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Abstract

In this paper, we investigate whether volatility forecasts can be produced by Value-at-Risk
(VaR) forecasts. In particular, we examine the employment of VaR estimates obtained from
the conditional autoregressive Value-at-Risk (CAViaR) models. An extensive overview of the
volatility forecasting performance of various models and methods, including generalized autore-
gressive conditional heteroskedasticity (GARCH) models, is provided. As an extension, we create
volatility forecasts with the incorporation of an uniformly spaced series of estimated quantiles
instead of the interval between symmetric quantiles, as in Taylor (2005). The results show an
outperformance of the established methods and, on top of that, the extension of involving the
whole distributional pattern of returns led to an improvement of the volatility forecasts for all

CAViaR models in terms of informational content.
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1 Introduction

Volatility models have become an essential tool for financial applications, including risk manage-
ment and option pricing. Formally, volatility is defined as the standard deviation of logarithmic
returns and measures the degree of price variation and uncertainty of a financial asset. Since
volatility can have a crucial role in financial markets and portfolio management, numerous mod-
els have been proposed to account for volatility clustering, after (Engle, 1982) introduced the
autoregressive conditional heteroskedasticity (ARCH) processes. This phenomenon represents
the fact that great moments of uncertainty and stability alternate in the market. However, (gen-
eralized) ARCH models rely on the assumption that the shape of the conditional distribution
is fixed over time while the volatility can vary. If the shape of the distribution (for example
Student’s ¢) in (G)ARCH models changes over time, the volatility forecasts of these models are
harmed. On the contrary, the conditional autoregressive Value-at-Risk (CAViaR) models, pro-
posed by Engle and Manganelli (2004), specify the behaviour of quantiles in an autoregressive
framework such that no assumption has to be made about the conditional distribution of the
model. Nonetheless, volatility estimates are not obtained directly from the CAViaR models and
of interest is whether the CAViaR quantile forecasts can result in superior volatility forecasts.
Taylor (2005) investigated this idea by creating volatility forecasts from one pair of symmetric
quantile forecasts and showed an outperformance of the moving average and GARCH models.
Furthermore, we examine whether the incorporation of the whole distributional pattern, with a
wider set of quantiles, may lead to an improvement of the volatility forecasts. The method of
Taylor, namely, can suffer from extreme distribution tails and is subject to an arbitrary choice
of the quantile pair. The latter findings are summarized in the following two research questions:
RQ1: ‘Can volatility forecasts from CAViaR models outperform GARCH and other established
methods?’

RQ2: ‘Does the incorporation of the whole distributional pattern, instead of one pair of quantiles,
deliver better volatility forecasts?’

First, using 10 years of daily return data for five stock indices, we estimate and forecast
volatility with three different methods: (i) moving average and GARCH models, (ii) the VaR-
based methods, which generate volatility forecasts from quantile forecasts from the CAViaR
models and (iii) quantile-based methods, where an evenly spaced series of estimated quantiles
is used to produce volatility forecasts. Eventually, we produce 500 out-of-sample forecasts for
each index for three different holding periods.

After evaluating the absolute and relative performance of the volatility forecasts, the results

show that the CAViaR model which accounts for the ‘leverage effect’ outperforms all moving



average, GARCH and other CAViaR models for the five stock indices. Moreover, including an
uniformly spaced series of estimated quantiles to generate volatility forecasts led to an improve-
ment of the informational content of the volatility forecasts for all CAViaR models.

The main contribution of this paper is that it provides an approach to forecast volatility of
financial assets, which does not assume an explicit form for the underlying distribution. When
the left and right tails of the conditional distribution vary over time, the method of Taylor still
produces conditional volatilities based on a constant simple function of the interval between
symmetric conditional quantiles. Our extension provides volatility forecasts with more complete
information when these tails suffer from extreme behaviour or are arbitrarily chosen.

The remainder of this paper is organized as follows: in Section 2, we present a literature
review of relevant studies conducted in the past, followed by a data description in Section 3.
Next, we introduce the models and methods in Section 4. Afterwards, the results are presented

in Section 5. Finally, we conclude and discuss our results in Section 6.

2 Literature

In this section, we provide the main findings of previous research that has been conducted on
volatility forecasts as well as how we add to the existing literature.

For decades, volatility forecasting has been a key subject in financial literature. The volatility
of a financial asset can be interpreted as its uncertainty and is defined as its standard deviation.
Poon and Granger (2003) classify volatility forecast methods in four categories. Firstly, the mov-
ing average and exponentially weighted moving average methods incorporate previous standard
deviations in determining volatility predictions. However, the driving force in volatility fore-
casting was already established in the 1980s. Bollerslev (1986), namely, introduced the GARCH
class of models where lagged error terms and variances are included. Several modifications of
the GARCH models have been proposed in literature, for example: IGARCH (Nelson, 1990),
GJRGARCH (Glosten et al., 1993) and Beta-t--EGARCH (Harvey and Chakravarty, 2008). The
GJRGARCH model, for instance, allows for asymmetry caused by the fact that negative re-
turns have larger effect on volatility. Besides these two time-series methods, Poon and Granger
(2003) thirdly discuss the volatility forecasts from the Black-Scholes option pricing model. Two
drawbacks of this method are: (i) by choosing a different series of options, multiple forecasts
can be derived for a single financial asset and (ii) financial assets may not have option deriva-
tives. Fourthly and lastly, stochastic volatility forecasts (Ghysels et al., 1996) are found to be

computationally hard and hence not widely used.



In this paper, we build on the fundamentals laid down by Pearson and Tukey (1965). They
found that the ratio of the standard deviation to the interval between symmetric quantiles in
the tails of the distribution is remarkably constant for different distributions. When quantile
forecasts are obtained from CAViaR models (Engle and Manganelli, 2004), the results of Pearson
and Tukey (1965) form a basis to construct volatility forecasts. The main advantage of our
method is that if the left and right tails of the conditional distribution are driven by different
forces over time, the conditional volatility can still be approximated by the interval between
symmetric conditional quantiles, whereas GARCH models only use an autoregressive model
for the variance with a fixed conditional distribution. Taylor (2005), who utilized Value-at-Risk
estimates from CAViaR models, indeed found that volatility forecasts from one pair of symmetric
quantile forecasts outperformed forecasts from GARCH models and moving average methods for
25 stock indices and individual stocks. The method of Taylor led to approach of Huang (2012) to
include an uniformly spaced series of quantiles to construct volatility forecasts. He argues that
by doing so, the volatility forecasts will not be subjected to overestimation or underestimation
due to extreme distribution tails. Additionally, the arbitrary choice of the pair of quantiles does
not have to be considered and more information is encompassed in the forecasting procedure.

