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Abstract

In this thesis we construct interval and point forecasts while incorporating for conditional het-

eroskedasticity with the aim of predicting electricity prices and their volatility. Due to the

increase in renewable energy sources and their corresponding weather dependence, short-lived

unanticipated price spikes occur more frequently. To our knowledge, current electricity price

forecasting models only incorporate for conditional heteroskedasticity by at most using an asym-

metric GARCH component. This thesis focuses on incorporating current information in the

volatility process, using the recent developed Real-time GARCH model. We have found that

Real-time GARCH constructed more accurate interval forecasts than other GARCH processes.

However, the models incorporating for conditional heteroskedasticity are outperformed by the

base model, which doesn’t include a volatility process, when evaluating the point forecasts. It

may be that due to the price shocks only lasting a couple of hours, even the more recent Real-

time GARCH model cannot account for this information and is too slow in processing these

signals.
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1 Introduction

Since the worldwide structural reforms and market liberalization that started in the early 1990s, the

introduction of competitive markets in energy have been reshaping the landscape of the convention-

ally monopolistic and government-controlled energy sectors. Currently, the economic law of supply

and demand determines the price in marketplaces where electricity can be traded in either spot or

forward contracts. However electricity as a commodity possesses certain unique features not shared

by other commodities. Electricity is economically non-storable and the power system stability re-

quires a constant balance between consumption and production ((EPEX, 2021a)). Simultaneously,

energy consumption is affected by weather, the intensity of business and time (e.g. weekdays vs

weekend). Furthermore, the increase in Renewable Energy Sources (RES) significantly boosts the

impact of weather on energy production. These distinct features result in price dynamics not seen

in any other market, with seasonality at hourly to monthly levels, as well as abrupt, short-lived,

and generally unanticipated price spikes.

As the state of Texas showed in 2021, in the largest forced power outage in U.S. history, it is

of importance to hedge not only against volume risk but also against extreme price movements.

In the midst of this energy crisis, the largest power generation and transmission cooperative in

Texas, Brazos, filed for bankruptcy , see (Hill et al., 2021), as the costs of over-/under contracting

and subsequently selling/buying power in the balancing market are typically so high that this

often results in huge financial losses or bankruptcy. To prevent power portfolio managers from

this phenomenon, price and volatility forecasts have become of particular interest. Prediction of

volatile spot electricity prices with a reasonable level of accuracy is very valuable for the operational

planning and trading of energy firms, as well as for the demand response and energy consumers in

the wholesale electricity market.

A variety of differing models for electricity price forecasting (EPF) have been attempted, with

differing degrees of success. Interested readers can find an extensive literature study on the fore-

casting of electricity prices in the research of (Weron, 2014). This thesis will focus on models

incorporating for conditional heteroskedasticity. Empirically, electricity spot prices, like financial

time series, exhibit various sorts of nonlinear dynamics, the most important of which is the series

strong dependence on its past values (Weron, 2014). Another nonlinear dynamic is due to the

time-varying conditional volatility, characterized by the clustering of large shocks. Aforementioned

models try to capture this heteroskedasticity and dependence on past values. In their research

(Liu & Shi, 2013) applied various ARMA models with GARCH processes, namely ARMA-GARCH

models, along with their modified forms, to model and forecast hourly electricity prices. They find

that ARMA-GARCH-M (in-mean) models, which model a conditional mean, are an effective tool

for modelling and forecasting the mean and volatility of electricity prices, whilst using multiple

statistical measures. Furthermore their results and other literature indicate the existence of an

inverse leverage effect, the effect that electricity price volatility tends to arise more with positive

shocks than negative shocks. However, this effect is not captured in their symmetric models but is

2



captured in their highly competitive ARMA-GJR-GARCH-M model.

Because electricity prices can be subject to unanticipated extreme price movements, it is of

essence that not only the tails of the distribution are correctly modelled but the model is faster

in its adjustment to a new unconditional level of volatility. Most statistical models used for EPF

follow the structure of (Engle, 1982) in modelling volatility of prices/returns by only using past

information. (Smetanina, 2017) proposes a new model, which retains the structure of GARCH

models, but models the volatility process in the spirit of stochastic volatility (SV) models by using

a combination of past and current information. Her model, Real-time GARCH (RT-GARCH), is

able to deliver better volatility forecasts compared with standard GARCH models, improve the

empirical fit (especially within the tails of the distribution) and adjust faster to new unconditional

levels of volatility. The RT-GARCH model, rewritten as in (Lange, 2021), can be defined as:

rt = µ+
√
htεt, εt ∼ i.i.d. Student’s t, (1)

gt = ω + α(rt−1 − µ)2 + βht−1, (known at time t− 1), (2)

ht = gt + φε2t , (3)

where ω, α, φ ≥ 0 and drive the processes gt, ht. This modified model has the symmetric GARCH

model as a special case when φ = 0.

The new term introduced within the RT-GARCH model can be interpreted as a variation in

the information set and as an additional shape parameter of the density of returns/prices, which

defines the peakness and/or thickness of the tails of the distribution. This model, like asymmetric

GARCH, is able to encompass leverage by extending the model as follows:

ht = gt + (φ11εt≤0 + φ21εt>0)ε
2
t , (4)

where φ1, φ2 ≥ 0. The model can be further extended to differentiate between effects of positive

and negative returns in driving volatility. The extension of RT-GARCH with leverage and feedback

effects is given by:

ht = gt + (φ11εt≤0 + φ21εt>0)ε
2
t , (5)

gt = ω + (α11rt−1≤µ + α21rt−1>µ)(rt−1 − µ)2 + βht−1, (6)

where α1, α2 ≥ 0. Notice that this extension has the assymetric GARCH model as its special case

when φ1 = φ2 = 0.

In addition to this, extensions on the RT-GARCH model have already been proposed. (Ding,

2021) allows for conditonal heteroskedasticity in the volatility process, improving upon the Real-

time GARCH model’s in-sample nowcasts and out-of-sample forecasts. This extension is defined as

follows:

gt = ω + α(rt−1 − µ)2 + βht−1, (7)

ht = gt + (φ1 + φ2 · gt)ε2t , (8)
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Just as in the spirit of (Smetanina, 2017), this baseline model can be extended to encompass

leverage and feedback effects as well.

Statistical models used in EPF mostly follow the original idea of (Engle, 1982) and at most

encompasses for the inverse-leverage effect using an asymmetric time-varying volatility. Moreover,

both (Smetanina, 2017) and (Ding, 2021) assessed their models on financial time series only. As

such, it is of interest to evaluate and compare aforementioned models in the context of electricity

prices. Specifically, these models will be compared in modelling the volatility and mean of electricity

prices. The aim of this thesis is to demonstrate our efforts in this aspect.

Section 2 provides a short literature study. Next, Section 3 describes the market, data and

a transformation. Subsequently section 4 and 5 describes, respectively, the models used and the

estimation, forecasting and evaluation methodology. Finally, we discuss the results and conclude

with the limitations of the research and suggestions for the future.

2 Literature

In their literature study, (Weron, 2014) found that the modelling and forecasting of imbalance

prices and intraday prices has not been studied as thoroughly as their day-ahead counterparts.

(Andrade et al., 2017) carried out probabilistic price forecasting of intraday electricity prices, but

focused on the Spanish and Portugese market (Iberian market). The Iberian market has a lower

bound on electricity prices of 0, whereas other European markets may have negative electricity

prices. More recently, (Uniejewski et al., 2019) performed short-term intra-day price forecasting of

a specific price index (ID3)
1 for hourly products in the EPEX German Intraday Continous market.

