higher rewards during times of high volatility for the LST-

MAtt model, such as the Financial Crisis, compared to the LSTM model. Economic literature

suggests two related causes for these (extremely) high returns. Firstly, during volatile periods,

an information overload might cause numerous relative arbitrage opportunities (Jacobs and

Weber 2015). Simultaneously, limits to arbitrage are relatively higher in volatile periods, pre-

venting investors from grasping these arbitrage opportunities (Baker et al. 2011). Because these

limits to arbitrage are not modelled, it is questionable whether these high returns in 2008 could

realistically be achieved by an investor. Nevertheless, the LSTMAtt model is able to construct

a portfolio that achieves persistent positive cumulative return through the observation period,

whereas the LSTM model is not.

I now analyze the portfolios for both models seperately, as presented in Figure 5.1(c) and

(d). Figure 5.1(c) shows that the Short and Long & Short portfolios converge to a negative 100%

over the observation period, whereas the Long portfolio does achieve positive cumulative re-

turn for some part of the observation period. Figure 5.1 shows the same for the Short and Long

& Short LSTMAtt portfolios, which also converge to −100%. The Long LSTMAtt portfolio is

the only portfolio that yields positive returns towards the end of the observation period, prov-

ing to be the optimal trading strategy once more. One critical note to the analysis of cumulative

return is that LSTM could only be feasibly deployed towards the end of the years 2000. Multi-

head Attention, was only introduced in 2017 and could thus not have feasibly been deployed

during my observation period.

5.4 Loss analysis

This section discusses the learning behavior of both models, by analysing the loss during train-

ing, validation and testing. The loss graphs of both models for all 23 training period can be

viewed in Appendix B. In general, the LSTMAtt model trains for more epochs, on average
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20.17 epochs, than the LSTM model, which trains on average for 15.87 epochs. An explanation

is that the LSTMAtt model contains more trainable parameters.

(a) Training, validation and testing loss
study period 1993-1996 LSTM

(b) Training, validation and testing loss
study period 1993-1996 LSTMAtt

Figure 5.2: Loss graphs study period 1993-1996

Figure 5.2 presents the loss graphs of study period 1993-1996. This study period exemplifies

that the LSTM model trains over less epochs than the LSTMAtt model. In this period, and

in general, the LSTM model’s training loss decreases monotonically, whereas the LSTMAtt

model’s loss oscillates. Oscillation of the training loss is atypical and can be explained in several

ways. Firstly, it could be that there are many saddle points and local minima because of the high

dimensionality of the objective function. Secondly, the learning rate could be too large, which

disables the model from reaching minima in an efficient way: the model skips the minimum,

after which it tries to return to the minima but returns too far, which leads to an oscillation. In

this case, the initial learning rate of RMSprop should be chosen smaller. A third explanation is

that the training sample is too small for the number of parameters in the LSTMAtt model.

In general, the validation loss of the models decreases very little. For some study periods,

the validation loss shows a point of inflection, after which the validation loss increases. This

is exemplified in Figure 5.2(b), where from epoch 30, the validation loss appears to increase.

In addition, the testing loss (the orange dot in Figure 5.2) of all models and all study periods,

is higher than the first training loss. Both these patterns point to overfitting. Although sev-

eral measures to avoid overfitting have been taken (such as dropout and early stopping), one

could increase the dropout value, decrease the patience or implement regularization. Another

explanation for these patterns is that the number of observations is too small for the number of

trainable parameters.
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6 Conclusion

This thesis investigates whether an LSTM network with Multihead Attention outperforms a

regular LSTM model, when predicting stock price directional movement. I hypothesize that an

LSTM model with Multihead Attention performs better than a regular LSTM model, regarding

accuracy, return and risk metrics. I set up two models: a regular LSTM model and an LSTM

model with Multihead Attention. Both models predict whether a stock outperforms the cross-

sectional median return of that day. I compare the accuracy, return and risk characteristics and

analyze the development of the training and testing loss of the models.

The results confirm the hypothesis that an LSTM model with Multihead Attention outper-

forms a regular LSTM model. The accuracy, return and risk characteristics of the LSTM model

with Multihead Attention mechanism are generally better, compared to the LSTM model. The

accuracy of the LSTM model with Multihead Attention is generally higher than the accuracy

of the regular LSTM model. In addition, the daily and cumulative return and risk of portfolios

constructed by an LSTM network with Multihead Attention are preferable to those of portfo-

lios constructed by an LSTM network. An optimal trading strategy involves going long in the

top 5 undervalued predicted stocks by the LSTM model with Multihead Attention. Based on

the findings above I conclude that the LSTM network with Multihead Attention mechanism

outperforms the LSTM network without Multihead Attention.

The results of this thesis are subject to the following limitations. Firstly, the choice and pre-

processing of data introduce an S&P 500 bias and a look ahead bias. Therefore, it is uncertain

whether these results are generalizable to the entire stock market. Furthermore, the observa-

tion period of this thesis runs from 1990 to 2015. Hence, it is uncertain whether the favorable

accuracy, return and risk characteristics of the LSTM model with Multihead Attention remain

up to today.