His results showed an improvement of the volatility forecasts compared to previous methods.

3 Data

The data set consists of the daily close-to-close log returns of five stock indices over a 10 year
period ranging from April 1993 up to and including April 2003. The closing prices are obtained
from the Yahoo Finance database. The close-to-close log return is defined by r = 100 X
log(yt/yi—1), where y; is the level of the index or stock at the end of day ¢t. The five stock indices
are: the French CAC 40, the German DAX 30, the Hongkongese HSI, the Japanese NIKKEI
225, and the U.S. S&P 500. Eventually, we end up with different numbers of log returns for
different indices, as can be seen in the last column of Table 1, since not all markets were closed
on the same days. We can furthermore confirm that the mean of the log returns is close to
0 for all indices. Evaluating the other descriptive statistics, we observe that all indices suffer
from deviant skewness and large kurtosis. This indicates that the distribution of the returns is
likely to be non-normal. The rejection of the null hypothesis of normality is confirmed by the
Jarque-Bera test statistic in the second to last column of Table 1. The presence of non-normality
and heavy tails advocates for the use of CAViaR models, which do not require distributional

assumptions.



Table 1: Descriptive Statistics for the Daily Log Returns ry

Index Mean St. Dev. Skewness Kurtosis Jarque-Bera Observations
CAC 40 0.017 1.467 -0.062 5.13 486%* 2512
DAX 30 0.023 1.588 -0.128 5.80 827** 2518
HSI 0.008 1.831 0.102 11.29 7075%* 2471
NIKKEI 225 -0.041 1.473 0.102 5.15 478%* 2463
S&P 500 0.029 1.128 -0.107 6.46 1257%%* 2519

Note. ** p < 0.01.

4 Methodology

In this section, we provide the time-series methods to model and forecast volatility. More
specifically, moving averages, GARCH models and CAViaR models are considered to describe
the volatility’s behaviour. Finally, we discuss the evaluation tools to compare the models’
predictive ability.

Throughout the paper, we assume that the close-to-close log return r; is generated as follows:
re =+ e for 1 <t < 7T, where T denotes the sample size, u is the mean and &; can be seen
as the ”shock” term. If the conditional variance of ry, V[r¢|Z;_1], is denoted as o7, volatility is
defined as o, where Z;_1 denotes the information set at time ¢ — 1.

Lastly, the estimation, forecasting and evaluation of all methods and models is conducted in

MATLAB (version R2021a).

4.1 Moving Averages

The first procedure to estimate volatility is to consider a moving average (MA) of the past

squared shocks:

(re—i = 7)?, (1)

E

1
T

2 _
o; =
i=1

where 7 is the average return, % ZZT:1 r¢—;, and a rolling window of 30 days is applied. This rather
simple approach includes few drawbacks. Firstly, o2 sharply increases whenever an extreme
return occurs due to the fact that all observations are equally weighted. This phenomenon
is known as the ‘ghost feature’. Secondly, the length of the window T is subjective; too few

observations will cause sampling errors whereas a large window causes rather slow reaction of



the estimates to the true volatility. Thirdly, the specification in (1) assumes the variance of the
returns in the window is the same.
To obviate these drawbacks, we furthermore examine the exponentially weighted moving

average (EWMA) method to estimate volatility:
of = Aoiq + (1= Nefy. (2)

Despite of the fact that setting A = 0.94 results in the well known RiskMetrics model (Longer-
staey and Spencer, 1996), we choose to optimize the parameter value in (2) by minimizing the

in-sample sum of squared deviations between the variance forecasts, & and the squared

e
error, €, .

The total volatility of the return from period ¢+ 1 until ¢ + A (multiperiod forecast), c“rf’ ht =
Z?:l 63 it is obtained by simply multiplying the one-step ahead forecast, 62 by h for both

1]t
MA and EWMA methods (square-root-of-time rule).

4.2 GARCH Models

The GARCH models, introduced by Bollerslev (1986), are nowadays the most widely used
statistical volatility models. The conditional variance in this class of models is explained by
lagged conditional variance terms and lagged squared errors. The GARCH (1,1) model for
example reads

of =w+aei +foiy, (3)

where w, a and 3 are parameters with w > 0, a > 0 and 8 > 0 in order to ensure o7 > 0. It

follows that variance for the sum of days up to some horizon i (multiperiod forecast), Z?:l 62 il
is given by
hw 1—(a+pB)" w
22 2
Jt’h|t_1—a—ﬂ+< a—p )\ 10 —5) )
where &tQ 1t is the one-step-ahead volatility forecast.

In practice, it has been found that § ~ 1 — « and the integrated GARCH (IGARCH) models
(Nelson, 1990) incorporate the equality § = 1 — «, such that the multiperiod forecast of the
IGARCH(1,1) model can be written as

. 1 .

The IGARCH models are estimated with the help of the MFE Toolbox .

Thttps://www kevinsheppard.com/files/code/matlab/mfe-toolbox-documentation.pdf



Typically, negative shocks e, affect volatility more than positive shocks (‘leverage effect’).
The GJRGARCH model of Glosten et al. (1993) allows for such asymmetry and the GJRGARCH

(1,1) model reads as follows:

0 =wHae? (1 —1Ig;_q >0]) +7e2 I[eg_1 > 0] + Bo? 4, (6)

where w > 0, @ > 0, vy > 0 and 3 > 0 in order to ensure o7 > 0 and the indicator function I[A]
equals one if event A happens and zero otherwise. With the assumption that the median of the
distribution of ¢; is zero, which implies that the expectation of the indicator function in (6) is
0.5, the multiperiod forecast is given by

2 hw 1—(%(04+7)+5)h 2 w
Ut’“—l—%(oﬂrv)—ﬁJr(1—§(a+7)—ﬁ ><””“ 1—%<a+v>—ﬁ>' v

4.3 VaR-based Methods

Value-at-Risk (VaR) is the #-th quantile of the distribution of the h-day return ryyp 5 (= 741+
Tt42+ ... +1reyp) and measures the down-side risk of rrp, 5. VaR is defined as Q¢(6, h), such that
Plrivnn < Qi(0,h)] = 6. For example, if a stock portfolio has Value-at-Risk at 95% for the next
5 days of —2.8%, the probability that the return is lower than —2.8% is 5%.