Their research showed that using LASSO to help with variable selection, they could create well-

performing, parsimonious ARX-type models that would be comparable to the best LASSO-model

whilst having on average 3.5 times fewer variables. However, (Narajewski & Ziel, 2020) suggests

that there is no more information to extract from transactions data for hourly products, despite the

most recent price, when evaluated on the same data. They strongly encourage and also empirically

show that it is beneficial to use asinh’s transformation on electricity price data, which incorporates

for negative values of price data.

As auto-regressive (AR) models are used extensively in EPF, it might also be of interest to

capture and model the conditional heteroskedasticity as often present in financial time series. In his

research (Bollerslev, 1986) introduced GARCH to allow for past conditional variances in the current

conditional variance equation. In their research (Liu & Shi, 2013) combined ARMA models with

GARCH models and conducted research regarding ARMA-GARCH models on electricity prices,

their results show that ARMA-GARCH-M models are indeed an effective tool for both modeling and

forecasting the mean and volatility of short-term intraday electricity prices. They also observed that

1The ID3 index is the weighted average price of all continuous trades executed within the last 3 trading hours of

a contract. This index focuses on the most liquid timeframe of a continuous contract trading session, see (EPEX,

2021b)
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hourly prices exhibited daily, weekly and monthly periodicities along with nonlinear and asymmetric

time-varying volatility.

However, (Politis, 2007) points out that standard GARCH models make inefficient use of all

available information, in particular the current return. The implication of this inefficient use of

information is that GARCH models are unsuitable for scenarios involving unanticipated price spikes,

i.e. as when volatility quickly changes to a new level, see (Hansen et al., 2012). In her research

(Smetanina, 2017) utilizes all available information in GARCH models and demonstrates that this

RT-GARCH model can account for rapid changes in volatility and outperform standard GARCH

models in terms of short-term and long-term forecasts. However, comparing RT-GARCH to the

Realized GARCH in (Hansen et al., 2012) , the empirical results show that RT-GARCH is slower

to adjust to the new level of volatility than Realized GARCH. Extending the work of Smetanina,

(Ding, 2021) has allowed for conditional heteroskedasticity in the volatility process. Their research

shows a better in-sample fit and out-of-sample forecasts compared with the original RT-GARCH

model. Despite comparing adjustment to new volatility levels with Realized GARCH, (Smetanina,

2017) and (Ding, 2021) fail to compare error metrics with this model.

3 Data

The data consists of hourly observations from 2014-01-01 to 2019-12-31 of day-ahead settlement

prices and intraday transactions. This section aims to explain the market structure of electricity,

give an insight in the data and finally proposes a transformation to normalize the data.

Data Unit Description Source

EPEX day-ahead EUR/MWh The price resulting from the EPEX and Nordpool ENTSOE-E-Transparancy Platform

coupled day-ahead auction for the North-west European region.

Intraday transactions EUR/MWh Prices from all intraday transactions for all hourly instruments. EPEX

Table 1: Overview of the data with corresponding sources

3.1 Market description

The electricity market is split into two parts: the spot market, where electrical energy is exchanged

for immediate physical delivery, and the futures market. The delivery in the future market is delayed

and therefore does not usually require physical delivery. The futures market is typically used for

risk management. In general, European spot markets are split into two categories: day-ahead and

intraday sessions , see (EPEX, 2021a). We will use data available from the German electricity

market from 2014-01-01 to 2019-12-31. This data will include hourly intraday products as well as

day-ahead prices from German market.

The German Intraday Continous market opens every day at 15:00 for hourly products and the

gate closure is 5 minutes before delivery. The intraday continuous market is preceded by the Day-
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Ahead Auction, which takes place daily at 12:00 (EPEX, 2021c). See Figure 1 for a visualization

on the German electricity market. In the spirit of (Narajewski & Ziel, 2020), we do not include

transactions any later than 30 minutes before delivery on the intraday market.

Notice that unlike financial markets, negative prices can and do occur on electricity markets.

Negative prices are a price signal on the power wholesale market that occurs when a high inflexible

power generation meets low demand. Inflexible power sources cannot be shut down and restarted

in a quick and cost-efficient manner (EPEX, 2021a).

Day-Ahead
Auction

d− 1
12 : 00

Intraday
Auction

d− 1
15 : 00

Intraday
End of trading

d,
h− 30 min

Intraday
Gate Closure

d,
h− 5 min

Delivery

d, h

Figure 1: German Electricity Market trading routine. Variables d and h correspond to day of

delivery and hour of delivery respectively.

The day-ahead (DA) market receives offers from the consumption (demand) and production

(supply) sides until gate closure. Each offer is supplemented by both price and volume in energy

(i.e., MW) for a specific hour the following day. When the session closes, an equilibrium point is

computed between the supply and demand curves, the price and volume is set accordingly.

Additionally, due to the increasing number of renewable energy sources (RES) and its weather

dependence power portfolio managers are forced to balance their production frequently to offset

any operational planning errors made in the DA market. Intraday (ID) electricity markets address

this problem by letting market participants trade energy continuously until 30 and 5 minutes before

delivery begins in respectively the whole market and within control zones. As soon as a buy- and

sell-order match, the trade is executed.

3.2 Data description

The distribution and statistics of the German day-ahead settlement prices obtained from ENTSOE-

E-Transparancy Platform can be found in the Appendix. The data is from 2014-01-01 00:00 to 2019-

12-31 23:00, with a total of 52583 observations (a leap year is included). Furthermore, we find the

day-ahead series to be stationary when testing for stationarity using the Augmented Dickey-Fuller

(ADF) test.

The intraday transactions from all German energy instruments traded between 2014-01-01 00:00

to 2019-12-31 23:00 are obtained from EPEX. Due to the observations being transactions, we must

compute an ID price based on this. However, the ID market does not have a specific definition

of an ID price. One cannot consider the latest transaction’s price as the product’s current price

as this would be misleading. Volatility of the prices is highly dependent of the volume traded.

(EPEX, 2015) introduced multiple price measures to provide market participants with an accurate

price index. One of these price indexes, ID3 provides a price signal that takes into account price
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movements in the very short-term before delivery, and hence reveals possible movements shortly

before end of trading. Following the definition in (Narajewski & Ziel, 2020), ID3 is defined as:

IDd,h
3 =

1∑
k∈T d,h

3 ∩T d,h V
d,h
k

∑
k∈T d,h

3 ∩T d,h

V d,h
k P d,hk , (9)

where T d,h3 = [b(d, h)−3, b(d, h)−0.5) and b(d,h) be a start of the delivery for hour h on day d. Thus

T d,h3 is a timeframe between 3 hours and 30 minutes before delivery. T d,h is a set of transactions

regarding hour h on day d, P d,hk and V d,h
k are respectively the price and volume of k’th transaction

within T d,h3 ∩ T d,h. (Narajewski & Ziel, 2020) also defined the general price value of a product at a

particular time during the trading period, xIDy is defined as:

xIDd,h
y =

1∑
k∈T d,h

x,y ∩T d,h V
d,h
k

∑
k∈T d,h

x,y ∩T d,h

V d,h
k P d,hk , (10)

where T d,hx,y = [b(d, h)−x−y, b(d, h)−x), x ≥ 0, y > 0. In the case of no trades, we set the xIDd,h
y price

to the price of the last transaction that occured before time frame T d,hx,y . If no trades are present, we

use ID-Auction and DA-Auction values. Following this logic, the trades from the hourly instruments

are used to compute both 0.5ID0.25, the first 15 minutes of trading, and ID3 = 0.5ID2.5. Furthermore,

we find these price series to be stationary using ADF. Additionally, the distribution and statistics

of the ID3 prices can be found in Figure 2 and the scatterplot can be found in the Appendix.