The implications of this research are twofold. Firstly, the results suggest that adding a Mul-

tihead Attention layer sequentially after an LSTM layer improves performance for time series

prediction. Further research is necessary to determine whether the results of this thesis are

generalizable to other time series. Secondly, using an LSTM model with Multihead Attention

mechanism to construct portfolios yields positive returns, especially when following the trad-

ing strategy of going Long in the 5 stocks that are predicted to be undervalued by the LSTM

model with Multihead Attention. Whether these positive returns remain to this day, is another

area of further research. A final avenue for further research is to investigate whether the learn-

ing performance, in terms of training, validation and testing loss, can be improved further, in

order to ameliorate both models.
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Appendix A: Cumulative Returns

(a) Cum. return LSTM and LSTMAtt Long & Short (b) Cum. return LSTM and LSTMAtt Long

(c) Cum. return LSTM (d) Cum. return LSTMAtt

Figure 7.1: Development of cumulative return for portfolios with k = 10, after transaction
costs. In this figure, cum. stands for cumulative.
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(a) Cum. return LSTM and LSTMAtt Long & Short (b) Cum. return LSTM and LSTMAtt Long

(c) Cum. return LSTM (d) Cum. return LSTMAtt

Figure 7.2: Development of cumulative return for portfolios with k = 100, after transaction
costs. In this figure, cum. stands for cumulative.
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Appendix B: Loss Graphs

(a) Loss Graph LSTM study period

1990-1993

(b) Loss Graph LSTM study pe-

riod 1991-1994

(c) Loss Graph LSTM study period

1992-1995

(d) Loss Graph LSTM study pe-

riod 1993-1996

(e) Loss Graph LSTM study period

1994-1997

(f) Loss Graph LSTM study period

1995-1998

(g) Loss Graph LSTM study period

1996-1999

(h) Loss Graph LSTM study pe-

riod 1997-2000

(i) Loss Graph LSTM study period

1998-2001

(j) Loss Graph LSTM study period

1999-2002

(k) Loss Graph LSTM study pe-

riod 2000-2003

(l) Loss Graph LSTM study period

2001-2004

Figure 7.3: Loss Graphs LSTM study periods 1990-2004
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(a) Loss Graph LSTM study period

2002-2005

(b) Loss Graph LSTM study pe-

riod 2003-2006

(c) Loss Graph LSTM study period

2004-2007

(d) Loss Graph LSTM study pe-

riod 2005-2008

(e) Loss Graph LSTM study period

2006-2009

(f) Loss Graph LSTM study period

2007-2010

(g) Loss Graph LSTM study period

2008-2011

(h) Loss Graph LSTM study pe-

riod 2009-2012

(i) Loss Graph LSTM study period

2010-2013

(j) Loss Graph LSTM study period

2011-2014

(k) Loss Graph LSTM study pe-

riod 2012-2015

Figure 7.4: Loss Graphs LSTM study period 2002-2015
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(a) Loss graph LSTMAtt study pe-

riod 1990-1993

(b) Loss graph LSTMAtt study pe-

riod 1991-1994

(c) Loss graph LSTMAtt study pe-

riod 1992-1995

(d) Loss graph LSTMAtt study pe-

riod 1993-1996

(e) Loss graph LSTMAtt study pe-

riod 1994-1997

(f) Loss graph LSTMAtt study pe-

riod 1995-1998

(g) Loss graph LSTMAtt study pe-

riod 1996-1999

(h) Loss graph LSTMAtt study pe-

riod 1997-2000

(i) Loss graph LSTMAtt study pe-

riod 1998-2001

(j) Loss graph LSTMAtt study pe-

riod 1999-2002

(k) Loss graph LSTMAtt study pe-

riod 2000-2003

(l) Loss graph LSTMAtt study pe-

riod 2001-2004

Figure 7.5: Loss graphs LSTMAtt study period 1990 - 2004
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(a) Loss graph LSTMAtt study pe-

riod 2002-2005

(b) Loss graph LSTMAtt study pe-

riod 2003-2006

(c) Loss graph LSTMAtt study pe-

riod 2004-2007

(d) Loss graph LSTMAtt study pe-

riod 2005-2008

(e) Loss graph LSTMAtt study pe-

riod 2006-2009

(f) Loss graph LSTMAtt study pe-

riod 2007-2010

(g) Loss graph LSTMAtt study pe-

riod 2008-2011

(h) Loss graph LSTMAtt study pe-

riod 2009-2012

(i) Loss graph LSTMAtt study pe-

riod 2010-2013

(j) Loss graph LSTMAtt study pe-

riod 2011-2014

(k) Loss graph LSTMAtt study pe-

riod 2012-2015

Figure 7.6: Loss graphs LSTMAtt study period 2002 - 2015
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