4.3.1 CAViaR Models

Three different approaches of VaR estimation are mentioned in literature, as found by Manganelli
and Engle (2001).

First, VaR is estimated with volatility forecasts obtained with, for example, GARCH esti-
mation with a Student’s t-distribution.

Second, nonparametric estimation does not require distributional assumptions for the reason
that historical simulation estimates the VaR as the quantile of the empirical distribution of
returns from a moving window of the most recent periods. Similar to the EWMA method in
Section 4.1, Boudoukh et al. (1998) introduced such approach for quantiles. The so-called BRW

method multiplies the past T returns with exponentially decreasing weights:

11—\ 11—\ 1—)\ 1—A\
A A2 A1 8

Hereafter the returns are ordered in ascending order and the weights are summed until quantile

0 is achieved. The 6-th quantile will then be equal to the return corresponding to the final
weight in the summation. We work with the (arbitrary) value of 0.99 for A, as experimented by
Boudoukh et al.. Lastly, we used a moving window of one year for both the historical simulation

and BRW methods.



Third, semiparametric methods include estimation by extreme value theory and quantile re-
gression. The latter methods resulted in the conditional autoregressive Value-at-Risk (CAViaR)
models, developed by Engle and Manganelli (2004). As mentioned before, no distributional as-
sumptions have to be considered and Engle and Manganelli proposed the four following CAViaR
models:

Symmetric Absolute Value CAViaR:
Qu(0) = w + aQ-1(0) + Bler—1]. (9)
Asymmetric Slope CAViaR:
Qi(0) = w + aQr1(0) + Br(er—1)" + Paler—1) (10)

Indirect GARCH (1,1) CAViaR:

Qu(6) = (1 = 21[0 < 0.5))(w +aQi1(6)” + B} 1)2. (1)

Adaptive CAViaR:
Qu(0) = Qi 1(0) + a0 — Iz 1 < Qu1(0)]. (12)
where Q;(0) (= Q4(6,1)) is the 6-th quantile, w, a, 3, f1 and P2 are parameters and (x)* =
max(z,0) and (z)* = —min(z,0) in (10). The VaR estimate in ¢ is reduced by the indicator

function in (12) if the quantile estimate in t — 1 is greater than the error in that period. Whereas
the GARCH models involve the lagged squared error, the Symmetric Absolute Value CAViaR
and the Asymmetric Slope CAViaR models incorporate the value of the regular error. Similar
to the GJRGARCH models, the Asymmetric Slope CAViaR model is designed to accommodate
for the ‘leverage effect’.

To estimate the parameters of the CAViaR models, we follow Koenker and Bassett Jr (1978).

The quantile regression minimization reads

min( Z Olre — Qe(0)] + Z (19)|TtQt(9)‘>' (13)

tlre>Qu(9) tlre<Qe(6)
We followed Engle and Manganelli (2004) in the CAViaR optimization routine. First, we gen-
erated 10° vectors of parameters from a uniform random number generator between 0 and 1.
Second, we selected the 10 vectors that produced the lowest QR Sum in (13) and ran them in the
Nelder-Mead simplex algorithm to acquire initial values for the quasi-Newton algorithm. This
procedure was repeated until the convergence criterion was satisfied. Finally, the one producing
the lowest QR Sum was chosen as the final parameter vector. We used the MATLAB codes

provided by Engle and Manganelli for the estimation of the CAViaR models 2.

Zhttp://www.simonemanganelli.org/Simone/Research.html
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4.3.2 Volatilty Forecasts from VaR Forecasts

To obtain volatility forecasts from VaR forecasts, we firstly perform Ordinary Least Squares
(OLS) (Heij et al., 2004) of the squared error (¢7), which serves as proxy for the true variance,
on the squared interval between the symmetric quantile estimates Q;11(1 —6) and Q;,1(0) with
in-sample data. Once one-step-ahead quantile forecasts are secured from the CAViaR models,

one-step-ahead variance forecasts are formed by
5’t2+1|t = a1+ S1(Qe1 (1 — 0) — Qri1(0))?, (14)

where &1 and f are in-sample OLS estimates. Unlike the moving averages method in Section 4.1,
multiperiod forecasts cannot be computed by multiplying the one-step-ahead forecasts by horizon
h due to the fact that the assumption of constant variance during h is not valid. The Adaptive
CAViaR model is an exception on the latter. Analytical solutions for the other CAViaR models
do no exist and forecasting by simulation is rather computationally hard. For this purpose,
Z?:l e7,; is regressed on (Qi11(1 — 0) — Qu41(0))%. By assuming the shocks have constant
conditional mean and no autocorrelation is present during horizon h, the realized multiperiod
variance is approximated by the sum of A squared errors. Eventually, the expression of the

multiperiod variance predictions reads
G pe = an + Br(Qur1(1—0) = Qi1(6))?, (15)

where &; and £y are estimated by in-sample OLS regression of Z?:l E?_H- on (Qt+1(1 -0) —
Qi+1(0))*,

Summarizing, after the parameters of the CAViaR models in Section 4.3.1 are estimated and
forecasted quantiles are acquired, variance forecasts in (14) and (15) are computed with the OLS

estimates &1 and (.

4.4 Quantile-based Methods

As an extension to the work of Taylor (2005), we propose three alternative ways to compute
volatility forecasts from quantile estimates. Whereas Taylor uses one squared pair of quantiles
to generate volatility forecasts, Huang (2012) employs an uniformly spaced series of quantiles for
this purpose. By doing so, the two following drawbacks are obviated: (i) overestimation from
extremely asymmetric tails and (ii) underestimation from highly symmetric tails. Moreover,
the arbitrary choice of which quantile interval best represents the width of the distribution is
avoided and a much more complete information set of the volatility is available compared to the

approach of Taylor (2005).