Moreover, the autocorrelations of ID3 can be found in Figure 3. As can be seen from this figure,

autocorrelation peaks every 12 lags with high peaks occurring every 24 lags. Additionally, the

autocorrelation after exactly 168 lags has a high peak as well. These observations all suggest there

might exist seasonality within the data.
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Figure 2: Distribution of ID3 prices from period 2014-01-01 to 2019-12-31. The blue line depicts

the normal distribution scaled with the first and second moment of the intraday prices.

Figure 3: Autocorrelation of the ID3 prices up to lag 172. The data is from 2014-01-01 to 2019-12-31.
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3.3 Data transformation

(Uniejewski et al., 2019) showed that usage of variance stabilizing methods have resulted in higher

quality forecasts regarding electricity prices. Following (Narajewski & Ziel, 2020), median normal-

ization and asinh transformation will be applied to the data. The median normalization of price Pt

is defined as:

pt = pd,h =
1

MAD(Pd,h)/z0.75
(Pd,s − P̃d,h), (11)

where P̃d,h is the 365 days rolling median of Pd,h, MAD(Pd,h) is the median absolute deviation

around the rolling median and z0.75 is .75 quantile of the normal distribution. The rolling medians

are first calibrated on a given sample, in this case 365 days.

As most European electricity markets allow for negative prices, logarithmic transformation fails.

The area hyperbolic sine (asinh) has a logarithmic tail behaviour for both positive and negative

values, solving the negative price issue. This is defined as:

asinh(pt) = ln(pt +
√
p2t + 1). (12)

As this formula is non-linear, backwards transformation is not as obvious. (Narajewski & Ziel,

2020) provides a mathematically correct way of backwards transformation building on existing lit-

erature. The backwards transformation can hence be defined in two ways, an exact and approximate

backwards transformation:

P̂At = P̂Ad,h = sinh(p̂d,h) ·MAD(Pd,h)/z0.75 + P̃d,h, (13)

P̂Et = P̂Ed,h =
1

D

d−1∑
j=−D+d

[
sinh(p̂d,h + εj,h) ·MAD(Pd,h)/z0.75

]
+ P̃d,h, (14)

where p̂d,h the forecasted transformed price at day d on hour h (or simply t), εj,h the in-sample

residuals of the model used to forecast p̂d,h and P̂t the backwards transformed forecasted price

and finally P̂At and P̂Et respectively the approximate and exact price. For extra info and the

derivations of these formulae please see (Narajewski & Ziel, 2020). Additionally, the distributions

of the transformed prices can be found in the Appendix.

4 Models

This section considers different methods of capturing the variability in electricity prices. The models

for time-varying volatility all assume some basic properties, which are defined as:

asinh(pt) = µt +
√
htεt, 1 ≤ t ≤ T, (15)

where T denotes the sample size, the εt’s are i.i.d. shocks with E[εt] = 0, V [εt] = 1 and E[ε4t ] <

∞. The existence of the fourth moment is needed for covariance stationarity (as well as a valid
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forecast), see (Smetanina, 2017). Additionally, for these shocks we assume either εt ∼ N(0, 1) or

εt ∼ t(ν) where ν > 4. This assumption of distribution depends on the model used. Furthermore,

µt represents the conditional mean and asinh(pt) the transformed price.

The final models are summarized in Table 2. A few benchmark models for modeling conditional

heteroskedasticity are considered in this thesis to improve upon: the standard GARCH model as in

(Bollerslev, 1986), the GJR-GARCH model as in (Glosten et al., 1993) and the Realized GARCH

model introduced in (Hansen et al., 2012). As the methodology for the Realized GARCH model is

beyond the scope of this paper, we kindly refer to (Hansen et al., 2012). However, we will define

the proxy volatility that is used to model the volatility process in Realized GARCH. We compute

this proxy volatility as:

σ2t,proxy = (asinh(pt)− asinh(pt−1))
2, (16)

where pt the transformed ID3 price as seen in Equation 12. Notice, that because of the log trans-

formation done in Equation 12, taking the difference of asinh(pt) to obtain a proxy for volatility

can be justified as this would result in something similar to the log returns known from financial

literature.

To model the conditional mean, all models use the same regressors as in the base model. This

base model uses the lagged transformed values of 3.25ID0.25, these lags were based upon the ACF

in Figure 14. Furthermore, to capture the seasonality in the conditional mean, calendar variables

decomposed in cosine and sine parts2 are also introduced. Additionally, this base model also contains

the transformed DA-auction and 0.5ID0.25 prices.

Model Description Extension(s)

Base Base model with regressors being the transformed 3.25ID0.25L
p for p = 3, 4 , 18, 24, 48, 72, 168. -

The transformed 0.5ID0.25 and DA prices; and respectively hour, month and weekday

as calendar variables CH , CM , CWD decomposed in cosine and sine parts.

GARCH(1,1) Base model to model conditional mean and GARCH(1,1) to capture volatility. Skewed student-t

GJR-GARCH(1,1) Base model to model conditional mean and GJR-GARCH(1,1) to capture volatility. Skewed student-t

Realized GARCH(1,1) Base model to model conditional mean and Realized GARCH(1,1) to capture volatility. Skewed student-t

Real-time GARCH(1,1) Base model to model conditional mean and Real-time GARCH(1,1) to capture volatility. Leverage and Feedback

Table 2: Overview of the models

4.1 Real-time GARCH

The Real-time GARCH model (RT-GARCH) proposed by (Smetanina, 2017), introduces a new term

that can be interpreted as an additional shape parameter which defines the peakness/thickness of

the tails of the distribution. The most general model encompassing leverage and feedback effects,

2For example, CH,cos = cos(2π · CH/T ) where T = 24.
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rewritten in (Lange, 2021), is defined as:

yt = µt +
√
htεt, εt ∼ i.i.d. Student’s t, (17)

µt = γXt, Conditional mean, (18)

gt = ω + (α11yt−1≤µt−1 + α21yt−1>µt−1)(yt−1 − µt−1)2 + βht−1, (known at time t− 1), (19)

ht = gt + (φ11εt≤0 + φ21εt>0)ε
2
t , (20)

where yt = asinh(pt) the transformed ID3 price, µt the conditional mean, Xt the regressors con-

tained in the base model and ω, α1, α2φ1, φ2 ≥ 0 the non-negative parameters driving the volatility.

Notice that, as discussed in Section 1, this model nests asymmetric GARCH when φ1 = φ2 = 0.

Additionally, when α1 = α2 = α the symmetric GARCH model is retrieved.

5 Estimation, forecasting and evaluation

This section summarizes the methods of estimation and forecasting of the different models. Addi-

tionally, this section also discusses the methods of evaluation of both the price point predictions

and the probabilistic interval predictions.