One can see the forecasts from (15) in the following general form:

Gt he = G+ BuF(Quia(0, 1)), (16)

where F(-) is an unspecified function and Q41(6) a vector of quantiles {6,260, ..., m#}, which
are estimated at time ¢ + 1 (# > 0 and mé < 1) with one of the CAViaR models and where
m controls for the number of quantiles employed. For F(-), Huang (2012) define the following
three Standard Deviation (SD) functions:

99 %
SD: F(:) = <ml_1 (Q(0.01m) Q)2> , (17)
0 m=1 %
Weighted SD (WSD) : F(.) = ( W(Q(0.01m) — Q)2> , (18)
| m:ll 0 2 %
Median SD (MSD) : F(-) = (m_2 > (Q(0.01m) — Q(0.5)) > : (19)

m=1
where @ is the conditional mean of all quantiles. By implementing these functions instead of the
rather simplistic approach of the squared interval of quantiles, the movements of the quantiles not
only reflect the tail behaviours, but also the whole distributional pattern. More specifically, the
width of the distribution of the estimated quantiles around their conditional mean is considered.
The WSD function in (18), for instance, applies a weight W to each squared deviation in the
sum. We set W equal to 0/25 when 6 < 0.5, and (1—0)/25 otherwise, such that that extreme
quantiles will have a greater impact on the volatility forecasts and the often found kurtosis in
return distributions of financial assets is accommodated for. Finally, the MSD function captures

the irregularity of the return distributions as the median is less outlier sensitive than the mean.

4.5 Forecast Evaluation

To evaluate the volatility forecasting accuracy of the models, we firstly examine the absolute
performance and relative performance of the volatility forecasts and secondly the quantile fore-
casts (which result in volatility forecasts) of the VaR-based and quantile-based methods with
three metrics.

Firstly, we evaluate the volatility forecasts by the R? of the Mincer-Zarnowitz regression
(Mincer and Zarnowitz, 1969), Z?Zl €?+i = Olf,h+»3f,h5§h|t +1 . A higher R? indicates a larger
explanatory power of the forecast relative to the proxy. Note that the estimated parameters in
(14) and (15) do not influence the outcome of the Mincer-Zarnowitz regression, since a new

constant and slope is estimated. Hence, as well for the VaR-based and the quantile-based



methods, the R? reflects the informational content of the forecasts. Moreover, we perform an
encompassing test, which examines whether a method outperforms another. This test is based
on the following model:

A2 A2 )
Tpnlt = WOpgpe T (1- w)UBt,h\t + €th; (20)

where &tz hlt is the realized multiperiod variance forecast and ﬁﬁ hlt is variance prediction of
method M, with M = A, B. Moreover, e, is the OLS error term and w is the weight estimated

if OLS is performed of (&ih‘t - 6124757,1”) on (61241‘,,h|t - &%t,h\t)' A method is said to be encompassed

2
t,hlt

weighted average of two forecasts (Granger and Newbold, 1973; Chong and Hendry, 1986). The

by another if the weight of that method is zero. The test in (20) can be seen as if & is a
use of non-overlapping data is of great importance, for the reason that OLS regression with
overlapping data conceivably encounters autocorrelation and hence an invalid test (Christensen
and Prabhala, 1998).

Secondly, we follow Engle and Manganelli (2004) by examining the quantile forecasts through
three following absolute measures: (i) hit rate, (ii) dynamic quantile (DQ) test statistic and (iii)
QR Sum of (13). The hit rate captures the percentage of observations below the estimator. In
the best case scenario, the hit rate equals 8. The DQ test for correct conditional coverage of
Engle and Manganelli evaluates whether the hit variable, defined as Hit; = I[e; < Q4(6)] — 6,
follows i.i.d. Bernoulli distribution with probability # and furthermore is independent of the
quantile estimator, Qt(H). Under the null hypothesis of perfect conditional coverage, the DQ
test statistic is x?(p + 2) distributed, where p is the number of lags of Hit; included. At last,

the model with the lowest out-of-sample QR Sum is preferred.

5 Results

This section is split in two. First, we shortly discuss the outcomes of the estimation of the
CAViaR models. Thereafter, the evaluation of the volatility and quantile forecasts is presented.
For each stock index, we subtracted the in-sample unconditional mean, u, from the daily log
return, r; and estimation and forecasting of all methods and models were performed on the

resultant &;.

5.1 Estimation of CAViaR Models

In Table 2, for all five indices, the OLS parameters of the regression of €7 on the squared interval
between symmetric quantiles, which are estimated by the Asymmetric Slope CAViaR model for

the in-sample period for the three different intervals, are shown. These parameter are used to
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construct the one-step-ahead volatility forecasts as in (14). In only three out of 15 cases, the
constant, aq, is significantly different from 0 on a 5% significance level. Finally, the estimates
of p; differ significantly from the values proposed by Pearson and Tukey (1965), which may

indicate on a difference in volatility forecast accuracy between the approaches.

Table 2: OLS Regression Results of €7 on the Squared Interval Between Symmetric Quantiles

Estimated by the Asymmetric Slope CAViaR Model for In-Sample Data

Interval Parameter CAC 40 DAX 30 HSI NIKKEI 225 S&P 500 Pearson and Tukey

values
0.98 o -0.038 -0.182 -0.248 0.129 -0.034 0
(0.123) (0.120) (0.302) (0.188) (0.085)
B1 0.058** 0.068**  0.056** 0.068** 0.062** 4.6572 = 0.046
(0.004) (0.003) (0.003) (0.005) (0.004)
0.95 o -0.018 -0.046 -0.778%* 0.113 0.036 0
(0.122) (0.114) (0.318) (0.168) (0.083)
B1 0.097** 0.099**  0.121%* 0.092%* 0.090** 3.9272 = 0.065
(0.006) (0.005) (0.006) (0.007) (0.006)
0.90 o 0.064 0.223* -0.736* 0.170 -0.042 0
(0.114) (0.103) (0.295) (0.165) (0.089)
B1 0.150%* 0.137**  0.205%* 0.155%* 0.184 ** 3.2572 = 0.095
(0.009) (0.007) (0.008) (0.012) (0.012)

Note. Standard errors are in parentheses; * p < 0.05, ** p < 0.01.

The News Impact Curves (NIC) of Engle and Ng (1993) for the four different CAViaR models
applied to the S&P 500 are shown in Figure 1. For estimated parameters and an (arbitrary)
lagged Q;—1 of 1.645, the NIC quantifies the impact of changes in the past shock, &, on Q.
The past shocks have a symmetric impact on @); for both the Symmetric Absolute Value and
the Indirect GARCH (1,1) CAViaR models. We furthermore notice the strong asymmetry in
the NIC of the Asymmetric Slope CAViaR model, which suggests that negative returns have
greater impact on the future VaR estimate. Finally, the NIC of the Adaptive CAViaR model
shows how the indicator function in (12) also creates the incorporation of the ‘leverage effect’

as the curve falls sharply when the past shock increases in magnitude.
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Figure 1: NIC for the S&P 500

The (normal and absolute) S&P 500 returns and the one-day-ahead volatility forecasts ac-
quired from the Asymmetric Slope and the Adaptive CAViaR models for the 90% interval are
plotted in Figure 2. The forecasts for the last 500 observations are post-sample and deter-
mined with in-sample estimated parameters. We observe that the Asymmetric Slope CAViaR
model captures the volatility of the S&P 500 more adequately, especially in periods with large

fluctuations and negative returns in the market.
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Figure 2: S&P 500 Returns Plotted on the Left Axis and the One-Day-Ahead Volatility Fore-
casts from two CAViaR Models for the 90% Interval Plotted on the Right Axis
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5.2 Forecast Evaluation

For all methods and models, we generated 500 out-of-sample volatility forecasts for three different

horizons h: one day, 10 days and 20 days.

5.2.1 Mincer-Zarnowitz Regression

The R? values of the Mincer-Zarnowitz regressions for all models and methods for the one-day
and 10-day holding periods are presented in Tables 3 to 6. The results for the 20-day forecast
horizon are summarized in Appendix A. In each column, the R? value of the best performing
method is in bold and the last column shows the mean of the R? for all five stock indices.

First of all, the GJRGARCH (1,1) model outperforms the MA methods and the GARCH (1,1)
and IGARCH (1,1) models for all indices and horizons. To account for non-normal, heavy tailed
distributions, we moreover evaluated the GJRGARCH (1,1) model with two so-called winsorized
data sets (Hoaglin et al., 2000). In the first winsorized data set with a rather simplistic approach,
we replaced the largest (lowest) 1% of the in-sample observations with the 0.99-th (0.01-th)
unconditional quantile. For the second data set, all in-sample observations larger (lower) than
their corresponding in-sample conditional 0.99-th (0.01-th) quantile were set equal to this value
(we refer to this method as CAViaR winsorized GJRGARCH (1,1) in the remainder of the
paper). The conditional quantiles were obtained from the Asymmetric Slope CAViaR model.
We find an outperformance of the CAViaR winsorized GJRGARCH (1,1) model for all indices
and horizons compared to the GJRGARCH (1,1) model, hence proving the robustness of the
incorporation of conditional quantiles.

Turning our attention to the VaR-based methods, we again notice that the model which
accounts for the ‘leverage effect’ performs best, namely the Asymmetric Slope CAViaR model.
For the 10-day and 20-day holding periods (Tables 4 and 9), the results show that the dominance
of the Asymmetric Slope CAViaR model becomes even more visible. Although the Symmetric
Absolute Value and the Indirect GARCH CAViaR models deliver decent R? values, they are not
able to beat the GJRGARCH (1,1) model. Moreover, forecasts from historical simulation, BRW
and the Adaptive CAViaR model do not seem promising regarding their relative low R? values.
The rather low R? values for the Indirect GARCH (1,1) CAViaR model for the 98% interval for
the S&P 500 can be explained by the fact that the VaR time series ‘exploded’, which even was
not prevented by increasing the initial number of parameters or the amount of replications.

For the reason that the R? is not affected by the parameters in (14) and (15), we can state
that, overall, the volatility forecasts from the Asymmetric Slope CAViaR model possess more

informational content for all indices and horizons than any other model or method in our study.

13



Table 3: R? of the Mincer-Zarnowitz Regression of €7 1 on 62, ... for One-Day-Ahead Volatility

t+1t
Forecasts

Model CAC 40 DAX 30 HSI NIKKEI 225 S&P 500 Mean
MA and GARCH methods

Historical Volatility 10.55 8.76 3.33 0.89 4.86 5.68

EWMA 12.50 13.06 3.34 1.86 8.75 7.90

GARCH (1,1) 11.42 12.39 4.66 2.12 8.34 7.79

IGARCH (1,1) 10.79 12.15 4.61 1.98 8.08 7.52

GJRGARCH (1,1) 14.24 14.13 6.01 2.89 16.58 10.77
Simplistic winsorized GJRGARCH (1,1) 12.75 13.49 5.79 2.72 15.81 10.11
CAViaR winsorized GJRGARCH (1,1) 14.56 14.57 5.98 2.95 17.25 11.06

VaR-based methods

Historical Simulation 98% 5.22 6.50 1.73 0.03 0.29 2.75
Historical Simulation 95% 3.55 5.09 2.14 0.04 0.18 2.20
Historical Simulation 90% 3.00 4.62 2.04 0.45 0.14 2.05
BRW 98% 4.27 3.09 0.73 1.65 1.74 2.30
BRW 95% 7.73 2.95 2.89 0.08 0.05 2.74
BRW 90% 5.80 4.69 3.13 0.17 0.03 2.76
Sym. Abs. Value 98% 11.10 12.51 4.71 1.58 9.51 7.88
Sym. Abs. Value 95% 11.29 12.59 5.01 1.61 8.97 7.89
Sym. Abs. Value 90% 10.39 12.77 4.94 1.41 8.73 7.65
Asym. Slope 98% 14.34 15.56 5.85 1.41 20.24 11.37
Asym. Slope 95% 14.34 16.62 6.41 2.26 20.13 11.95
Asym. Slope 90% 15.75 17.06 5.47 2.29 16.84 11.48
Indirect GARCH (1,1) 98% 12.20 13.09 4.09 2.30 0.56 6.45
Indirect GARCH (1,1) 95% 12.32 12.99 4.64 2.18 9.93 8.41
Indirect GARCH (1,1) 90% 11.46 13.04 4.59 1.92 9.90 8.18
Adaptive 98% 8.30 7.71 1.38 0.41 1.70 3.90
Adaptive 95% 7.40 8.76 2.58 0.62 6.52 5.18
Adaptive 90% 7.55 10.51 4.09 0.00 2.70 4.97

Note. R? in percentages.
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Table 4: R? of the Mincer-Zarnowitz Regression of Zgl 5t2 ; on (’}f 10[¢ for 10-Day Horizon

Volatility Forecasts

Model CAC 40 DAX 30 HSI NIKKEI 225 S&P 500 Mean
MA and GARCH methods

Historical Volatility 34.52 24.68 12.37 3.00 11.59 17.32
EWMA 44.53 38.09 26.37 7.64 22.44 27.81
GARCH (1,1) 39.45 36.09 23.06 8.79 21.20 25.32
IGARCH (1,1) 36.54 35.21 22.51 8.10 20.54 24.58
GJRGARCH (1,1) 50.40 41.13 33.77 12.13 42.47 35.98
Simplistic winsorized GJRGARCH (1,1) 43.85 39.22 30.21 11.68 40.98 33.19
CAViaR winsorized GJRGARCH (1,1) 52.91 42.73 34.37 12.64 45.58 37.65