5.1 Estimation

First, let us define some generalized estimation method using quasi maximum likelihood (QMLE)

such that the methods of estimating the benchmark models are clear. As the benchmark models

incorporate both normally distributed errors as well as student-t distributed errors, we will define

the generalized estimation methods as such:

θ̂ML = argmaxθ

T∑
t=1

log(f(yt|It−1;θ)) = argmaxθ

T∑
t=1

[
− log(σt|t−1) + log p

(yt − µt
σt|t−1

)]
= argmaxθ

T∑
t=1

[
− log(σt|t−1) + log p

(
εt
)]
, (21)

where yt = asinh(pt) the transformed price, σt|t−1 the standard deviation as estimated by the

different models and p(·) either the p.d.f. of the student-t distribution or the normal distribution.

The estimation for RT-GARCH generalizes to the following:

θ̂ML = argmaxθ

T∑
t=1

[
log(

√
ht

ht + F (yt)ε2t
) + log p

(
εt
)]
, (22)

where F (yt) = φ11εt≤0 + φ21εt>0. Due to this, the expression in 22 reverts to 21, with student-t

distributed errors, when φ1 = φ2 = 0 as F (yt) = 0.
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5.2 Forecasting

To obtain the conditional mean forecasts, we simply use the estimated parameter(s) γ̂ as obtained

using QMLE and define the conditional mean forecasts as:

ˆµt+k = γ̂Xt+k, (23)

where Xt+k the regressors known at time t for time t+ k.

In addition to the conditional mean forecasts, we compute the volatility predictions. As RT-

GARCH nests both asymmetric GARCH and symmetric GARCH, we derive only the k step-ahead

forecasts for the RT-GARCH model. Let us define the constant terms h and ω as follows:

h :=
ω + φ+ α1(φ1Kε − φ)/2 + α2(φ2Kε − φ)/2

1− α− β
, (24)

ω :=h(1− α− β)− φ− α1(φ1Kε − φ)/2− α2(φ2Kε − φ)/2, (25)

where Kε = 3 + 6/(ν − 4), ν the estimated shape of the student-t distribution and φ = φ1 + φ2.

The dynamic equation for ht+k is then defined as follows:

ht+k =h+ (α+ β)k−1(gt+1 + φ− h), k ≥ 1. (26)

Notice that this dynamic equation nests the symmetric and asymmetric GARCH models under the

same aforementioned restrictions. Additionally, we set
√
ht+k = σ̂t+k for evaluation purposes.

5.3 Point prediction evaluation

To evaluate the price point forecasts, the six robust loss functions proposed by (Hansen & Lunde,

2005) are evaluated:

RMSE1 =

√√√√T−1
T∑
t=1

(yt − ŷt)2, RMSE2 =

√√√√T−1
T∑
t=1

(y2t − ŷ2t )2,

QLIKE = T−1
T∑
t=1

(ln(ŷt) + y2t /ŷ
2
t )

2, R2LOG = T−1
T∑
t=1

[ln(y2t /ŷ
2
t )]

2,

MAE1 = T−1
T∑
t=1

|yt − ŷt|, MAE2 = T−1
T∑
t=1

|y2t − ŷ2t |.

The criteria RMSE2 and R2LOG can be interpreted as similar to the R2 of the Mincer- Zarnowitz

regressions, whereas QLIKE corresponds to the loss implied by a Gaussian likelihood. As outliers

occur frequently in electricity prices, it is interesting to look at robust error measures. Both MAE1

and MAE2 are used for this purpose.

The price point forecasts will be evaluated using RMSE1, RMSE2, MAE1 and MAE2. These

forecasts are obtained as ̂asinh(pt+k), the k’th step-ahead forecast, and need to be backwards trans-

formed using either the exact or approximate method discussed in Section 3.3 to evaluate them

against the observed prices.
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In contrast, the backwards transformed forecasted standard deviations are trickier to compute

and can be defined as follows:

σ̂t+k,M = P̂Mt+k − bwtM ( ̂asinh(pt+k)− σ̂t+k), (27)

where M = {E,A} either the exact or approximate transformation, σ̂t+k,M the eventual backwards

transformed forecasted standard deviation used for evaluation, P̂Mt+k the backwards transformed

forecasted price, p̂t+k the forecasted price, σt+k the forecasted standard deviation and bwtM (.) the

backwards transformation function.

Additionally, a proxy for the volatility has to be obtained to evaluate the volatility forecasts. To

obtain this proxy, we remove the noise/ conditional mean from the price series. Hence, the residuals

from the base model estimated on the full sample will be used. This is defined as:

ε2t = (asinh(pt)−Xtβ)2,

σt = ε̂t,M − ε̂t−1,M , (28)

where asinh(pt) the transformed ID3 price, X a matrix with the regressors contained in the base

model, ε̂t,M the backwards transformed εt using the exact/ approximate transformation. This

transformation is done using the full-in-sample residuals in case of the exact transformation. Finally,

the volatility forecasts are evaluated using all loss functions.

5.4 Probabilistic interval evaluation

To further evaluate the volatility forecasts, the methodology for evaluating interval forecasts as

introduced by (Christoffersen, 1998) is used. To evaluate these interval forecasts, we first define a

function that indicates the violations of a probabilistic interval prediction:

It+k =

0 if Pt+k ∈ (Lt+k|t(q), Ut+k|t(q))

1 otherwise,
(29)

where Lt+k|t(q) = P̂Mt+k − Q(1 − q
2) · σ̂t+k,M the lower bound for the interval, Ut+k|t(q) = P̂Mt+k +

Q(1− q
2) · σ̂t+k,M the upper bound for the interval and Q(1− q

2) the quantile function of either the

normal distribution or the student-t distribution, this depends on the assumption of errors within

the model used. In the case the assumption on student-t distributed errors is used, the shape of the

student-t distribution estimated within the model is used as the degrees of freedom in the quantile

function.

To test whether interval estimates have correct unconditional coverage, we test whether the

fraction of violations is equal to the nominal coverage probability q. We define this test as follows:

H0 : L(q; IT,IT−1,...,I1) = (1− q)T0qT1 ,

H1 : L(π; IT,IT−1,...,I1) = (1− π)T0πT1 ,

LRuc = −2 log
L(q; IT,IT−1,...,I1)

L(π; IT,IT−1,...,I1)
∼ χ2(1), (30)

13



where the maximum likelihood (ML) estimate of π is π̂ = T1
T0+T1

, T0 being the number of non-

violations and T1 the amount of violations.

Additionally, we test whether the interval estimates are independent. The violations should be

spread out over the sample and not cluster together. We define this test as follows:

H0 : L(π2; IT,IT−1,...,I1) = (1− π2)T00+T10πT01+T112 ,

H1 : L(Π1; IT,IT−1,...,I1) = (1− π01)T00(π01)
T01(1− π11)T10(π11)

T11 ,

LRind = −2 log
L(π̂2; IT,IT−1,...,I1)

L(Π̂1; IT,IT−1,...,I1)
∼ χ2(1), (31)

where Tij is the number of observations such that It+k = j and It+k−1 = i, the ML estimate of π2

is π̂2 = T01+T11
T and the ML estimate of Π1 is defined as:

Π̂1 =

(
1− π01 π01

1− π11 π11

)
=

(
T00

T00+T01
T01

T00+T01
T10

T10+T11
T11

T10+T11

)
.

6 Results

This section will discuss both the price forecasting and the volatility forecasting results of the afore-

mentioned models. The models are estimated on a rolling-window of 365 days, refitting every 7

days. The models will then use an out-of-sample series to forecast transformed prices and trans-

formed standard deviations for 3 hours ahead for the next 7 days. These results are then backwards

transformed as discussed in Section 3.3.