VaR-based methods

Historical Simulation 98% 18.31 22.20 8.36 0.62 0.18 9.93
Historical Simulation 95% 13.15 17.60 10.00 0.07 0.06 8.18
Historical Simulation 90% 11.39 16.87 9.04 0.72 0.12 7.63
BRW 98% 16.46 11.34 3.12 2.90 3.38 7.78
BRW 95% 35.07 10.27 16.54 1.29 1.47 12.93
BRW 90% 23.46 17.14 17.80 0.07 0.51 11.80
Sym. Abs. Value 98% 39.41 38.94 29.11 10.13 25.81 28.68
Sym. Abs. Value 95% 40.51 37.93 28.84 10.11 23.61 28.20
Sym. Abs. Value 90% 35.99 38.75 25.81 8.27 23.02 26.37
Asym. Slope 98% 52.92 46.36 39.52 11.23 53.57 39.51
Asym. Slope 95% 51.52 49.93 41.43 15.63 53.02 42.31
Asym. Slope 90% 56.60 51.62 40.45 15.67 44.78 41.82
Indirect GARCH (1,1) 98% 42.77 38.20 27.93 11.04 2.32 24.45
Indirect GARCH (1,1) 95% 43.65 37.86 26.27 10.42 27.26 29.09
Indirect GARCH (1,1) 90% 39.18 38.01 23.68 8.02 27.19 27.22
Adaptive 98% 27.36 22.28 5.86 2.32 4.04 12.37
Adaptive 95% 24.01 26.40 10.98 2.71 17.39 16.30
Adaptive 90% 25.57 32.17 16.37 0.62 6.23 16.19

Note. R? in percentages.
On top of that, the extension of the work of Taylor (2005) by generating forecasts as in Section

4.4, increases the explaining power for all of the CAViaR models. Tables 5, 6 and 10 summarize

the R? values of the proposed Mincer-Zarnowitz regressions for the quantile-based methods for
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the three horizons. For each CAViaR model, volatility forecasts are generated as in (16) with the
three functions in (17), (18) and (19). We indeed conclude that the incorporation of the whole
distribution pattern improves the volatility forecasts, since all models experience an enlargement
of the explaining power of the forecasts. Once more, we find that the volatility forecasts with
VaR forecasts of the Asymmetric Slope CAViaR model have the highest R? values for all indices
and horizons. Hence, throughout the paper, we have seen multiple times that the ‘leverage
effect’ is present in the stock indices. Lastly, the difference in volatility forecast performance
between the SD, WSD and MSD functions is minimal. To take into consideration is the fact
that for the quantile-based methods, we encountered that for some indices and CAViaR models
a few VaR time series ‘exploded’. In Appendix B, the exact number of ‘exploded’ quantile
time series can be found for all indices and CAViaR models. We observed that for especially
the Indirect GARCH (1,1) CAViaR model and the S&P 500 index incorrect time series were
delivered. However, taking into account the majority of the quantiles were estimated correctly
and still containing substantially more information than the single interval between symmetric
quantiles of Taylor, we were convinced the volatility forecasts, produced with the remaining

quantiles, to possess enough distributional information.

Table 5: R? of the Mincer-Zarnowitz Regression stQ \1 on 63 1t for One-Day-Ahead Volatility

Forecasts
Model CAC 40 DAX 30 HSI NIKKEI 225 S&P 500 Mean
Quantile-based methods
SD Sym. Abs. Value 11.74 12.49 5.07 1.65 9.28 8.05
WSD Sym. Abs. Value 11.75 13.23 5.08 1.66 9.31 8.21
MSD Sym. Abs. Value 11.77 12.45 5.06 1.65 9.38 8.06
SD Asym. Slope 16.06 17.21 6.45 2.26 17.46 11.89
WSD Asym. Slope 15.98 17.17 6.43 2.25 17.53 11.87
MSD Asym. Slope 16.10 17.21 6.43 2.23 17.37 11.87
SD Indirect GARCH (1,1) 12.57 13.77 4.86 0.88 9.95 8.41
WSD Indirect GARCH (1,1) 12.58 13.76 4.86 0.72 9.90 8.36
MSD Indirect GARCH (1,1) 12.77 13.76 4.85 0.89 10.09 8.47
SD Adaptive 7.93 9.37 3.51 0.48 3.47 4.95
WSD Adaptive 7.90 9.37 3.37 0.48 3.50 4.92
MSD Adaptive 8.30 10.25 3.79 0.52 3.86 5.34

Note. R? in percentages.
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Table 6: R? of the Mincer-Zarnowitz Regression of Zgl 5t2 ; on (’}f 10[¢ for 10-Day Horizon

Volatility Forecasts

Model CAC 40 DAX 30 HSI NIKKEI 225 S&P 500 Mean
Quantile-based methods
SD Sym. Abs. Value 41.17 41.19 28.39 9.90 26.14 29.36
WSD Sym. Abs. Value 41.18 42.67 28.52 9.98 26.16 29.70
MSD Sym. Abs. Value 41.21 41.17 28.44 9.86 26.13 29.36
SD Asym. Slope 58.23 52.89 41.35 16.51 50.62 43.92
WSD Asym. Slope 57.94 52.72 41.27 16.41 50.94 43.86
MSD Asym. Slope 58.33 52.88 41.38 16.32 50.80 43.94
SD Indirect GARCH (1,1) 44.12 41.39 26.86 4.81 27.75 28.99
WSD Indirect GARCH (1,1) 44.13 41.37 27.01 4.06 27.58 28.83
MSD Indirect GARCH (1,1) 45.34 41.38 26.89 4.83 27.95 29.28
SD Adaptive 26.68 28.71 14.95 3.45 8.26 16.41
WSD Adaptive 26.58 28.50 14.33 3.35 8.31 16.21
MSD Adaptive 27.92 31.29 16.18 3.61 9.28 17.66

Note. R? in percentages.

5.2.2 Encompassing Test

In Table 7, the results of the encompassing test are shown, where we chose the 90% interval
Asymmetric Slope CAViaR model for A and the GJRGARCH (1,1) model (with non-winsorized
data set) for B in (20). The estimate of w and the p-values for the null hypotheses Hp: w =
1 and Hg: w = 0 are presented for each index and forecast horizon. In five out of 15 cases,
w = 1 is rejected at 10% significance level, indicating that we can reject that the Asymmetric
Slope CAViaR model encompasses the GIRGARCH (1,1) model. Especially for the HSI, we find
that the GJRGARCH (1,1) model outperforms the Asymmetric Slope CAViaR model, which
is only in line for the one-day-ahead horizon in Table 3. In addition, the encompassing of
the Asymmetric Slope CAViaR model by the GJRGARCH (1,1) model for the one-step-ahead
forecasts of the NIKKEI 225 corresponds to the higher R? value of the GJRGARCH (1,1) model
compared to the VaR-based method (2.89 > 2.29). At last, in six out of 15 cases, we cannot
reject that the GJRGARCH (1,1) model encompasses the Asymmetric Slope CAViaR model,

due to the inability to reject w = 0 at 10% significance level.
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Table 7: Encompassing Test Results for the 90% Interval Asymmetric Slope CAViaR Model
and the GJRGARCH (1,1) Model

CAC 40 DAX 30 HSI NIKKEI 225 S&P 500

One-step-ahead

w 1.17 1.23 0.09 0.46 0.37

p-value for Hy: w =1 0.78 0.83 0.02 0.16 0.03
Hi:w<1

p-value for Hyp: w =0 0.01 0.01 0.31 0.20 0.07
Hi: w>0

10-day holding period

w 1.56 1.63 0.09 1.26 0.62

p-value for Hy: w =1 0.93 0.94 0.02 0.67 0.08
Hi: w<1

p-value for Hy: w =0 0.01 0.01 0.34 0.07 0.16
Hi: w>0

20-day holding period

w 1.93 1.43 0.10 1.23 0.60

p-value for Hyp: w =1 0.93 0.77 0.02 0.63 0.20
Hi:w<l1

p-value for Hy: w =0 0.02 0.04 0.31 0.09 0.13
Hi: w>0

Note. Test uses non-overlapping multiperiod forecasts in the post-sample period.

5.2.3 Quantile Forecast Evaluation

The evaluation of the quantile forecasts, constructed from the GJRGARCH (1,1) and Asymmet-
ric Slope CAViaR models, for the 0.05 and 0.95-th quantiles and the 0.01 and 0.99-th quantiles
is reported in Tables 8 and 12, respectively (Table 12 can be found in Appendix C). The values
in bold point out the best model for each evaluation metric. For the DQ test, we included five
lags of Hity.

The results in Table 8 display great outperformance of the Asymmetric Slope CAViaR model
compared to the GJRGARCH (1,1) model. Both hit rate and correct conditional coverage are
in favour of the the VaR-based method. These conclusions are in line with the results in Tables
3, 4 and 9. For the 0.01 and 0.99-th quantiles in Table 12, the two models perform similarly in
terms of hit rate and correct conditional coverage. Nonetheless, the GJRGARCH (1,1) model
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shows more appealing QR Sums. Looking back at Table 3, we indeed see that forecasts of the
GJRGARCH (1,1) model deliver higher R? values for the HSI and the NIKKEI 225.

Table 8: 500 One-Day-Ahead 0.05 and 0.95-th Quantile Forecasts Evaluation

CAC 40 DAX 30 HSI NIKKEI 225 S&P 500

0.05 0.95 0.05 0.95 005 095 005 095 0.05  0.95
Hit %
GJRGARCH (1,1) 10.00  93.20 1040 9220 6.20 94.20 720 93.60 6.60  94.60
Asym. Slope 4.40  95.00 6.80 94.40 320 9600 5.40 9320 4.40 95.20
D@
GJRGARCH (1,1)  0.00 0.28 0.00 0.11 0.74 039 013 0.40 020  0.62
Asym. Slope 0.98 0.66 0.48 0.14 053 0.83 0.46 009 0.51 0.95
QR
GJRGARCH (1,1) 9840  106.64  112.56 122.17 73.02 73.72 85.01 95.04 71.31 76.04
Asym. Slope 97.65 100.61 111.40 109.17 76.04 74.92 85.77 95.07 72.77 74.95

In the end, we may say that our results are in line with those of Taylor (2005). For instance,
the Asymmetric Slope CAViaR model achieved best results in both our papers. At the same time,
one may encounter some dissimilarities when reading both papers, for example the intercept
values in Table 2, the scale of the axes in Figures 1 and 2 and the order of magnitude of the
QR Sums in Tables 8 and 12. Nonetheless, this is explainable due to the fact that we conducted
our research with log returns in percentages, whereas Taylor worked with ‘standard’ log returns.
Moreover, for the DAX 30, the results of the encompassing test in Table 7 are different. In view
of the fact that the values for the skewness of the DAX 30 in Table 1 and in the paper of Taylor

show great dissimilarity, there might be a difference in data.

6 Conclusion and Discussion

In the last decades, the surge of the importance of volatility of financial assets in numerous
applications has not slowed down. Consequently, volatility forecasting methods have drawn
great attention from both academic researchers and industrial practitioners. However, many
models (such as GARCH) rely on distributional assumptions, which may harm the quality of
the volatility forecasts. Therefore, this paper attempts to answer the following two research

questions:
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RQ1: ‘Can volatility forecasts from CAViaR models outperform GARCH and other established
methods?’

RQ2: ‘Does the incorporation of the whole distributional pattern, instead of one pair of quantiles,
deliver better volatility forecasts?’

This study analyzes these research questions by the following methods. Firstly, we consider
volatility forecasts from the established moving average and GARCH models. Next, volatil-
ity forecasts are obtained from the interval between symmetric quantiles estimates, from the
CAViaR models of Engle and Manganelli (2004). Lastly, an evenly spaced series of estimated
quantiles is used to construct volatility forecasts.

We concluded that, after performing the Mincer-Zarnowitz regression and an encompassing
test to evaluate the forecasts, firstly the Asymmetric Slope CAViaR model, which was designed to
account for the fact that negative returns have a greater impact on volatility, overall, outperforms
all established methods and other CAViaR models.

Regarding RQ2, we indeed found that, for all CAViaR models, including an evenly spaced
series of estimated quantiles to produce volatility forecasts led to greater informational content

of the forecasts compared to the case of one pair of symmetric quantiles .