6.1 Price point forecasts

Table 3 contains the error measures for the price point forecasts. We highlight three main re-

sults based on this table. First, based on these criteriums, we can see the benchmark base model

clearly outperforms all models accounting for conditional heteroskedasticity except for the Realized

GARCH(1,1) with skewed student-t distributed errors. This extension on the Realized GARCH

model has a lower RMSE1 and RMSE2 (by a small margin) compared to the base model. However,

when comparing the outlier-robust error measures MAE1 and MAE2 the base model outperforms

yet again.

Second, Real-time GARCH (including extensions) fails to outperform Realized GARCH and its

extension. Moreover, Real-time GARCH does not even seem to outperform a standard GARCH

process with skewed student-t distributed errors.

Third, comparing the error measures from the exact and approximate price transformations, one

could conclude that incorporating the residuals in the price transformation definitely helped improve

the forecasting accuracy (albeit a small improvement). However, notice that this improvement does

not necessarily hold for the MAE measures, but rather the RMSE measures.

14



Exact Approximate

RMSE1 RMSE2 MAE1 MAE2 RMSE1 RMSE2 MAE1 MAE2

Benchmark Models with normal distributed errors

Base 6.005 911.023 3.713 285.469 6.086 926.056 3.707 284.904

GARCH(1,1) 6.180 944.319 3.808 294.277 6.296 967.954 3.808 294.631

GJR-GARCH(1,1) 6.180 944.504 3.808 294.285 6.296 968.197 3.808 294.651

Realized GARCH(1,1) 6.029 914.140 3.751 289.967 6.138 938.028 3.746 290.159

Benchmark Models with skewed student-t distributed errors

GARCH(1,1) - sstd 6.102 934.178 3.772 291.611 6.205 957.783 3.760 291.100

GJR-GARCH(1,1) - sstd 6.100 934.180 3.772 291.575 6.203 958.271 3.759 291.064

Realized GARCH(1,1) - sstd 6.003 909.791 3.735 288.772 6.097 932.109 3.719 287.832

Real-time GARCH

Real-time GARCH(1,1) 6.103 934.247 3.772 291.523 6.210 957.929 3.763 291.277

Real-time GARCH(1,1) - Leverage 6.108 937.009 3.772 291.681 6.214 960.858 3.762 291.340

Real-time GARCH(1,1) - Feedback 6.103 934.095 3.771 291.577 6.209 957.640 3.762 291.206

Table 3: Out-of-sample price point forecasts error evaluations (in EUR/MWh) for time period

2014-01-01 to 2019-12-31. The forecasts are generated for 3 hours ahead and the models are refitted

every 7 days.

Figure 4 show the aforementioned error measures divided by hour. Based on this figure, we

deduct and highlight 3 findings. First, it can be seen that all models follow similar patterns regarding

error measures. Especially during night hours the errors seem to be the lowest, reaching a minimum

of around 2.9 and 4.4 for respectively MAE1 and RMSE1 on 04:00. However, a maximum is reached

on hour 08:00 for MAE1 and for MAE1. As MAE1 is more outlier-robust, different peaks are formed

compared to RMSE1.

Secondly, in MAE1, the high demand hours can be clearly extracted from the graph. These are

respectively, based on value, 08:00-09:00 being the morning rush hour; 19:00-20:00 being the evening

high demand hour and finally 12:00-13:00 being demand during the lunch hour. Furthermore, the

highest peak of RMSE1 is formed on 12:00-13:00. This can be most likely attributed to more outliers

in this hour in the form of extreme weather changes, outages or unexpected peak demands.

Third, during the peaks in Figure 4 the differences between the models become visible. Especially

Real-time GARCH - Feedback and GJR-GARCH(1,1) fail to follow the same pattern as the other

models and often have higher error measures. Moreover, the two right-most graphs clearly show the

decrease in upwards bias whilst using the exact price transformation versus the approximate price

transformation.

Lastly, Figure 5 shows the error measures, MAE1 and RMSE1, over time. From this figure a

seasonal pattern can be observed. Additionally, testing for the seasonality proves that seasonality

indeed does exist. This seasonality takes on the form of small error measures during the spring and

summer contrasted by high error measures during the fall and winter. This seasonality can most
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likely be attributed to weather.

Figure 4: Out-of-sample price point forecast error evaluations (in EUR/MWh) grouped by hour.

These errors are evaluated using the exact price transformation, however the mean of the residu-

als for both exact (north-east) and approximate (south-east) price transformations are shown for

comparison.

Figure 5: 1-month rolling mean out-of-sample price point forecast error evaluations over time (in

EUR/MWh) for time period 2014-01-01 to 2019-12-31. These errors are evaluated using the exact

price transformation.
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6.2 Volatility forecasts

The averaged coefficients of all parameters are shown in Table 4. Below, we highlight four main

results based on this table. First, in contrast to GARCH-like models fitted on financial data, the

coefficients for α, α1 and α2 are high whereas the coefficient for β is low. However, whilst evaluating

the auto correlation from the squared residuals, this event seems justified as the auto correlation

disappears fast and with about the same term as α, α1 and α2 in all the models. This effect can be

intuitively explained as conditional heteroskedasticity arises when there are sudden big spikes in the

prices that persist over some period, e.g. sudden big spikes in electricity prices arise due to extreme

weather, outages or unexpected demand. However, unlike with financial data where these events

(and its effects) can last for months, the aforementioned events often only last for a few hours in

electricity markets.

Normal Skewed student-t Real-time GARCH(1,1)

GARCH(1,1) GJR-GARCH(1,1) Realized GARCH(1,1) GJR-GARCH(1,1) Realized Regular Leverage Leverage and Feedback

GARCH(1,1) GARCH(1,1) Feedback

Volatility

α 0.539 0.558 0.087 0.617 0.625 0.089 0.482 0.484 -

α1 - - - - - - - - 0.446

α2 - - - - - - - - 0.488

β 0.142 0.141 0.691 0.113 0.111 0.686 0.145 0.123 0.122

γ - -0.05 - - -0.026 - - - -

η1 - - 0.032 - - 0.035 - - -

η2 - - 0.186 - - 0.164 - - -

φ - - - - - - 0.001 - -

φ1 - - - - - - - 0.001 0

φ2 - - - - - - - 0.001 0.001

Mean

ω 0.041 0.041 -0.496 0.04 0.041 -0.49 0.029 0.03 0.03

Shape

ν - - - 9.627 9.374 6.455 12.333 10.545 9.946

sk - - - 1.029 1.023 1.017 - - -

Goodness of fit

LL 2075.07 2071.933 22281.654 2032.548 2028.467 22119.982 2032.945 2036.338 2033.804

AIC -8.973 -6.973 -10.019 -6.917 -4.913 -8.003 -4.914 -2.916 -0.915

BIC 12.261 21.339 25.371 21.395 30.477 34.464 30.476 39.552 48.631

Table 4: Coefficients of the parameters and goodness of fit measures of all models averaged over all

estimation periods (sample size of 365 days, refitted every 7 days) from 2014-01-01 to 2019-12-31.

The winners of goodness of fit measures and parameters of interest are shown in bold.

Second, we find a confirmation of the existence of inverse leverage in electricity prices with a

small inverse leverage effect contained in the GJR-GARCH(1,1) models.
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Third, the real time shape parameters φ, φ1 and φ2 are extremely small compared to the results

from financial data in the work of (Smetanina, 2017). This implies that either a small parameter

is sufficient enough to capture the ’real-time’ effect, or the parameter is insignificant. As the auto

regressive parameters (e.g. α, β) differ from the GARCH model, and using the results shown later

in this section we can argue the former is true.

Finally, comparing the goodness of fit measures amongst models, we find GARCH with normal

distributed errors to have the lowest BIC value. This can be attributed to the fact that GARCH

only has 3 parameters and hence is the most parsimonious. Furthermore, we find Realized GARCH

with normal distributed errors to have the lowest AIC among all models, whilst also having a

log-likelihood much larger than the other models.

In Table 5 we can see the error measures of the 3-hour ahead volatility forecasts compared

to the proxy obtained for volatility. First, we find that the models that incorporate for current

information, Realized GARCH and Real-time GARCH, outperform models that only rely on past

information. Realized GARCH and Real-time GARCH - Feedback improve drastically upon the

worst-performing model, GJR-GARCH (1,1) - sstd, for both the exact and approximate transforma-

tion. For example, this improvement in RMSE1 can be as much as 47.1% and 45.6% for respectively

Realized GARCH and Real-time GARCH - Feedback upon the worst-performing model using the

exact price transformation.

Secondly, comparing the real-time GARCH model and its extensions, we find the Feedback

extension provides the overall best results for forecasting the volatility. However, Realized GARCH

still seems to consistently beat all extensions of the Real-time GARCH model by at least some 2.5%

and 6.2% for respectively RMSE1 and MAE1. Moreover, when comparing the general results of all

models for an exact and approximate price transformation, we find that in the case of forecasting

volatility the approximate transformation outperforms the exact transformation.

To better understand the origin of the errors, the error evaluations are grouped by hour (similar

to Figure 4) in Figure 6. As can be deducted from the figure, the error measures from both the

Realized GARCH model and Real-time GARCH models lie a significant amount below those of

models incorporating only past returns. Additionally, the peaks in MAE1 get smoothed out in

these models, with only a peak remaining at 08:00-09:00. This holds especially true for the Realized

GARCH model. However, this out performance of the Realized GARCH model can be partly

explained by the fact that a proxy for the volatility, see Equation 16, is directly fed into the model

(unlike with the other models which do not contain such a volatility proxy). Additionally, the peaks

in both MAE1 and RMSE1 tell us the same story as was found in Figure 4: the hours 08:00-09:00,

19:00-20:00 and 12:00-13:00 are the most unpredictable hours during the day.

Using these volatility forecasts, violation statistics can be computed as explained in Section 5.4.

The full tables with all relevant statistics can be found in the Appendix. Three main findings can

be brought to attention here. First, all models reject the null hypothesis of independence across

all confidence levels, implying that π01 6= π11 and hence the violations are clustered together. The
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Exact Approximate

RMSE1 RMSE2 QLIKE R2LOG MAE1 MAE2 RMSE1 RMSE2 QLIKE R2LOG MAE1 MAE2

Benchmark Models with normal distributed errors

GARCH(1,1) 6.619 443.001 7.762 34.287 4.495 72.117 6.253 415.328 8.649 32.586 4.223 65.469

GJR-GARCH(1,1) 6.532 398.493 7.815 34.028 4.444 70.480 6.169 371.090 8.723 32.340 4.176 63.947

Realized GARCH(1,1) 4.088 231.011 102.642 - 2.662 30.524 4.008 230.693 129.363 - 2.571 29.230

Benchmark Models with skewed student-t distributed errors

GARCH(1,1)- sstd 7.654 603.282 7.499 36.703 4.993 91.288 7.215 553.909 8.284 34.911 4.690 82.517

GJR-GARCH(1,1)- sstd 7.663 563.533 7.534 36.595 4.978 91.301 7.212 512.154 8.327 34.805 4.674 82.345

Realized GARCH(1,1) - sstd 4.104 231.238 98.565 - 2.671 30.760 4.022 230.859 124.814 - 2.578 29.427

Real-time GARCH

Real-time GARCH(1,1) 4.332 232.387 46.947 - 2.977 34.618 4.208 231.331 54.376 - 2.847 32.752

Real-time GARCH(1,1) - Leverage 4.272 232.029 48.395 - 2.918 33.773 4.157 231.093 56.384 - 2.795 32.027

Real-time GARCH(1,1) - Feedback 4.205 231.525 59.774 - 2.858 32.810 4.098 230.736 69.363 - 2.741 31.194

Table 5: Out-of-sample volatility forecasts error evaluations (in EUR/MWh) using the proxy

volatility as the objective. These criteria are computed over time period 2014-01-01 to 2019-12-31.

The volatility forecasts are generated for 3 hours ahead and the models are refitted every 7 days.

A value of ”-” means it wasn’t numerically possible to compute a result.

Figure 6: Out-of-sample volatility forecast error evaluations (in EUR/MWh) grouped by hour.

These errors are evaluated using the exact price transformation, however the mean of the residu-

als for both exact (north-east) and approximate (south-east) price transformations are shown for

comparison.
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explanation here is that the models do not have sufficient time to change to a new level of conditional

volatility before the volatility drops down again, and thus not capturing the large price spikes. This

is due to the price spikes often only lasting for a couple hours (see the large α, α1, α2 in Table 4 and

the autocorrelation of the squared residuals in the Appendix).

In contrast, the null hypothesis for unconditional coverage is accepted for a few models across

some confidence levels. In particular, RT-GARCH - Feedback using the approximate transformation

with a confidence level of 66.66% and RT-GARCH - Feedback using the exact transformation with

a confidence level of 90%. However, due to the amount of data (44114 out-of-sample observations)

the test might be too strict. Observing the π̂ instead, we notice that these values are not too

different from q across all confidence levels for especially the RT-GARCH - Feedback and RT-

GARCH - Leverage models. Additionally, when comparing the difference between π̂ and q for

all models and across all confidence levels we exclusively find the RT-GARCH - Feedback and

RT-GARCH - Leverage models to have the lowest difference. Hence, we can conclude that these

aforementioned models capture the volatility more accurately than the other models with the goal

of constructing probabilistic interval forecasts. However, compared to GARCH and GJR-GARCH,

that often overestimate the interval bounds and hence have significantly lower π̂’s, RT-GARCH

(which computes more precise intervals) is more subject to extreme outliers. The effect of outliers

on the size of the maximum violation can be seen in Figure 8 in which the less conservative models,

RT-GARCH and Realized GARCH, have a higher violation size due to not being conservative in

their interval forecasts. Notice however, when comparing the average of all violation sizes across

all models, we find these models are not significantly different from each other. More importantly,

comparing the average intervals of all models, we find RT - GARCH (but also Realized GARCH)

to have significantly smaller intervals. Thus, we can conclude that RT - GARCH and its extensions

predict more accurate and precise intervals than its GARCH counterparts.

Finally, in contrast to the conservative estimates of GARCH and GJR-GARCH, the Realized

GARCH models actually underestimates the interval bounds. This phenomenon actually seems to

be very time dependent, as visualized in Figure 7. Between 2016-2017 and in the end of 2019, the

Realized GARCH model consistently underestimates the interval bounds. This is likely due to the

variance targeting within the Realized GARCH model as its error measures were competitive as

seen in Table 5 but the model doesn’t hold up when evaluating its interval forecasts. Since the

Realized GARCH model uses a proxy volatility (which is very similar to the volatility computed for

evaluation), it has lower error measures than other models but fails to capture the ’real’ volatility

process which can be deduced from the interval forecasts. Using this observation, we can conclude

that even though Realized GARCH constructs even smaller intervals, its intervals often do not

include the observed price and can not outperform the predicted intervals from RT - GARCH.
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Figure 7: 1-month rolling mean of violation statistic It+k as in Equation 29 using the exact price

transformation. This is visualized for time period 2014-01-01 to 2019-12-31.