Nonetheless, our study has several limitations and interesting areas to consider in future research.
In particular, we encountered that, during the optimization routine, some Value-at-Risk (VaR)
time series ‘exploded’. Next, the realized variance was computed by summing squared returns,
however this approach delivers a rather ‘noisy’ proxy. Alternatively, the realized volatility,
which is based on the high-frequency data of intra-day returns, may be used as a more reliable
proxy. Nevertheless, when consulting the Oxford library, the realized volatility measure was not
available fully for all indices for the concerned period of our data set. In addition, the VaR-based
and quantile-based methods to generate volatility forecasts were two-stage procedures. First, the
parameters for the CAViaR models were estimated and afterwards the parameters to construct
the volatility forecasts. In future research, one may extend the CAViaR models to the bivariate
case where these processes are modelled together in order to capture their potential interactions.
Finally, of great interest would be to estimate higher moments of the returns distribution, such

as skewness, kurtosis or the covariance, with the help of VaR series (Brandt and Diebold, 2003).
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Appendix A Mincer-Zarnowitz Regression for 20-Day Horizon

Table 9: R? of the Mincer-Zarnowitz Regression of 2?21 5? L, on o for 20-Day Horizon

2
£,20|t

Volatility Forecasts

Model CAC 40 DAX 30 HSI NIKKEI 225 S&P 500 Mean
MA and GARCH methods

Historical Volatility 28.78 22.28 7.44 1.21 9.68 13.88
EWMA 37.08 31.77 23.93 5.32 17.05 23.03
GARCH (1,1) 32.47 29.91 17.44 6.54 15.85 20.44
IGARCH (1,1) 29.90 29.57 16.89 5.79 15.50 19.53
GJRGARCH (1,1) 42.99 33.36 29.08 11.45 33.64 30.10
Simplistic winsorized GJRGARCH (1,1) 36.67 31.97 24.95 11.09 32.45 27.43
CAViaR winsorized GJRGARCH (1,1) 45.43 34.48 29.93 12.29 36.22 31.67

VaR-based methods

Historical Simulation 98% 16.03 23.63 9.75 1.29 0.02 10.13
Historical Simulation 95% 12.77 18.05 11.42 0.28 0.11 8.53
Historical Simulation 90% 10.14 17.68 9.10 1.06 0.00 7.60
BRW 98% 20.29 14.93 2.66 1.43 2.87 8.44
BRW 95% 38.64 11.15 17.42 0.59 3.26 14.21
BRW 90% 23.01 17.34 20.89 0.08 1.05 12.47
Sym. Abs. Value 98% 33.55 33.19 25.34 8.66 17.99 23.75
Sym. Abs. Value 95% 34.59 32.61 24.67 8.51 16.08 23.29
Sym. Abs. Value 90% 30.30 32.81 21.44 6.29 16.36 21.44
Asym. Slope 98% 46.62 40.60 37.99 10.61 41.37 35.06
Asym. Slope 95% 44.81 42.88 39.95 16.97 40.89 37.10
Asym. Slope 90% 50.24 44.16 41.44 17.21 34.48 37.51
Indirect GARCH (1,1) 98% 35.52 31.85 24.33 9.67 2.64 20.80
Indirect GARCH (1,1) 95% 36.27 31.75 21.28 8.81 18.98 23.42
Indirect GARCH (1,1) 90% 32.33 31.79 18.60 5.77 20.06 21.71
Adaptive 98% 22.66 21.25 5.15 2.45 2.35 10.77
Adaptive 95% 20.63 25.06 8.57 2.24 14.32 14.16
Adaptive 90% 22.54 30.13 14.70 0.30 4.23 14.38

Note. R? in percentages.
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Table 10: R? of the Mincer-Zarnowitz Regression of 2321 5? ; on 632()' ; for 20-Day Horizon

Volatility Forecasts

Model CAC 40 DAX 30 HSI NIKKEI 225 S&P 500 Mean
Quantile-based methods
SD Sym. Abs. Value 35.31 39.73 25.32 7.46 19.55 25.47
WSD Sym. Abs. Value 35.31 40.02 25.48 7.54 19.47 25.56
MSD Sym. Abs. Value 35.39 39.74 25.28 7.43 19.39 25.44
SD Asym. Slope 52.32 47.54 41.91 17.06 41.58 40.08
WSD Asym. Slope 52.02 47.40 41.83 16.88 41.92 40.01
MSD Asym. Slope 52.45 47.56 41.96 16.80 42.00 40.15
SD Indirect GARCH (1,1) 37.12 35.96 22.72 9.00 21.10 25.18
WSD Indirect GARCH (1,1) 37.22 35.94 22.90 8.13 20.96 25.03
MSD Indirect GARCH (1,1) 38.57 35.94 22.78 9.02 21.07 25.48
SD Adaptive 22.69 27.37 13.09 2.68 5.39 14.24
WSD Adaptive 22.59 26.94 12.55 2.61 5.41 14.02
MSD Adaptive 23.84 29.78 14.15 2.82 6.20 15.36

Note. R? in percentages.
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Appendix B Number of ‘Exploded’ VaR Time Series

Table 11: Number of ‘Exploded’ VaR Time Series for each Index and CAViaR Model for the
Quantile-based Methods

CAC 40 DAX 30 HSI NIKKEI 225 S&P 500

Sym. Abs Value 0 0 0 0 3
Asym. Slope 2 0 0 3 23
Indirect GARCH (1,1) 21 6 4 16 17
Adaptive 0 0 0 0 0
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Appendix C Quantile Forecast Evaluation

Table 12: 500 One-Day-Ahead 0.01 and 0.99-th Quantile Forecasts Evaluation

CAC 40 DAX 30 HSI NIKKEI 225 S&P 500

0.01 0.99 0.01 0.99 0.01 0.99 0.01 0.99 0.01 0.99
Hit %
GJRGARCH (1,1) 2.00 97.20 2.60 97.80 1.00 99.00 1.20 98.60 1.40 98.80
Asym. Slope 0.60 97.00 1.00 98.20 040 99.40 0.20 98.80 2.00 99.00
DQ (p-value)
GJRGARCH (1,1) 0.05 0.00 0.00 0.16 0.99 0.95 0.99 0.00 0.84 0.02
Asym. Slope 0.00 0.00 0.01 0.32 0.97 0.95 0.83 0.01 0.02 1.00
QR
GJRGARCH (1,1) 26.08 31.25 27.82 34.58 22.52 18.33 21.57 26.59 19.87 18.36
Asym. Slope 29.34 25.20 28.63 28.27 23.60 20.49 2884 26.78 20.13 24.01
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