Figure 8: 1-month rolling mean of maximum violation size using the exact price transformation with

a confidence of 66.67%. This can be mathematically expressed as yk,t = maxi∈{t−k+1,t−k,...,t} It ·
|σ̂i,M − ε̂i,M | where ˆσi,M the backwards transformed forecasted volatility, ˆεi,M the residuals from

the backwards transformed forecasted price and k = 30. These statistics are visualized for time

period 2014-01-01 to 2019-12-31.
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7 Conclusion

To conclude, RT - GARCH and especially its Feedback extension can provide more accurate and

narrow forecasted intervals for ID3 prices for 3 hours ahead than its GARCH counterparts can.

However, accounting for conditional heteroskedasticity in forecasting the ID3 prices neither de-

creases, nor significantly increases the error measures compared to the base model, unlike what

was hypothesized. Additionally, we can confirm the finding of (Narajewski & Ziel, 2020) of an in-

crease in electricity price forecasting performance using their exact backwards transformation over

a larger time period (2014-2019). However, this increase in performance does not necessarily hold

for computing volatility forecasts.

Whilst forecasting 3 hours ahead, RT- GARCH and its extensions have significantly smaller

intervals than the other models, while also keeping correct unconditional coverage. Due to volatility

clustering and short price spikes, tests for independence are rejected for all models. In contrast to

what was hypothesized, accounting for conditional heteroskedasticity does not seem to (positively)

impact the error measures and hence it can be concluded that the models are either too slow

in incorporating the conditional heteroskedasticity or the price spikes are too short to be of extra

information within the hourly granularity. Additionally, Realized GARCH has better error measures

for forecasting volatility however this is most likely due to the fact that the proxy volatility which

the error measures are evaluated against and the proxy volatility fed into the Realized GARCH

model is computed in the same manner. When comparing the interval forecasts of the Realized

GARCH model, we observe that it actually gets outperformed by RT - GARCH and its extensions.

We conclude that whilst RT - GARCH appears most helpful when constructing interval forecasts

compared to other GARCH approaches, accounting for conditional heteroskedasticity does not seem

to improve the price point forecasting accuracy of the base model. Additionally, we show that the

exact (correct) asinh’s backward transformation from (Narajewski & Ziel, 2020) give significantly

better forecasts over a longer period of time (2014-2019) than the time period chosen in their paper

(2014-2015).

As suggested by the literature section, conditional heteroskedasticity models could provide better

fits to the data if the extreme outliers had been removed. Especially considering the size of the

maximum violations, this could have definitely improved some models. Furthermore, as the very

recent price index 0.5ID0.25 (3 hours before delivery) is used to model ID3, it becomes very hard to

improve upon this model. We agree with the weak-form efficiency suggestion made by (Narajewski

& Ziel, 2020) and price combinations provide very little, to no additional information at all. Thus,

we suspect that incorporating other information like weather and power forecasts, both in the

conditional mean as in the volatility process, will increase the model’s performance. Moreover, we

suggest to use regime-switching models to capture different price regimes and use a multivariate

approach in which the hours are separated.
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Appendix

Figures

Figure 9: Distribution of day-ahead settlement prices from 2014-01-01 to 2019-12-31. The blue line

depicts the normal distribution scaled with the first and second moment of the day-ahead settlement

prices.

Figure 10: Rolling mean (1 month) of the non-transformed ID and DA time series along with the

rolling respective standard deviations from 2014-01-01 to 2019-12-31.
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Figure 11: The mean grouped by hour of the non-transformed ID prices along with the standard

deviation for the same hour.

Figure 12: Distribution of transformed ID3 prices from 2014-01-01 to 2019-12-31. The blue line

depicts the normal distribution scaled with the first and second moment of the intraday prices.
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Figure 13: Scatterplot of ID3 transformed prices against 0.5ID0.25 prices (VWAP of first 15 minutes

of trading in 3.25 hours). The green line depicts the linear relationship between the two variables

in the form ID3 = α+ β0.5ID0.25.

Figure 14: Autocorrelation of the transformed ID3 prices up to lag 172. The transformation

smoothes out the autocorrelation and removes peaks in lag 12 · x where x ∈ (1, 3, 5, 7, ...).
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Figure 15: Autocorrelations of the squared residuals from the models complemented with GARCH-

like components to capture the conditional heteroskedasticity.

Tables

q = 0.33, Exact Transformation Unconditional Coverage Independence

T1 π̂ LRUC T11 T10 / T01 T00 π01 π11 π̂2 LRind

Benchmark Models with normal distributed errors

GARCH(1,1) 6364 0.144 7941.903 33970 3779 2585 0.100 0.406 0.144 3246.744

GJR-GARCH(1,1) 6501 0.147 7651.562 33771 3841 2660 0.102 0.409 0.147 3289.869

Realized GARCH(1,1) 17397 0.394 802.896 19695 7021 10375 0.263 0.596 0.394 4927.055

Benchmark Models with skewed student-t distributed errors

GARCH(1,1) - sstd 5507 0.125 9919.834 35144 3462 2045 0.090 0.371 0.125 2646.127

GJR-GARCH(1,1) - sstd 5623 0.127 9635.108 34991 3499 2124 0.091 0.378 0.127 2756.266

Realized GARCH(1,1) - sstd 17315 0.393 757.749 19792 7006 10308 0.261 0.595 0.393 4933.809

Real-time GARCH

Real-time GARCH(1,1) 12985 0.294 258.586 24973 6155 6829 0.198 0.526 0.294 4541.428

Real-time GARCH(1,1) - Leverage 13372 0.303 146.231 24476 6265 7106 0.204 0.531 0.303 4552.872

Real-time GARCH(1,1) - Feedback 13714 0.311 73.714 24010 6389 7324 0.210 0.534 0.311 4472.065

Table 6: Coverage statistics for the out-of-sample volatility forecasts. These statistics are computed

with q = 0.33 and using the exact price transformation. These criteria are computed over time

period 2014-01-01 to 2019-12-31 (T = 44114). The critical value for both LRUC and LRind is

χ2
0.835(1) = 1.928.
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q = 0.33, Approximate Transformation Unconditional Coverage Independence

T1 π̂ LRUC T11 T10 / T01 T00 π01 π11 π̂2 LRind

Benchmark Models with normal distributed errors

GARCH(1,1) 7066 0.160 6524.486 33002 4045 3021 0.109 0.428 0.160 3621.635

GJRGARCH(1,1) 7192 0.163 6288.068 32812 4109 3083 0.111 0.429 0.163 3621.911

Realized GARCH(1,1) 18095 0.410 1238.670 18898 7120 10974 0.274 0.606 0.410 4925.891

Benchmark Models with skewed student-t distributed errors

GARCH(1,1)- sstd 6145 0.139 8420.394 34245 3723 2422 0.098 0.394 0.139 3015.408

GJRGARCH(1,1)- sstd 6205 0.141 8287.519 34164 3744 2461 0.099 0.397 0.141 3059.154

Realized GARCH(1,1) - sstd 17946 0.407 1137.944 19075 7092 10853 0.271 0.605 0.407 4949.326

Real-time GARCH

Real-time GARCH(1,1) 13887 0.315 46.481 23848 6378 7508 0.211 0.541 0.315 4643.643

Real-time GARCH(1,1) - Leverage 14255 0.323 9.423 23364 6494 7760 0.218 0.544 0.323 4588.288

Real-time GARCH(1,1) - Feedback 14583 0.331 0.066 22920 6610 7972 0.224 0.547 0.331 4493.144

Table 7: Coverage statistics for the out-of-sample volatility forecasts. These statistics are computed

with q = 0.33 and using the approximate price transformation. These criteria are computed over

time period 2014-01-01 to 2019-12-31 (T = 44114). The critical value for both LRUC and LRind is

χ2
0.835(1) = 1.928.

q = 0.10, Exact Transformation Unconditional Coverage Independence

T1 π̂ LRUC T11 T10 / T01 T00 π01 π11 π̂2 LRind

Benchmark Models with normal distributed errors

GARCH(1,1) 1139 0.026 3722.895 42131 843 296 0.020 0.260 0.026 975.281

GJRGARCH(1,1) 1202 0.027 3545.821 42026 885 317 0.021 0.264 0.027 1023.571

Realized GARCH(1,1) 9154 0.208 4470.147 30517 4442 4712 0.127 0.515 0.208 5747.390

Benchmark Models with skewed student-t distributed errors

GARCH(1,1)- sstd 620 0.014 5500.693 43011 482 138 0.011 0.223 0.014 563.230

GJRGARCH(1,1)- sstd 622 0.014 5492.486 43005 486 136 0.011 0.219 0.014 548.426

Realized GARCH(1,1) - sstd 7057 0.160 1520.294 33493 3563 3494 0.096 0.495 0.160 5544.596

Real-time GARCH

Real-time GARCH(1,1) 5288 0.120 183.178 35639 3186 2101 0.082 0.397 0.120 3205.082

Real-time GARCH(1,1) - Leverage 4568 0.104 6.113 36713 2832 1735 0.072 0.380 0.104 2903.824

Real-time GARCH(1,1) - Feedback 4523 0.103 3.114 36794 2796 1726 0.071 0.382 0.103 2939.311

Table 8: Coverage statistics for the out-of-sample volatility forecasts. These statistics are computed

with q = 0.10 and using the exact price transformation. These criteria are computed over time

period 2014-01-01 to 2019-12-31 (T = 44114). The critical value for both LRUC and LRind is

χ2
0.95(1) = 3.84
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q = 0.10, Approximate Transformation Unconditional Coverage Independence

T1 π̂ LRUC T11 T10 / T01 T00 π01 π11 π̂2 LRind

Benchmark Models with normal distributed errors

GARCH(1,1) 1514 0.034 2763.026 41499 1100 414 0.026 0.273 0.034 1193.754

GJRGARCH(1,1) 1591 0.036 2591.476 41387 1135 456 0.027 0.287 0.036 1324.937

Realized GARCH(1,1) 9971 0.226 5960.913 29396 4746 5225 0.139 0.524 0.226 5822.410

Benchmark Models with skewed student-t distributed errors

GARCH(1,1)- sstd 840 0.019 4668.483 42620 653 187 0.015 0.223 0.019 654.745

GJRGARCH(1,1)- sstd 876 0.020 4544.417 42558 679 197 0.016 0.225 0.020 678.789

Realized GARCH(1,1) - sstd 7808 0.177 2422.104 32366 3939 3869 0.108 0.496 0.177 5430.016

Real-time GARCH

Real-time GARCH(1,1) 6052 0.137 614.792 34524 3537 2514 0.093 0.415 0.137 3514.613

Real-time GARCH(1,1) - Leverage 5308 0.120 191.406 35607 3198 2109 0.082 0.397 0.120 3203.365

Real-time GARCH(1,1) - Feedback 5263 0.119 173.133 35681 3169 2093 0.082 0.398 0.119 3215.185

Table 9: Coverage statistics for the out-of-sample volatility forecasts. These statistics are computed

with q = 0.10 and using the approximate price transformation. These criteria are computed over

time period 2014-01-01 to 2019-12-31 (T = 44114). The critical value for both LRUC and LRind is

χ2
0.95(1) = 3.84

q = 0.05, Exact Transformation Unconditional Coverage Independence

T1 π̂ LRUC T11 T10 / T01 T00 π01 π11 π̂2 LRind

Benchmark Models with normal distributed errors

GARCH(1,1) 532 0.012 1900.196 43173 408 124 0.009 0.233 0.012 556.649

GJRGARCH(1,1) 562 0.013 1814.198 43123 428 134 0.010 0.238 0.013 594.758

Realized GARCH(1,1) 6810 0.154 6671.341 33843 3460 3350 0.093 0.492 0.154 5475.127

Benchmark Models with skewed student-t distributed errors

GARCH(1,1)- sstd 252 0.006 2903.732 43656 205 47 0.005 0.187 0.006 254.268

GJRGARCH(1,1)- sstd 255 0.006 2890.478 43650 208 47 0.005 0.184 0.006 251.863

Realized GARCH(1,1) - sstd 4657 0.106 2204.261 36943 2513 2144 0.064 0.460 0.106 4616.247

Real-time GARCH

Real-time GARCH(1,1) 3437 0.078 622.927 38460 2216 1220 0.055 0.355 0.078 2460.411

Real-time GARCH(1,1) - Leverage 2728 0.062 121.467 39558 1827 900 0.044 0.330 0.062 2030.093

Real-time GARCH(1,1) - Feedback 2664 0.060 94.271 39665 1784 879 0.043 0.330 0.060 2021.247

Table 10: Coverage statistics for the out-of-sample volatility forecasts. These statistics are com-

puted with q = 0.05 and using the approximate price transformation. These criteria are computed

over time period 2014-01-01 to 2019-12-31 (T = 44114). The critical value for both LRUC and

LRind is χ2
0.975(1) = 5.03
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q = 0.05, Approximate Transformation Unconditional Coverage Independence

T1 π̂ LRUC T11 T10 / T01 T00 π01 π11 π̂2 LRind

Benchmark Models with normal distributed errors

GARCH(1,1) 734 0.017 1379.260 42824 555 179 0.013 0.244 0.017 712.080

GJRGARCH(1,1) 782 0.018 1273.444 42740 591 191 0.014 0.244 0.018 737.296

Realized GARCH(1,1) 7551 0.171 8607.221 32739 3823 3728 0.105 0.494 0.171 5422.095

Benchmark Models with skewed student-t distributed errors

GARCH(1,1)- sstd 334 0.008 2564.820 43505 274 60 0.006 0.180 0.008 286.315

GJRGARCH(1,1)- sstd 344 0.008 2526.491 43490 279 65 0.006 0.189 0.008 314.127

Realized GARCH(1,1) - sstd 5214 0.118 3175.939 36129 2770 2444 0.071 0.469 0.118 4870.938

Real-time GARCH

Real-time GARCH(1,1) 4044 0.092 1308.102 37535 2534 1509 0.063 0.373 0.092 2788.232

Real-time GARCH(1,1) - Leverage 3277 0.074 479.642 38696 2140 1136 0.052 0.347 0.074 2322.341

Real-time GARCH(1,1) - Feedback 3177 0.072 398.614 38864 2072 1104 0.051 0.348 0.072 2325.734

Table 11: Coverage statistics for the out-of-sample volatility forecasts. These statistics are com-

puted with q = 0.05 and using the approximate price transformation. These criteria are computed

over time period 2014-01-01 to 2019-12-31 (T = 44114). The critical value for both LRUC and

LRind is χ2
0.975(1) = 5.03.
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